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Abstract
The behavior of a multi-degree-of-freedom nonlinear oscillator arranged in a self-similar binary tree structure is studied for
different parametrizations of its blockmasses and spring stiffnesses. The blockmasses of the oscillator are connected by linear
springs across the levels of the tree, with the exception of the leaves of the tree, which are conventional nonlinear energy sinks.
The main goal of the analysis is to investigate the potential of the oscillator to dissipate its energy content rapidly. The energy
is fed to the oscillator via impulsive excitations. While nonlinear energy sinks perform well over a broad range of vibrational
frequencies, they are sensitive to the input energy magnitude. We study how this sensitivity can be reduced by modifying
the parametrization of the oscillator. Parametrizations with a small perturbation of the block masses are also considered.
It is shown that the dissipation of the baseline parametrization can be improved by significantly decreasing the masses of
the attached nonlinear energy sinks. However, this modification limits the effectiveness to a narrow range of smaller input
energies. In contrast, for softer connections and lighter block masses across all levels of the tree, the nonlinear energy sinks
provide consistently high dissipation over a much broader range of input energy, facilitated by efficient initial nonlinear beats
followed by fundamental targeted energy transfer. The small perturbations of the block masses also improve the dissipation
rate in general, but their effectiveness diminishes as the energy content increases. The difference between the unperturbed and
perturbed cases is attributed to the separation of nonlinear normal modes with a multiplicity greater than one. These separated
modes are involved in complex chaotic interactions, this is confirmed by the calculation of the largest Lyapunov exponent for
each case.

1 Introduction

Nonlinear dynamical systems may exhibit a wide range of
phenomenon not found in linear systems. For instance, tar-
geted energy transfer (TET) is one such phenomenon, defined
as a one-way and irreversible dynamical process in which the
energy of the dynamical system is passed from one specific
part (source) of the system to another (receiver) [1]. The
complexity of TET arises from the strong, essential nonlin-
earities incorporated in the system that are required to trigger
TET. Moreover, the process of TET is inherently transient.
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Dynamical systems with nonlinear energy sinks (NES) can
exhibit TET. A NES is an essentially nonlinear dissipative
attachment that can efficiently dissipate energy over a broad
range of vibrational frequency [2]. The significance of TET is
that the phenomenon provides a means for passive vibration
control, e.g., to effectively mitigate undesirable vibrations
in engineering systems [3–6], or to harvest energy [7–9].
Hence, the use of NESs makes it possible to quickly transfer
and ultimately dissipate or harvest the vibrational energy of
the system [10]. While some nonlinear systems are robust in
the sense that their behavior is not sensitive for slight changes
in their parameters or inputs [11, 12], others show high sen-
sitivity. For example, a mechanical oscillator with a NES is
sensitive to the initial energy of the system [13]. In partic-
ular, NESs require a threshold input energy (or excitation
amplitude) to be activated [2].

The simplest NES consists of a lightweight mass attached
to the primary system with a weak linear damper and a cubic
nonlinear spring, this combination ensures efficient and irre-
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versible transfer of energy — in other words TET— toward
the NES that rapidly dissipates this energy [14, 15]. Recently
other types of NESs were also introduced, for example, the
bistable NES and the vibro-impact NES [16]. The bistable
NES has a negative linear stiffness, hence, it has two stable
and an unstable equilibria. The study of bistable NES drew
attention, because it reduces significantly the input energy or
excitation amplitude threshold that is required to activate the
NES [17–19]. The vibro-impact NES aims to achieve similar
improvements as the bistable NES. Instead of introducing
negative linear stiffness, the vibro-impact NES consists of
two masses attached to the primary system with a linear
damper and a linear spring. The larger mass is a hollow body,
there is a cavity inside of it. The smaller mass is put into this
cavity and it can slide freely between the two ends of the cav-
ity, impacting either end of this cavity. The impacts result in
energy dissipation provided that the coefficient of restitution
is smaller than unity [20–22].

A limitation of many studies in the topic is that they
consider simple one to three degree-of-freedom (DoF) sys-
tems with a 1-DoF NES, while multi-DoF (MDoF) systems
with multiple NESs also promise intriguing dynamics. For
instance, Chen et al. [23, 24] demonstrated that the response
of a dynamical system with multiple NESs can become
chaotic for sufficiently large excitation amplitude. In their
studies multiple NESs were attached to the primary linear
system in a sequential arrangement and the primary linear
system was excited with harmonic forcing. They showed
that the response of the system is chaotic for some frequency
bands, if the excitation amplitude is large enough. The aris-
ing chaotic dynamics triggered a very efficient TET within
the chaotic bands compared to the frequencies outside of
these bands. In the seminal book by Vakakis et al. [10] it
is demonstrated that MDoF NESs are capable of interact-
ing with multiple modes simultaneously, whereas a SDoF
NES engages with modes of gradually lower frequency in
a sequential manner, this is called a resonance capture cas-
cade. Da Silva and Marques [25] examined a MDoF NES
attached to a sprung cylinder which was subjected to vortex-
induced vibrations. They demonstrated that by reducing the
linear stiffness of the coupling between the NES and the
linear oscillator, the amplitudes of the emergent limit cycle
oscillations could be better controlled. Liu et al. [26] inves-
tigated the behavior of a MDoF NES exhibiting geometric
nonlinearity in its springs and dampers, connected to a 1-DoF
linear oscillator. When subjected to sufficiently high level of
shock-energy, the resulting NES was capable of rapidly dis-
sipating the energy. Kumar et al. [27] designed a 2-DoF NES
using particle swarm optimization and showed that it out-
performs the corresponding 1-DoF NES for large excitation
amplitudes. A 2D inerter-enhanced NES capable of multi-
directional vibration suppression was studied by Yang et al.
[28]. Their proposed NES configuration was found to pro-

vide better vibration reduction for low-frequency vibrations
compared to a similar 1-DoF inerter-enhanced NES. Zhang
et al. [29] also found that under the same parameters, a well-
designed 2-DoF NES has better dissipation than a 1-DoF
NES.

In this study the qualitative behavior of a nonlinear
MDoF mechanical oscillator is analyzed that is subjected
to impulsive excitations. The investigated system is a binary
tree-structured oscillator in which the block masses are con-
nected by springs and dampers (Figure 1), allowing for
additional vibrational modes not present in a simple chain
oscillator. Similar structures were studied by Loong et al.
[30], who examined the model properties of monopodial
tree-structured linear oscillators, and Kovacic et al. [31],
who investigated the localization that occurs in a binary tree-
structured oscillator with both linear springs and springswith
cubic nonlinearity.

The original idea for the proposed binary tree-structured
system was to fabricate a mechanistic model based on the
vortex breakdown in turbulent flows proposed by Richardson
[32], and later theoretically studied in detail by Kolmogorov
[33]. This idea has already motivated research preceding
ours [34]. Further investigation into the connection between
turbulence and mechanical vibrations was carried out by
Boudaoud et al. [35], who studied the emergence and the
properties of wave turbulence in a vibrating plate.

