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ARTICLE INFO ABSTRACT

Keywords: Modern energy infrastructures operate under nonlinear, time-varying conditions and therefore require reliable
Utility-function framework surrogate models for optimization, predictive control and health monitoring. Existing approaches are brittle:
Hybrid modeling first-principles simulators degrade under parameter drift and imperfect multiscale physics, while purely data-

Physics-informed learning
Surrogate models
Thermal energy systems
Data-efficient AI

driven methods require large datasets and extrapolate poorly. We propose the Utility-balanced Prior-informed
Model (UPriMo), a general training objective that integrates prior knowledge — such as physical laws, topology
constraints, operating envelopes and expert heuristics — directly into the loss of any differentiable learner.
UPriMo maps each prior residual to a bounded utility and minimizes data misfit plus utility shortfall. This yields
automatic trade-offs between data and priors without manual weighting and recovers physics-informed learning
as special cases. We demonstrate UPriMo on two energy-relevant problems. First, for stationary laminar pipe
flow, a neural surrogate trained on five noisy velocity measurements satisfies Navier-Stokes, boundary and
monotonicity constraints, and reduces mean-squared error by an order of magnitude compared with data-
driven baselines. Second, for electric water-heater dynamics, nonlinear autoregressive models with exogenous
inputs (NARX) augmented with steady-state and monotonicity priors remain stable over 1400-step free runs,
whereas unconstrained models diverge. Across both problems, UPriMo improves accuracy, noise robustness
and physical plausibility while remaining compatible with standard ML frameworks. Because the utilities are
problem-independent, the framework supports a single recipe from component-level surrogates to system-level
Al-based forecasting and control in future energy systems.

1. Introduction within the training domain, but typically require large labeled datasets
and extrapolate poorly [5]. Over the last decade, hybrid or semi-

Thermal power plants, district-heating networks, industrial furnaces mechanistic approaches have emerged that combine mechanistic in-

and heat-recovery units form the backbone of the process industry and
account for a major share of global final-energy use [1,2]. Operat-
ing these assets efficiently requires dynamic models that are accurate
enough for load-flexible operation, emission reduction and advanced
process optimization, yet simple enough to be deployed in estimation,

sight with machine-learning surrogates. Recent reviews cover physics-
informed neural networks (PINNSs) for heat-transfer PDEs [4], gray-box
network models for district heating [2] and knowledge-guided digital
twins across chemical plants [6]. Collectively, these works demonstrate

forecasting and control. Such systems exhibit nonlinear thermody-
namics, distributed-parameter transport phenomena and time-varying
operating conditions. Parameter drift caused by fouling in shell-and-
tube heat exchangers, unmeasured disturbances such as fluctuating feed
composition and spatially coupled hydraulic-thermal waves in district-
heating pipelines illustrate the resulting modeling challenges [3,4].
Classical first-principles models rigorously enforce conservation
laws and constitutive relations, but often become intractable when
geometries are complex or key parameters are uncertain. Conversely,
purely data-driven models may provide accurate one-step predictions
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how prior information — mass and energy balances, constitutive equa-
tions, topology graphs, operating envelopes or monotonicity relations
— can be embedded via constrained losses, differentiable simulators
or structure-encoded architectures. Table 1 summarizes representative
strategies for embedding such priors in machine-learning models of
thermodynamic energy systems.

Despite this progress, most existing studies focus on one specific
type of prior and design a bespoke learning objective around it. When
several heterogeneous priors are available, three limitations become
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Table 1
Representative strategies for embedding prior information in machine-learning models of thermodynamic and process-industry energy systems.
Method Embedded prior information Embedding technique Target energy system Ref.
Physics-Informed Neural Heat, mass and momentum PDEs; PDE-residual terms added to composite Two-phase heat exchanger [7]
Network (PINN) boundary conditions loss
Decoupling-Coupling PINN Mass/energy balances; reaction Sequential subdomain pre-training Plate chemical reactor [8]
kinetics followed by coupled physics loss
Physics-Informed RNN Pipe topology graph; conservation Physical graph hard-wired in RNN District-heating network [9]
with network topology laws architecture
Gray-box state-space model Energy-balance ODE structure; Fixed parametric structure with Pilot heating process [10]
selected parameters data-driven parameter estimation
Monotonicity-constrained Monotonic NO,—fuel-input Inequality penalties enforcing monotonic Coal-fired boiler [11]
PINN relationship outputs
PINN for borehole TES Transient conduction PDE; flux PDE residual plus initial/boundary loss Borehole thermal-energy [12]
boundary conditions terms storage
PINN for heat-pump load First-law energy balance; enthalpy Energy-conservation term in loss Absorption/geothermal [13]
relations heat pump