According to Richardson’s eddy hypothesis [32] the tur-
bulent energy cascade is formed by eddies of different scales
who pass their kinetic energy to gradually smaller eddies.
This energy cascade is sustained by the production of large
vortices that are unstable and eventually break up into smaller
vortices. This process goes on until the kinetic energy of
the smallest vortices is dissipated due to the viscosity of the
fluid. Therefore, the masses of the blocks in the tree also
cover a vast range of scales, i.e., the masses of the blocks
quickly decrease as the tree branches. We note that this
study is not intended to establish an analogy between the
characteristics of the turbulent energy cascade and those of
the TET occurring in the investigated binary tree-structured
oscillator. Instead, we focus on the potential of this binary
tree-structured oscillator equipped with NESs to dissipate
vibrational energy. The series of studies began with a purely
linear version of this binary tree-structured oscillator [36,
37]. The energy distribution across the levels of the tree was
derived analytically for the steadily decaying phase of the
vibration, when the initial transients already died out. The
characteristic polynomial was derived for a wide range of
parametrizations of the tree, and the eigenvalue distribution
was determined for a specific value of the scaling parameter,
which prescribes how themasses of the blocks and the spring
stiffnesses change for subsequent levels. In a follow-up study
essential nonlinearity was added to the binary tree-structured
oscillator by switching the linear tunedmass dampers (TMD)
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to NESs in the bottom level of the tree [38]. As opposed to the
system reported in Chen et al. [23], the NESs are placed in a
parallel arrangement in this binary tree-structured oscillator.
The behavior of the system was analyzed for different types
of impulsive and harmonic excitations with varying input
energy and excitation amplitude.WhenTETdeveloped in the
system, the underlying driving mechanisms were identified
and discussed. For the harmonic forcing, chaotic frequency
bands similar to those reported in [23] were detected, though
it was not formally proven that the dynamics was indeed
chaotic within these frequency bands.

In this paper we first consider unperturbed systems, in
which themasses of the blocks, spring stiffnesses, and damp-
ing coefficients do not change within a level. Then, we
mistune the masses of the blocks, i.e., we draw a mistuned
mass from a uniform distribution centered around the base-
line value for each block. Thus, the masses of the blocks
become slightly or moderately perturbed, depending on the
width of the uniform distribution, creating a perturbed sys-
tem. As it was demonstrated in a previous study [37], the
mistuning process significantly alters the largest eigenvalues
of the corresponding linearmodel, and it is capable of consid-
erably changing the behavior of the system for certain initial
conditions. Our goal is to find changes in the behavior of the
perturbed systems compared to the unperturbed system, and
relate these changes to the mistuning. The effects of this per-
turbation of the masses on energy transfer mechanisms and
the degree of chaos is examined through wavelet transforms
(WTs) [39, 40] in frequency energy plots (FEP) [41, 42] and
Lyapunov exponents [43]. It is demonstrated that thismistun-
ing of the masses of the system can significantly change the
behavior of the model for small initial energies, whereas its
effects diminish for larger initial energies. We further show
— by numerical calculation of the largest Lyapunov expo-

Fig. 1 The binary tree-structured nonlinear oscillator with 3 levels

nent — that the perturbed systems tend to be considerably
more chaotic than their respective unperturbed version.

This paper is structured as follows. In Section 2 theMDoF
nonlinear binary tree-structured oscillator is introduced, the
parametrization of the system, including themistuned param-
eters, is discussed. In Section 3 themethodology and tools are
introduced that are used to evaluate the results of the study.
The simulation results for different parametrizations of the
model are provided in Section 4 for some representative ini-
tial conditions. The results focus on demonstrating the effects
of the mistuning and comparing the behavior of the systems
having different parametrizations. Finally, conclusions are
drawn in Section 5.

2 Model description

2.1 The binary tree-structured oscillator

An n-level binary tree of blockmassesmi connected by linear
and nonlinear springs ki and dampers ci is considered, an
example with three levels is shown in Fig. 1. In this system
the blocks are connected with linear springs across all levels,
except the last two levels where the connection is provided
by dampers and cubic nonlinear springs. Thus, the bottom
level of the tree consists of NESs. The tree has n levels, level
l = 1, . . . , n consists of 2l−1 blocks, thus, the total number of
blocks is N = 2n −1. The top block of massm1 is connected
to a fixedwall with a springwhose stiffness is k1. Throughout
this study, every quantity is considered to be dimensionless.

The equations of motion can be written in a general form
for a system consisting of n ≥ 3 levels as

mi ẍi = −ki xi + k2i (x2i − xi ) + k2i+1(x2i+1 − xi ), i = 1,

mi ẍi = ki (x�i/2� − xi ) + k2i (x2i − xi )

+ k2i+1(x2i+1 − xi ), i ∈ I(l), l = 2, . . . , n − 2,

mi ẍi = ki (x�i/2� − xi ) + k2i (x2i − xi )
3

+ k2i+1(x2i+1 − xi )
3 + c2i (ẋ2i − ẋi )

+ c2i+1(ẋ2i+1 − ẋi ), i ∈ I(n − 1),

mi ẍi = ki (x�i/2� − xi )
3 + ci (ẋ�i/2� − ẋi ), i ∈ I(n),

(1)

with initial conditions (ICs)

xi (0) = xi,0, ẋi (0) = vi,0, i = 1, ..., N , (2)
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where I(l) = {
2l−1, . . . , 2l − 1

}
is the set of indices corre-

sponding to level l, xi ≡ xi (t) is the displacement of block
i , and t is the time. The initial conditions xi,0, vi,0 are the
initial displacement and velocity of block i , respectively. The
notation �·� denotes the floor operation, and the notation ˙(·)
stands for the derivative with respect to time.

Then, the system of differential equations (1) and ICs (2)
in matrix form are

Mẍ(t) +Cẋ(t) +K1x(t) +K2(x(t)) = 0, x(0) = x0, ẋ(0) = v0, (3)

where x(t) is the vector of displacements, M, C, and K1

are the mass, damping, and stiffness matrices, respectively.
The vectorK2(x(t)) contains the terms of Eq. (1) with cubic
nonlinearities. The vectors x0 and v0 consist of the initial dis-
placements andvelocities of the blocks, respectively.Without
formally performing the nondimensionalization of Eq. (3),
we will treat this equation as nondimensional and fix the
values m1 = 1 and k1 = 1.

2.2 The energy of the system

The total energy E(t) of the system Eq. (1) is calculated as

E(t) =1

2
ẋ(t)TMẋ(t) + 1

2
x(t)TK1x(t)

+ 1

4

∑

i∈I(n)

ki (xi (t) − x�i/2�(t))4. (4)

The dissipation rate ε(t) of the system Eq. (1) is defined
as the rate of change of the total energy Eq. (4) multiplied by
−1, i.e.,

ε(t) = −Ė(t). (5)

We also consider the El(t) energy stored in level l (level
energy) of the system Eq. (1), which is defined such that the
potential energy of a spring is evenly distributed amongst the
masses connected to it, hence,

El(t) = 1

2

∑

i∈I(l)

mi ẋ
2
i (t)

+ 1 + δl,1

4(1 + δl,n)

∑

i∈I(l)

ki (xi (t) − x�i/2�(t))2(1+δl,n)

+ 1

4(1 + δl,n−1)

∑

i∈I(l+1)

ki (xi (t)−x�i/2�(t))2(1+δl,n−1),

l = 1, . . . , n,

(6)

where δ is the Kronecker delta. Note that the sum of these
level energies results the total energy E(t) of the system Eq.

(1), i.e.,

E(t) =
n∑

l=1

El(t). (7)

2.3 Model parameters

Bydesign, dampers are incorporated only between the blocks
of the last two levels. The masses of the blocks and the stiff-
nesses of the springs in the system are considered to follow
a simple power-law, while the damping coefficient of the
dampers in the bottom level have a fixed value, i.e.,

mi = Ml

μδl,n
= σ l−1

μδl,n
, i ∈ I(l), l = 1, . . . , n,

ki = Kl = σ l−1, i ∈ I(l), l = 1, . . . , n,

ci = 0, i ∈ I(l), l = 1, . . . , n − 1,

ci = c = 0.001, i ∈ I(n).

(8)

Thus, the parameters on a given level l are the same. The term
Ml denotes the “mass scale” representing the mass of each
block in level l = 1, . . . , n. The quantity Kl refers to the
stiffness of every spring connecting the blocks of the l − 1th
and lth levels. The damping coefficient of every damper is
simply denoted by c and fixed to be c = 0.001, as a weak
damping is a necessary condition of the emergence of passive
TET [10]. The symbol δ stands for the Kronecker delta.

The quotient σ > 0 of the power-law is the scaling param-
eter, that defines the masses of the blocks and the stiffnesses
of the springs on each level. As we stated in the introduc-
tion and the description of the system, we require decreasing
block masses for subsequent levels, which limits the choice
of the quotient to 0 < σ < 1. The NESs must also be
lightweight compared to the totalmass of the system to ensure
the realization of efficient TET [10]. Further limiting the quo-
tient to 0 < σ ≤ 0.5 ensures that the sum of the blockmasses
also does not increase for subsequent levels. The choice of
σ = 0.5 is special, since the sum of the block masses as well
as the sum of the spring stiffnesses add up to exactly 1 within
each level. Hence, σ = 0.5 defines the baseline system for
our investigation.

In [44] it was demonstrated that reducing the stiffness of
the spring connecting a NES to a linear oscillator increases
the energy fraction contained in the NES. In order to extend
this investigation to a MDoF linear oscillator with multiple
NESs, we also consider the case of σ = 0.4 for thorough
study. This yields a softer and lighter system compared to
the baseline system.

It is heavily emphasized by Gendelman et al. [45] and
also thoroughly discussed in [10] that the NESs must be
lightweight compared to the total mass of the oscillator,
which inspired an idea to further decrease the mass of the
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NES blocks. This is the role of the parameter μ ≥ 1 in Eq.
(8). The masses of the NES blocks are further reduced, when
μ > 1 is chosen. In the baseline case μ = 1 is kept, i.e., the
masses of the NES blocks precisely follow the power-law
that is prescribed by the scaling parameter σ . In a modified
systemwe setμ = 4 to have significantly lighter NES blocks
compared to the baseline system.

The systemEq. (1) that completely obeys the parametriza-
tion given in Eq. (8) is called the unperturbed system
throughout this study.We also consider perturbed systems (or
mistuned systems), where perturbation of the block masses
mi with parameter r is introduced as

mi ∼ U[(1 − r)Ml , (1 + r)Ml ], i ∈ I(l), l = 1, . . . , n,

(9)

where U denotes the continuous uniform distribution, and
r ∈ (0, 1] is the mistuning parameter. While we acknowl-
edge that the parameters of real life engineering systems
rather exhibit normal distribution around their design val-
ues, our goal is simply to investigate whether perturbing
the block masses has any significant effect on the dynamics.
The masses of the blocks are perturbed with small to moder-
ate extent in this study. In particular, the range of mistuning
parameters r ∈ [0.01, 0.1] is investigated.

3 Methodology

We consider unperturbed systems described by the equations
of motion Eq. (1) and ICs Eq. (2) with parameters Eq. (8),
and perturbed systems in which the block masses are mis-
tuned according to Eq. (9). First, we compare the response of
the unperturbed systems with different parameters. Then, we
look for significant changes in the behavior of the perturbed
systems compared to their respective unperturbed system to
showcase the effect of the mistuning. To do this, we identify
the energy transfer mechanisms in the investigated unper-
turbed and perturbed systems, and determine how the initial
energy content and the mistuning of the masses affect these
mechanisms.

The initial energy content of the system Eq. (1) is deter-
mined by the initial conditions Eq. (2). The idea is to feed
the initial energy to the system at the top of the tree and
realize a transfer of energy from the top blocks having the
largestmasses toward the smaller ones, similarly to an energy
cascade. We expect the development of a highly efficient,
irreversible transfer of the vibrational energy toward the
NESs, which constitute the leaves of the tree. Hence, we

prescribe the ICs as

xi (0) = 0, i = 1, . . . , N ,

ẋ1(0) = v1,0, ẋ2(0) = v2,0, ẋ3(0) = v3,0,

ẋi (0) = 0, i = 4, . . . , N ,

(10)

where v1,0, v2,0, and v3,0 are the initial velocities of the top
three blocks. Thus, the initial position of every block is zero,
as well as the initial velocity of every block, except the top
three blocks, which have the largest masses. With this set of
ICs the initial energy E0 ≡ E(0) of the system is

E0 = E1(0) + E2(0) = 1

2

(
m1v

2
1,0 + m2v

2
2,0 + m3v

2
3,0

)
.

(11)

Depending on the actual choice of v1,0, v2,0, and v3,0 differ-
entmodes of the systemEq. (1) can be excited.We investigate
whether there is a significant change in the dynamic behav-
ior of the system due to the change of ICs for a fixed initial
energy content E0.

The energy would decay exponentially in a linear oscil-
lator with TMDs. NESs also allow faster than exponential
energy decay [46], provided the initial energy is sufficiently
high to trigger strongly nonlinear dynamics. Then, we can
identify the time periods of TET as the time intervals where
the total energy E(t) of the system decays faster than expo-
nential. It is convenient to plot E(t) as the function of time
t on a logarithmic scale. For exponential decay, the graph
of log E(t) is linear, whereas it is concave for faster than
exponential decay. This means that one can identify the time
intervals associated with TET on the graph of log E(t) as
function of the time t . The onset as well as the end of TET
will be marked by inflection points.