apparent: (i) each knowledge source usually comes with its own hand-
tuned weight in a composite loss; (ii) residuals from algebraic con-
straints, inequality heuristics and derivative matching live on differ-
ent numerical scales, which makes trade-offs brittle; and (iii) fixed
weighted sums cannot adapt when operating conditions or data quality
change over time. As a consequence, combining multiple priors with
data in a single, robust training objective remains challenging.

In this work we address these issues with the Utility-balanced
Prior-informed Model (UPriMo), a utility-based framework for training
surrogate models with heterogeneous prior knowledge. UPriMo maps
the residual of each prior to a bounded utility and minimizes data
misfit together with the shortfall from perfect utility, yielding scale-
free and interpretable trade-offs without manual tuning of loss weights.
Because the construction is agnostic to the underlying learner, it can be
combined with state-space models, neural networks or differentiable
simulators and acts as a plug-and-play bridge between mechanistic
insight and data-driven flexibility. We demonstrate the framework on
two canonical thermal-energy problems — a laminar pipe-flow sur-
rogate and an electric water-heater model — and show that UPriMo
improves accuracy, noise robustness and physical plausibility compared
with purely data-driven baselines. The same recipe can be transferred
to other energy-system modeling tasks.

Our contributions are threefold. First, we formulate UPriMo, a scale-
free utility-based training objective that automatically balances data
fidelity against multiple heterogeneous priors and supports physics-
informed surrogate modeling. Second, we demonstrate the framework
on two canonical problems — laminar pipe flow and electric water-
heater dynamics — achieving an order-of-magnitude improvement in
accuracy and robustness over purely data-driven baselines. Third, we
provide a practical recipe for incorporating algebraic constraints, dif-
ferential operators, monotonicity rules and surrogate-model references
within a single training loop and standard machine-learning frame-
works.

The remainder of this paper is organized as follows. Section 2 details
the utility-based formulation and the incorporation of available prior
knowledge. Section 3 describes the two case studies and experimental
protocols and discusses the main results and ablation analyses. Finally,
Section 4 concludes the paper and outlines directions toward multiscale
industrial deployment.

2. Utility-function framework for integrating prior knowledge

We consider a supervised modeling task in which an unknown
nonlinear mapping g : R"x —R" relates independent variables x € R"x
to outputs y € R™. Our goal is to learn an approximation

¥y=/x0),

where f : R — R’ is a parametric nonlinear model, typically a
neural network whose trainable weights and biases are collected in
6 € RP. In modern machine-learning architectures the number of

tunable parameters is often comparable to or larger than the number
of available labeled measurements (p ~ 10°-10° versus N,, in typ-
ical engineering datasets). While acquiring additional labels can be
prohibitively expensive, many engineering domains provide abundant
a priori knowledge in analytic, heuristic or physics-based form. The
utility-function framework introduced in this section exploits such prior
knowledge to regularize the learning problem. Throughout, we assume
that f is differentiable with respect to both its inputs and parameters, a
condition satisfied by standard neural networks and other differentiable
surrogate models.

2.1. Problem definition and notation

We arrange the independent variables into two matrices, allowing a
compact multiple-input multiple-output (MIMO) formulation. Let x,(('") S
R"x and y](:") € R" denote the kth input and output column vectors
for k = 1,...,N,, and let x© e R™ denote collocation inputs for

¢ =1,...,N,.. We then define

[x"™)T ™7

X = e RN YW = € RNwy, 2.1)
VT )T
MxNT
)

X© = € RNexnx, (2.2)
SVl

The upper indices (m) and (c) indicate measurement and collocation,
respectively, while the lower indices k = 1,...,N,,and Z = 1,..., N,
enumerate individual samples. Accordingly, the kth row of X" (resp.
the #th row of X(©) is the row vector (xf('"))T (resp. (x(;))T).