In Fig. 2 we depict such a logarithmic plot of the total
energy E(t) for a realization of the perturbed (r = 0.02)
baseline system (σ = 0.5, μ = 1) that consists of n = 6
levels. In this case an initial energy content of E0 = 5
was prescribed with the initial conditions v1,0 = √

10,
v2,0 = v3,0 = 0. A characteristic behavior of such systems is
the initial nonlinear beats, which end at the time marked by
the dashed orange line. Up to this inflection point, the graph
of log E(t) is concave, which demonstrates that initially we
indeed have TET. The onset of another TET mechanism is
at the next inflection point marked by the dashed green line,
where the graph switches back to concave again. TET ceases
at the subsequent inflection point marked by the dashed blue
line. Then, the efficiency of the dissipation quickly degrades
as the NESs deactivate. Another quantity of interest is the
energy fraction stored in the NESs as function of the time,
which shows the activation of the NESs. Graphical represen-
tation of elevated or even increasing energy content in the
NESs nicely visualizes TET. The energy stored in the NESs
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Fig. 2 Total energy E(t) (left), and the fraction of the total energy
stored in the NESs E6(t)/E(t) (right) of a perturbed system (r = 0.02)
consisting of n = 6 levels with σ = 0.5, μ = 1. The initial energy

is E0 = 5 with initial conditions v1,0 = √
10, v2,0 = v3,0 = 0. The

colored vertical dashed lines mark the the end of the initial nonlinear
beats, then the onset, and the end of another phase of TET

is captured by the level energy E6(t), hence we can analyze
the energy fraction E6(t)/E(t) as function of the time t to
identify different types of TET, as shown in Fig. 2.

Analogously to the vibrational modes of linear systems,
nonlinear normal modes (NNMs) can be defined for non-
linear dynamical systems. A characteristic of NNMs is that
their oscillation frequency depends on the total energy of the
system. This dependency of the frequency of NNMs is cap-
tured by the FEP of the system [10], which is shown in Fig.
3 for the unperturbed baseline system (σ = 0.5, μ = 1).
Here the horizontal thin black and dashed blue lines mark
the eigenvalues of the underlying linear systems obtained by
omitting the nonlinear springs (setting them to ki = 0 for
i ∈ I(n)) or replacing them with rigid rods (setting them
to ki → ∞ for i ∈ I(n)), respectively. The thick red lines
— known as backbone curves — show the 1:1 NNMs, in
which all the blocks exhibit the same oscillation frequency
ω. The backbone curves are separated by the eigenvalues
of the underlying linear systems. Of these NNMs, the bot-
tom branch in Fig. 3 covering the lowest frequency range is
of particular interest, as it corresponds to the in-phase 1:1
NNM, meaning that every block oscillates in-phase relative
to each other. The backbone curves were obtained using the
harmonic balance method [47], in which the motion of the
block masses was assumed to follow the equation

xi (t) = Ai cos(ωt), i = 1, . . . , N , (12)

where ω ∈ [0, 2.5] is the angular frequency and Ai is the
amplitude corresponding to block i . After substituting Eq.
(12) into the equation of motion Eq. (1) and performing sim-
plifications, the cos(ωt) terms were matched. The resulting
system of equations is solved numerically for the Ai ampli-
tudes in the angular frequency rangeω ∈ [0, 2.5]. Finally, the

10 6 10 4 0.01 1 100 104
0.0

0.5

1.0

1.5

2.0

2.5

log E
Fig. 3 Frequency energy plot of the unperturbed and undamped system
(C = 0) described by the equations of motion Eq. (1) with n = 6 levels,
and σ = 0.5, μ = 1. The thick red lines show the 1:1 NNMs. The
horizontal thin black and dashed blue lines show the eigenvalues of the
underlying linear systems obtained by setting ki = 0 and ki → ∞
(i ∈ I(n))

total energy is calculated from the amplitudes Ai in accor-
dance with Eq. (4).

Changing the parametrization of the system alters the FEP.
In particular, decreasing the scaling parameter σ narrows the
frequency range occupied by the eigenvalues of the underly-
ing linear systems, hence the FEP is “squeezed” vertically.
Increasing the scaling parameter σ has the opposite effect.
When only the mass of the NES blocks are decreased leaving
the other block masses and the spring stiffnesses unchanged

123



The effect of different parametrizations including the perturbation… Page 7 of 22 1017

(μ > 1), the NNMs are shifted towards the left of the FEP.
This latter modification has an important consequence that
is discussed in Section 4.

The FEP is usually constructed for the undamped system
(ci = 0 for i = 1, ..., N as opposed towhat Eq. (8) specifies),
but it also provides a sufficiently accurate approximation for
the weakly damped version of the same system. The wavelet
transform, which shows the frequency of the vibration as
function of the energy content of the system, can be plotted
onto the FEP as a contour plot (not shown in Fig. 3) to show
which NNMs are active during the vibration. The WT is
derived from displacement and energy time histories.

We can also investigate the potentially chaotic nature of
the oscillation bymeans of approximation of the largest finite
Lyapunov exponent λmax based on the work of Kuptsov
and Parlitz [43]. A positive Lyapunov exponent λmax indi-
cates that the dynamics of the system is chaotic, while the
magnitude of the exponent describes the degree of chaos.
Since the calculation method of Lyapunov exponents require
non-decaying vibration and we do not have production in
the form of an external excitation, we calculate the largest
finite Lyapunov exponent λmax for the undamped system. In
order to corroborate the conclusions based on the largest Lya-
punov exponents, phase portraits and Poincaré sections were
also constructed for some representative cases with damp-
ing. While a 2D slice of the phase space with 2N dimensions
cannot conclusively demonstrate chaos, nonetheless a phase
portrait which “fills” a finite region of the phase space and a
Poincaré section that consists of a scattered cloud of points
are consistent with the irregular motion expected in a system
where chaos is present.

4 Results

We consider the system Eq. (1) with n = 6 levels using the
following three combinations of the parameters σ and μ in
line with the considerations discussed in Section 2.3:

• The combination σ = 0.5 and μ = 1 provides the base-
line system of the investigations. Besides featuring the
decreasing block masses for subsequent levels, the sum
of themasses of the blocks also does not increase for sub-
sequent levels. The NES blocks are lightweight enough
(compared to the total mass of the system) to realize effi-
cient TET.

• The combination σ = 0.5 and μ = 4 yields the
modified system, as it introduces a modification to the
baseline system in which the mass of each NES block
is reduced significantly. This modification allows us to
further reduce the mass of the NES blocks without being
bounded by the scaling parameter σ .

• The combination σ = 0.4 and μ = 1 yields a soft-
ening system that becomes gradually lighter and softer
toward the bottom of the three compared to the base-
line system. Based on the literature, we expect that using
both lightweight blocks and soft springs facilitate effi-
cient energy transfer from the linear part of the system
towards the NES blocks.

The following combinations of ICs obeying Eq. (10) are
prescribed for the unperturbed systems:

• v1,0 > 0, v2,0 = v3,0 = 0. Simple IC, meaning that only
the initial velocity of the top, largest block is nonzero.

• v1,0 > 0, v2,0 = v3,0 > 0. In-phase IC, meaning that the
top three blocks are pushed in the same direction. More-
over, the initial energy is distributed equally between the
first two levels of the system, i.e., E1(0) = E2(0).

• v1,0 > 0, v2,0 > 0, v3,0 < 0, |v2,0| = |v3,0|. Mixed
IC, meaning that the two blocks of the second level
are pushed in the opposite direction, but with the same
magnitude.Again, the initial energy is distributed equally
between the first two levels of the system, i.e.,
E1(0) = E2(0).

The condition E1(0) = E2(0) for the in-phase IC and
mixed IC cases is fulfilled for unperturbed systems, when
|v2,0| = |v3,0| = √

1/(2σ)v1,0.
A set of numerical simulations are carried out providing

different initial energies in the range E0 ∈ [0.2, 50] for the
unperturbed systems with the above described combinations
of the initial velocities v1,0, v2,0, v3,0. Then, the simulations
are repeated with perturbed systems. In each simulation, the
value E0 is precisely prescribed, i.e., the initial velocities
v1,0, v2,0, v3,0 of the top three blocks are adjusted to com-
pensate the mistuned values of m1, m2, m3. For the in-phase
IC and mixed IC E1(0) = E2(0) is also kept, moreover,
E2(0) is equally distributed between the blocks of the second
level, meaning m2v

2
2,0 = m3v

2
3,0. The results of perturbed

systems are presented in detail for r = 0.05, as we found
that themistuning itself has a significant impact, but its extent
is of less importance in the investigated range of mistuning
parameters r ∈ [0.01, 0.1].

4.1 Dynamics with simple IC

In this case the top block has a nonzero initial velocity,
every other IC is zero. The total energy E(t) time histo-
ries of some perturbed (with r = 0.05) systems and those
of the unperturbed systems are shown in Fig. 4 for initial
energies E(0) = 1 and E(0) = 5. Though these results do
not show convincingly that any parametrization of the unper-
turbed systems is in general superior to the other two in terms
of energy dissipation, the overall conclusion will be different
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Fig. 4 Comparison of the total
energy E(t) for the three
different parametrizations of
some perturbed (r = 0.05) and
the unperturbed systems with
the simple IC for initial energies
E0 = 1 and E0 = 5
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once all results of Section 4 are assessed. At this point one
can observe that the introduction ofmassmistuning increases
the energy dissipation rate in the investigated cases, though
the significance of this effect greatly varies depending on the
parametrization and the initial energy of the system.

Though themodified systemwith lightweight NES blocks
(σ = 0.5 and μ = 4) outperforms the baseline system
(σ = 0.5 and μ = 1) in terms of dissipation for the higher
initial energy content E0 = 5, the latter has more poten-
tial to rapidly dissipate vibrational energy with mistuning.
In Fig. 5 the total dissipation is shown up to some time t ,
which is expressed as the fraction of the dissipated energy
E0 − E(t) of the system compared to its initial energy E0,
i.e., (E0 − E(t))/E0. In these charts each column represents
an unperturbed (striped column) system, and the average
result over 100 realizations of perturbed (filled column) sys-
tems. The connected dots indicate the standard deviation
of the results corresponding to perturbed systems. When a
filled column overlaps the striped column, it means that the
perturbed systems on average exhibit equivalent or better per-
formance in terms of dissipation compared to the unperturbed
system. A striped column shown over the white background
indicates the opposite.

One can see that the performance of the baseline sys-
tem is equivalent or better in most cases compared to the
modified system over the investigated initial energy range
E0 ∈ [0.2, 50]. On average, the perturbation also improves
the performance of the baseline system more significantly.
Meanwhile, the softening system (σ = 0.4 and μ = 1) pro-
motes high dissipation rate consistently that is practically
unaffected by the perturbation.

In Figs. 6, 7, and 8 the energy fraction E6(t)/E(t) stored
in the NES blocks and the WT of x32(t) (the displacement
solution of a NES block) superimposed onto the FEP are
shown for each investigated case with E0 = 5. The black
and red vertical lines mark the end of the initial nonlinear
beats and the follow-up TET for the unperturbed system and
a perturbed system, respectively. Fundamental TET does not
develop after the initial nonlinear beats, which cease at the
time marked by the first thick vertical line in the time histo-
ries. While the energy fraction stored in the NESs remains
significant, it does not increase rapidly over time. The steady,
non-increasing energy content stored in the NESs suggests
that only weak subharmonic TET develops, which persists
for a longer time compared to the initial nonlinear beats. This
weak TET ceases at the time marked by the second thick
vertical line. In these cases the WT plot shows that multiple
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Fig. 5 Fraction of the dissipated initial energy of the system at t = 500 (left), t = 1000 (middle), and t = 2000 (right) as a function of the initial
energy E0 for the three different parametrizations of the unperturbed and the perturbed systems (r = 0.05) with simple IC
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Fig. 6 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the baseline system, with the simple IC and initial energy E0 = 5
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Fig. 7 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of x32(t) for the unperturbed system (middle), and the
perturbed system with r = 0.05 (right) for the modified system, with the simple IC and initial energy E0 = 5
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Fig. 8 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of x32(t) for the unperturbed system (middle), and the
perturbed system with r = 0.05 (right) for the softening system, with the simple IC and initial energy E0 = 5

NNMs are excited simultaneously. This prevents clear 1:1
transient resonance capture that would yield stronger funda-
mental TET. While the in-phase NNM associated with the
lowest vibration frequency in the FEP outlives the others in
general, residual energy content in other higher frequency
NNMs can still compromise resonance capture and force the
system to escape TET.

In order to assess what is preventing 1:1 transient res-
onance capture, some displacement solutions xi (t) of the
system must be picked for further analysis. In Fig. 9 the

displacement solutions x16(t) and x32(t) as well as the cor-
responding energy spectral density (ESD) plots are depicted
for the unperturbed baseline system during the second TET
phase. In fact, the ESD plots of x16(t) and x32(t) rule out
subharmonic TET as no oscillation frequency of fractional
multiple of the main oscillation frequency is detected. How-
ever, a significant high frequency peak is present in the ESD
of x16(t)which is also noticeable in the time history of x16(t).
The same conclusions can be drawn for the modified and
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Fig. 9 Displacement solutions x16(t) and x32(t) (left) and the corresponding ESD of x16(t) and x32(t) (right) during the second TET phase for the
unperturbed baseline system with the simple IC and initial energy E0 = 5

softening systems upon the inspection of the respective dis-
placement solutions.

For lower initial energy content (e.g., E0 = 1), we can
even lose the ability to produce the weak second TET phase.
The NESs simply do not remain active once the initial non-
linear beats settle. This is indicated by Fig. 4, as for E0 = 1
the graphs of logE(t) do not exhibit a second, longer concave
segment, which is expected when any form of nonlinear TET
kicks in after the initial nonlinear beats. The same graphs for
E0 = 5 showcase the concave segments that coincide with
the time interval associated with the second TET phase.