When paired input-output observations are available, the learning

task reduces to conventional nonlinear regression and is modeled as

v o= f(x0) + €. k=1....N,, (2.3)

E{'") captures model mismatch and the prediction of the model
is denoted yj(’” = f(xf{’");e). The parameter optimization task is to
(m)

minimize the deviation from the measured outputs y

where ¢

P
A standard choice for fitting 6 is the quadratic data loss
18
ST .
Lgara(0) = N (YECM) - y/((rn)) Q (y,i"') - y,((m)), 2.4
m k=1

with Q € Ry symmetric positive definite (e.g. the identity matrix or
an empirical noise-covariance estimate).

Evaluating the model at new input locations x is typically cheap, so
the input space R"x—and its dense sampling matrix X©) € RNe*"x with



A. Edvy et al.

N, > N, —can be explored without acquiring new labels. In contrast,
each labeled output y is costly to obtain. Consequently N,, is often
orders of magnitude smaller than what would be required for reliable
coverage of the domain. A purely data-driven objective such as Eq. (2.4)
therefore suffers from:

« overfitting risk — the model may memorize noise present in the
scarce labels;

« poor generalization — sparse labels offer little guidance in unex-
plored regions of the input space;

» sensitivity to noise and sampling bias.

These shortcomings motivate augmenting L4, with additional
constraint-based loss terms derived from available domain-specific
knowledge. This additional structure guides the model toward more
robust and generalizable solutions, even in sparsely measured regions
of the input space.

2.2. Embedding prior information via collocation points

A common strategy is to embed prior information directly into
the training objective. Physics- or model-based terms can be eval-
uated at arbitrarily many input locations x(;), without additional y
measurements, thereby increasing the effective information available
for training. In physics-informed neural networks (PINNs) [14-16],
spatial and/or temporal derivatives of § are constrained to satisfy
the governing partial differential equations (PDEs). The same idea
extends well beyond PDEs: virtually any analytic or heuristic engineer-
ing knowledge—such as monotonicity, passivity, equality or inequal-
ity constraints and reduced-order surrogate models—can serve as a
prior. Other examples include impulse/step-response matching, inverse
constraints and derivative-based regularization.

Having established that any differentiable learner can be queried
efficiently at collocation points, we can translate the full spectrum
of prior engineering knowledge into machine-interpretable constraints.
Each constraint is expressed through a residual function evaluated at
the collocation inputs; these residuals then enter the composite training
objective. In UPriMo, each prior loss is subsequently mapped to a
bounded utility (Section 2.5).

2.3. Constraint formulation and prior-based loss functions

We translate each piece of prior information into a nonnegative
residual r; > 0. This residual quantifies the violation of the ith constraint
and equals zero if and only if the constraint is fully satisfied:

r(reds0), Va0 %) = 0,

where f (x(”)

input xif). The corresponding prior loss is the mean residual over all
collocation points:

0) is the model prediction evaluated at the collocation

N,
Pty = L Z ( Fx:0), V7 (x; 0); x(”) (2.5)
¢ =1
Typical residuals r;(-) used in this work include reference-model fits,
PDE residuals, derivative matching, monotonicity constraints, opera-
tional limits and inverse consistency. Section 2.4 details how each of
these terms instantiates the generic template above.
The overall training objective is then
Np
L(O) = Laaa(0) + Y. L7(0). (2.6)
i=1
The prior knowledge-based constraints are evaluated at densely sam-
pled collocation points as an extended set of inputs. Two conceptually
distinct collocation sets are useful in practice:
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(i) Constraint-only points. For priors based on derivative con-
straints, PDE residuals, monotonicity, convexity, or general
equality/inequality conditions, no target output exists at x(‘)
The model prediction y“) = f(xy ).6) is simply required to
satisfy the chosen constraints.

(ii) Reference- or surrogate-model points. When a reference or
reduced-order model exists (e.g., a state-space representation,
impulse/step responses or an input-output surrogate), its in-
puts are treated as collocation points. A fixed-parameter model
fR(-;6%) (identified beforehand) provides target outputs y(”
R(x (;),GR), and the learner is trained to match these targets
even though the pairs never appear in the measured dataset.

Both types of collocation points enrich the training objective with
domain-specific constraints, improving predictive accuracy and robust-
ness without requiring additional measured outputs. We next describe
how prior information is translated into concrete residuals and penal-
ties.

2.4. From classical regularization to knowledge-driven constraints

When no explicit prior information is available, the learning prob-
lem reverts to classical weight-decay regularization. In its isotropic
variant, a ridge term

ERidge(e) = /lridgellellza }“ridge >0 2.7

augments the data loss (2.4), thereby preventing unbounded parameter
growth and mitigating overfitting. The ridge penalty can thus be viewed
as the baseline member of a much richer family of constraint-induced
residuals described below. The knowledge-based residuals operate on
the dense collocation set X© and enter the total objective together
with the data loss. In what follows, we catalogue the most frequently
encountered examples.