The energy fraction E6(t)/E(t) stored in the NES blocks
is consistently increased for the perturbed systems result-
ing in stronger dissipation. The WT plots suggest that the
increased dissipation rate of the perturbed systems is facil-
itated by “split modes” and “hidden modes”. The former
are the repeated modes of the unperturbed system which fell
apart due to the mistuning [37], while the latter are asymmet-
ric modes that are difficult to access due to the symmetry of
both the system parameters and the ICs in case of the unper-
turbed systems [48]. Altogether several additional modes are
activated whose chaotic interaction results in a more efficient
dissipation.

The largest Lyapunov exponents λmax corresponding to
each case shown inFig. 10 agree. Theλmax values are positive
in every case, and they are also consistently and significantly
larger for the perturbed cases. Only results for r = 0.05 are
showcased in the figure, since practically the same results
were obtained for significantly smaller (r = 0.01) and larger
(r = 0.1) mistuning parameters. This shows that the mis-
tuning itself has a significant impact, but its extent is of
less importance. In the perturbed cases, each data point in
the figure represents average values over 100 realizations
of the perturbed system. These findings indicate that per-
turbed systems exhibit more chaotic behavior compared to
the unperturbed system regardless of the parametrization or

the initial energy. In Fig. 10 representative phase portraits
and Poincaré sections of the system with each parametriza-
tion are also depicted. The Poincaré sections were created as
the intersection of the x1(t) = 0 planewith the phase portrait,
essentially marking the phase portrait every time the sign of
x1(t) changed from positive to negative, i.e., ẋ1(t) < 0. The
phase portraits and Poincaré sections are drawn between the
onset and end of the second TET phase (the phase between
the vertical lines in Figs. 6, 7, and 8) to rule out the effect
of the initial nonlinear beats. These phase portraits densely
“fill” the phase space, while the accompanying Poincaré sec-
tions consist of irregular point clouds. Thus, both the phase
portraits and the Poincaré sections indicate chaos that is con-
sistent with the positive Lyapunov exponents.

Fig. 11 shows the total energy E(t) for the same set of
cases as Fig. 4 with a much larger initial energy of E0 = 50.
For the baseline andmodified systems this high initial energy
content clearly falls outside of the effective range of energy
content in which the NESs could perform. On the other
hand, the softening system exhibits a strong fundamental
TET, resulting in much more efficient dissipation compared
to the other two parametrizations. Fig. 12 confirms that
fundamental TET develops in the softening system for
E0 = 50. The energy fraction stored in the NESs rapidly
increases until t ≈ 1300, where the cutoff happens and the
system escapes the 1:1 transient resonance capture. We note
that in this case the mistuning has no significant effect on
the dynamics, which we found to be the general behavior of
the system with high initial energy content regardless of the
parametrization.

4.2 Dynamics for in-phase IC

In this case the top three blocks in the first two levels have a
nonzero initial velocity, every other IC is zero. Moreover, the
sign of the initial velocities is the same for these three blocks,
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Fig. 10 Largest finite Lyapunov exponents with simple IC, and no
damping at t = 1000, averaged over 100 realizations of perturbed sys-
tems (r = 0.05) (top left), representative phase portrait and Poincaré
section for x1(t) = 0, ẋ1(t) < 0 for the damped unperturbed system

with E0 = 5 after the initial nonlinear beats of the baseline system
(top right), the modified system (bottom left), and the softening system
(bottom right)
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Fig. 11 Comparison of the total energy E(t) for the three different
parametrizations of some perturbed (r = 0.05) and the unperturbed
systems with the simple IC for initial energy E0 = 50

thus, these blockmasses start to oscillate in-phase. The initial
energy is distributed equally between the first two levels, i.e.,
E1(0) = E2(0). The in-phase IC could potentially facilitate

the excitation of the in-phase NNM in contrast to the simple
IC discussed in the previous section.

Fig. 13 shows the total energy E(t) time histories of the
unperturbed and some perturbed (with r = 0.05) systems
for E0 = 1 and E0 = 5. This time the modified system with
lightweight masses exhibit inarguably the strongest dissipa-
tion for E0 = 1. However, as the initial energy is increased
(e.g., to E0 = 5) the modified system loses its efficacy com-
pared to the baseline system. Figure 14 supports this claim
as the total energy dissipated by the modified system sharply
decreases for increasing initial energy. The softening sys-
tem again provides high dissipation consistently over the
investigated initial energy range E0 ∈ [0.2, 50], mostly out-
performing the two other cases.
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Fig. 12 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of x32(t) for the unperturbed system (middle), and the
perturbed system with r = 0.05 (right) for the softening system, with the simple IC and initial energy E0 = 50
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Fig. 13 Comparison of the total energy E(t) for the three different parametrizations of some perturbed (r = 0.05) and the unperturbed systems
with the in-phase IC for initial energies E0 = 1 and E0 = 5

In Figs. 15, 16, and 17 the energy fraction E6(t)/E(t)
stored in the NES blocks and the WT of x32(t) superim-
posed onto the FEP are shown for each investigated case with
E0 = 1. In Figs. 18, 19, and 20 the same results are shown
for E0 = 5.

The unperturbed baseline system has a weak TET after
the initial nonlinear beats for both E0 = 1 and E0 = 5,
similarly to what was observed with the simple IC in Sec-
tion 4.1. Interestingly, the introduction of mass mistuning
not only increases the energy content stored in the NESs, but
also brings the system close to fundamental TET for E0 = 5.
The WT plots also show complex modal interactions for the
perturbed baseline system,which do not develop for themod-
ified and the softening systems. Thus, the baseline system is
the most sensitive to the perturbation of the block masses
which was the case for the simple IC as well in Section 4.1.

In case of the modified system, the more efficient energy
dissipation for E0 = 1 is attributed to the strong, funda-
mental in-phase TET characterized by the increasing energy

content stored in the NESs, which ceases at t ≈ 1500. The
WT plot exhibits minimal blur, indicating nearly undisturbed
excitation of the two NNMs that oscillate with the lowest
frequencies. This suggests minimal involvement of other
higher frequency NNMs and any subharmonic NNMs that
could potentially disturb the dynamics preventing efficient
TET through 1:1 transient resonance capture. The twoNNMs
“compete” during the initial nonlinear beats. The higher fre-
quency NNM dies when approximately 90% of the initial
energy is dissipated. The in-phaseNNMremains active yield-
ing the observed in-phase fundamental TET.

Note that the NNM branches depicted on the FEP of the
modified system are shifted toward lower energy levels com-
pared to those of the baseline and the softening systems. This
is why the performance of the modified system is limited at
higher initial energies, it is a design that tend to perform bet-
ter at low energy levels. While fundamental in-phase TET
actually triggers in the modified system even at E0 = 5, its
slow build-up prevents rapid dissipation of energy.
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Fig. 14 Fraction of the dissipated initial energy of the system at t = 500 (left), t = 1000 (middle), and t = 2000 (right) as a function of the initial
energy E0 for the three different parametrizations of the unperturbed and the perturbed systems (r = 0.05) with in-phase IC

Unperturbed

Mistuned

0 200 400 600 800 1000
0

20

40

60

80

Time, t

En
er
gy

fra
ct
io
n,

E
6(
t

(t

Fig. 15 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the baseline system, with in-phase IC and initial energy E0 = 1
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Fig. 16 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the modified system, with in-phase IC and initial energy E0 = 1

The softening system exhibits a more efficient initial non-
linear beating compared to the other two parametrizations,
which is generally the case regardless of the ICs. This is
why the softening system is superior in terms of energy
transfer. For E0 = 5, the softening system also develops effi-
cient in-phase fundamental TET as indicated by the rapidly
increasing energy content of the NESs. The emergence of
fundamental TET is facilitated by the quick collapse of high-
frequency modes during the initial nonlinear beats. Fig. 21
compares the evolution of the ESD of a NES block during

the initial nonlinear beats for each parametrization. In the
softening system the NESs couple more efficiently with the
high-frequency modes, which results in a smooth, flattened
spectrum by the end of the initial nonlinear beats as shown
in Fig. 21. In contrast, the baseline and the modified systems
preserve some of these high-frequencymodes as indicated by
the persisting peaks in Fig. 21. As discussed in Section 4.1
the persistence of these high-frequency modes prevent the
development of strong fundamental TET. Everything con-
sidered, the results verify our assumption, that the in-phase
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Fig. 17 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the softening system, with in-phase IC and initial energy E0 = 1
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Fig. 18 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the baseline system, with in-phase IC and initial energy E0 = 5
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Fig. 19 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the modified system, with in-phase IC and initial energy E0 = 5

IC supports the excitation of the in-phase NNM. Strong, fun-
damental TET developed in multiple investigated cases with
the in-phase IC, while the dynamics of the system was dom-
inated by the in-phase NNM.

The largest Lyapunov exponents λmax depicted in Fig. 22
again show that the λmax values are always positive, and
they are also consistently and significantly larger for all of
the perturbed cases. The corresponding phase portraits and
Poincaré sections also support the presence of chaos.

At the highest investigated initial energy E0 = 50, the
λmax of the unperturbed system sometimes jumps an order
ofmagnitude. This indicates that for increasing initial energy,
the effect of the mistuning might be less influential, since the
measured degree of chaos is already high for the unperturbed
system. To verify this, the total energy E(t) of the unper-
turbed and perturbed systems for E0 = 50 are shown in Fig.
23. One can see that the mistuning indeed barely affects the
affinity to dissipate vibrational energy for such a high initial
energy, regardless of the parametrization of the system.
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Fig. 20 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the softening system, with in-phase IC and initial energy E0 = 5

Fig. 21 Energy spectral density of the displacement x32(t) for the baseline system (left), modified system (middle), and softening system (right)
during the initial nonlinear beats with in-phase IC, initial energy E0 = 5 and no mistuning

4.3 Dynamics for mixed IC

In this case the top three blocks in the first two levels again
have a nonzero initial velocity, while every other IC is zero.
However, this time the sign of the initial velocity v3,0 is nega-
tive, while both v1,0 and v2,0 are positive. This means that the
initial phases of the two parallel blocks in the second level are
opposites of each other. The initial energy is again distributed
equally between the first two levels, i.e., E1(0) = E2(0) = 0.
In contrast with the in-phase IC, this IC is expected to excite
multiple NNMs, including modes that are hidden from the
symmetric in-phase IC.

Fig. 24 shows the total energy E(t) time histories of the
unperturbed and some perturbed (with r = 0.05) systems for
E0 = 1 and E0 = 5. For this IC, both the modified and the
softening systems promote energy dissipation in comparison
with the baseline system. The dissipation is once more the
most efficient in case of the softening system.While themod-
ified system outperforms the baseline system in themidrange
E0 ∈ [1, 5], it fails to keep up with the other two systems
for large initial energies, as shown by Figure 25.

In Figs. 26, 27, and 28 the energy fractionE6(t)/E(t)stor-
ed in theNESblocks and theWTof x32(t) superimposed onto
the FEP are shown for each investigated case with E0 = 5.

Once again, themistuning has themost impact on the base-
line system. Complex modal interactions can be observed on
the WTs shown in Fig. 26 corresponding to the baseline sys-

tem.While the mistuning does not promote the second phase
of energy transfer to fundamental TET, it helps sustaining a
somewhat stronger TET compared to the unperturbed case.

Themodified systemwith lightweightNESblocks exhibits
a spectacular beating between two NNMs after the initial
nonlinear beats. The modulation caused by this beating can
be seen on the graph of the energy fraction stored in the
NESs. The signature of this phenomenon can also be seen
on the wavelet plot as a "barcode" pattern. The presence of
beating is verified by the displacement solutions x16(t) and
x32(t) seen in Fig. 29, aswell as the correspondingESDplots,
which show that there are two strongly activated modes with
similar frequencies during the second TET phase. This beat-
ing of the two NNMs is so dominant that even the moderate
mistuning with r = 0.05 does not affect it. In Bak et al. [38]
it is discussed that for this type of IC, where some blocks start
to oscillate in an out-of-phase fashion, a NNM activates with
an oscillation frequency being very close to that of the in-
phase NNM causing the observed beating phenomenon. For
the entire investigated initial energy range E0 ∈ [0.2, 50] this
beating phenomenon induces the second TET phase in the
modified system.This dynamics is characteristic to the binary
tree structure of the system, as the beating phenomenon can-
not be triggeredwithout providing different initial conditions
for parallel blocks.

Still, the softening system remains superior in terms of dis-
sipation, because its initial nonlinear beats are much more
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Fig. 22 Largest finite Lyapunov exponents with in-phase IC, and no
damping at t = 1000, averaged over 100 realizations of perturbed sys-
tems (r = 0.05) (top left), the phase portrait and Poincaré section for

x1(t) = 0, ẋ1(t) < 0 for the damped unperturbed system with E0 = 5
after the initial nonlinear beats in the baseline system (top right), the
modified system (bottom left), and the softening system (bottom right)

efficient compared to those of the baseline and modified
systems as discussed earlier in Section 4.2. The increased
dissipation rate of the perturbed softening system is facili-
tated by even stronger initial nonlinear beats. For the lower
energy level E0 = 1, perturbation of the block masses is
required to achieve a second phase of TET after the initial
nonlinear beats as it is not triggered in the unperturbed sys-
tem, similarly to what happened with the simple IC.

The largest Lyapunov exponents λmax shown in Fig. 30
are again positive in every case, and they are consistently and
significantly larger for all of the perturbed cases. The repre-
sentative phase portraits and Poincaré sections depicted in
Fig. 30 are also consistent with the chaotic dynamics indi-
cated by the positive Lyapunov exponents. At the highest
investigated initial energy E0 = 50, the largest Lyapunov
exponent of the unperturbed softening system exhibit a sharp

Fig. 23 Comparison of the total energy E(t) for the three different
parametrization of some perturbed (r = 0.05) and the unperturbed
systems with the in-phase IC for initial energy E0 = 50

increase, reaching the range of the largest Lyapunov expo-
nents corresponding to the perturbed cases, indicating that
the effects of the mistuning might be less significant in this
case.
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Fig. 24 Comparison of the total
energy E(t) for the three
different parametrization of
some perturbed (r = 0.05) and
the unperturbed systems with
the mixed IC for initial energies
E0 = 1 and E0 = 5
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Fig. 25 Fraction of the dissipated initial energy of the system at t = 500 (left), t = 1000 (middle), and t = 2000 (right) as a function of the initial
energy E0 for the three different parametrizations of the unperturbed and the perturbed systems (r = 0.05) with mixed IC
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Fig. 26 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the baseline system, with mixed IC and initial energy E0 = 5

The total energy E(t) for the largest investigated initial
energy E(0) = 50 depicted in Fig. 31 shows once again that
the performance of the softening system remains convincing
for an order of magnitude higher initial energy. Moreover,
now the softening system also exhibits the beating that was
a characteristic of the modified system as shown in Fig. 32.
As emphasized earlier based on the evolution of the largest
Lyapunov exponents as function of the initial energy, the
mistuning indeed has no significant impact for such a large
initial energy. We conclude that the perturbation of the block

masses has a diminishing effect on the dynamics as the initial
energy increases.

5 Summary and discussion

A MDoF nonlinear binary tree-structured oscillator was
introduced, in which NESs comprised the leaves of the tree.
Different parametrizations for the block masses and spring
stiffnesses were proposed and the response of the systemwas
studied for different types of initial conditions. The goal was
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Fig. 27 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the modified system, with mixed IC and initial energy E0 = 5
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Fig. 28 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the softening system, with mixed IC and initial energy E0 = 5

Fig. 29 Displacement solutions x16(t) and x32(t) (left) and the corresponding ESD of x16(t) and x32(t) during the second TET phase (right) for
the unperturbed modified system with mixed IC and initial energy E0 = 5

to investigate the ability of this system to dissipate vibrational
energy over a broad input energy range with special focus on
how the different parametrizations and the mistuning of the
blockmasses affect the input energy range inwhich theNESs
remain active.

The masses of the blocks and the stiffnesses of the springs
in the system gradually decrease as the tree branches, these
parameters follow the simple power-law Eq. (8) as function

of the tree level l. In the baseline system of the investigations
the block masses and spring stiffnesses were halved on each
successive level of the tree. In this system the sum of the
block masses as well as the sum of the spring stiffnesses are
the same for each level. Twoother parametrizationswere con-
sidered to promote energy dissipation. In themodified system
we prescribed a local modification which further decreased
the mass of the NES blocks yielding a modified system with
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Fig. 30 Largest finite Lyapunov exponents with mixed IC, and no
damping at t = 1000, averaged over 100 realizations of perturbed sys-
tems (r = 0.05) (top left), the phase portrait and Poincaré section for

x1(t) = 0, ẋ1(t) < 0 for the damped unperturbed system with E0 = 5
after the initial nonlinear beats in the baseline system (top right), the
modified system (bottom left), and the softening system (bottom right)

lightweight NESs. In contrast, the so-called softening system
has completely different parameters as the scaling parame-
ter σ was decreased, yielding softer connections and lighter
block masses across the levels of the tree compared to the
baseline system.

In general, the baseline system exhibited only a weak
second TET phase after the initial nonlinear beats without
perturbation. We detected residual energy content in some
high-frequency modes that prevented clear 1:1 transient res-
onance capture. We found that reducing the mass of the NES
blocks worked better than the baseline system in some cases
for smaller input energy levels, which is in agreement with
our previous study [38]. We assumed that the in-phase and
mixed ICs could force the system into a more efficient form
of TET through the excitation of the in-phaseNNMand some
hidden modes, respectively. The modified system reacted to
the ICs as per our initial expectation, and exhibited a strong

Fig. 31 Comparison of the total energy E(t) for the three different
parametrization of some perturbed (r = 0.05) and the unperturbed
systems with the mixed IC for initial energy E0 = 50

second TET phase driven by different mechanisms. In par-
ticular, we managed to trigger in-phase fundamental TET
caused by the NESs engaging with the in-phase NNM, as
well as a similarly strong TET caused by a beating of two
NNMs having slightly different oscillation frequencies in the
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Fig. 32 Energy fraction E6(t)/E(t) stored in the last level (left), the corresponding WT of a NES block for the unperturbed system (middle), and
the perturbed system with r = 0.05 (right) for the softening system, with mixed IC and initial energy E0 = 50

modified system. However, this modified system performed
poorly in terms of dissipation for larger input energies.The
decrease of the mass of the NES blocks alters the FEP of the
system by essentially displacing all NNM branches toward
lower energy levels. This implies that such a design is suit-
able to increase the efficacy of energy transfer and dissipation
for lower input energies, but cannot extend the range of input
energy in which the NESs perform well. In terms of energy
transfer and dissipation, the softening system consistently
outperformed both the baseline and the modified systems for
the entire investigated range of input energy levels. In gen-
eral, the initial nonlinear beats proved to be very effective
with the softer connections and lighter block masses, and
fundamental TET also developed for larger initial energies.
The underlying reason for the superior behavior of the soft-
ening systemwas found to be its affinity to quickly reduce the
energy content of the high-frequencymodes providing favor-
able conditions for the onset of strong fundamental TET. The
conclusion is that such a design can extend the range of input
energy in which the NESs perform well.

The mistuning of the block masses promoted chaotic
dynamics indicated by the sharp increase of the calculated
largest Lyapunov exponents — which were positive in every
investigated case — compared to those of the unperturbed
system. In most cases, the perturbation of the block masses
yielded the localization of increased amount of vibrational
energy in the NESs (shown by the graphs of E6(t)/E(t)).
Thus, the dissipation of the vibrational energy of the system
was typically more efficient with mistuned block masses.
However, the impact of the mistuning was diminishing for
increased input energy. The takeaway is that small or mod-
erate perturbation of the block masses intensifies the energy
transfer and the dissipation of vibrational energy only up to
a certain threshold energy level.

Everything considered, the results of this study showcased
that certain parametrizations of MDoF oscillators can extend
the range of input energy for which simple NESs remain
effective at dissipating the vibrational energy of the system.

On top of that the perturbation of the block masses have
potential to further increase the dissipative performance via
the promotion of chaotic interactions between the NNMs of
the system. In future works, we aim to extend this paper’s
investigations to continuous excitations of the largest block
mass.We also plan to examine the effects of different random
distributions used for the mistuning of the masses. We also
intend to study the separation of NNMs, which was conjec-
tured to occur in some of the cases presented in this paper.
Further study of the binary tree-structured oscillator may
facilitate development of more efficient vibration suppres-
sors, as well as motivate broader research into systems with
multiple parallel NES blocks. Continued research into the
random mistuning of system parameters offers further pos-
sibilities towards improved vibration reduction. A long term
prospect of the model is the development of a new variant
of the turbulent shell models [49] with the incorporation of
velocity-dependent nonlinear dampers, opening up the pos-
sibility to relate certain aspects of the model with turbulent
flows.
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