For clarity, all residuals are formulated for an arbitrary collocation
input x . ); aggregation over ¢ = 1,... , N, is implicit and follows the
pattern of Eq. (2.5). Where relevant, we explicitly indicate whether a
residual is used at constraint-only or reference-model collocation points
as defined in Section 2.3.

1. Reference-model consistency. Let § ”(c) = fR(x (c);OR) be the prediction
of a reduced-order or physics-based reference with fixed parameters 6.
Penalizing pointwise deviations yields

prior
EReference - Z ‘

This residual is the multi-output analog of classical model-following
control.

79— 59| (2.8)

2. Derivative-based priors. For brevity, aqy(;> denotes the tensor of gth
order partial derivatives for each output component with respect to
each input dimension:

76(©) R(+(©). gR
a9y . 29 fR(x37; %)
‘ s by 2.9)

an(f)
©q
0x,

Yo o ©q’
ox,

Three generic residual types are common.

(a) PDE residual. Suppose a differential operator F(x (,C) A(c) aq“’-’)

GM) = 0 expresses the governing physics. Its v1olat10n is penal—

ized by
N,
prior _ 1 \ (C) A(c) o© gvy|12
Lo = N, & H ,079,7.0 )”2 (2.10)

Here, 6M refers to parameters in the governing equation; if
unknown, they are estimated jointly with 6.
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(b) Derivative matching to a reference model. If a surrogate model
FR(;6%) is available, one may impose agreement of the gth

derivatives:
NC
prior _ L ()q (c) aq (c) (2 11)
Derivative — N. £ 2' :
=1

(c) Sign-constrained derivatives (monotonicity/convexity). Let d €
{1,...,n.} denote the dth input coordinate of the row vec-
tor x(” = [x(;)l,..., ) 1 and let j € {1,. ,n,} denote the
output dimension. If domaln knowledge prescrlbes monotonic-
ity constraints for the jth output component with respect to
the dth input dimension, we introduce the following one-sided

ReLU-type residual:

N, a)'}(f)

. ©
prior _ L S tmaxd 0, s, —22 212)

8 N, /=1 ax(;)d

where s;; € {+1,-1} encodes the desired monotonicity di-
rection: +1 corresponds to monotonically increasing and -1
to monotonically decreasing. The penalty activates only when
the prescribed sign constraint is violated, thereby enforcing
monotonicity without altering regions that already comply.

3. Heuristic inequality constraints. Given a scalar performance index
g ¢ R" - R computed from the model output, we may want to
enforce either g(f (x(c) 0)) < £ (upper bound) or g(f (X(c) 0)) > £ (lower
bound). Both cases can be written compactly with a sign parameter
sg € (+1,-1}:

Z

. c
prior _

1 3 2
Inequality F [max{o S (g(y( )) - E)}] >

1

(2.13)

where

+1, if an upper bound g(-) < ¢ is required,
s =
& —1, if a lower bound g(-) > € is required.

The hinge loss activates only when the inequality is violated, softly
pushing predictions back into the admissible region.

4. Inverse-mapping residual. If f(-;0) is invertible, one can enforce that
the estimated inverse recovers the input:

prlor _ NON (C)
Inverse - Z “f y 9

With these residuals integrated into (2.6), the optimization jointly
exploits measured data and domain knowledge, yielding models that
generalize better than purely data-driven counterparts.

(2.149)

2.5. Utility-based normalization of prior residuals

Because prior losses typically vary greatly in magnitude and units,
direct summation in (2.6) can lead to numerical imbalances and makes
the optimization sensitive to arbitrary scaling. To mitigate this, we de-
fine a bounded utility function U; : [0, c0) — [0, 1] that is monotonically
decreasing with respect to the prior loss £,

As Ef’mr approaches zero (perfect satisfaction), the utility
approaches one, whereas for large violations it tends to zero. This
property yields a normalized, dimensionless measure of prior satis-
faction and helps balance heterogeneous constraints without explicit
weighting.

Typical choices include

« rational: U,(£"") = (1 + ¢, Ef’mr)_l ;

« exponential: U,(£P"") = exp(—a, £L");

* Gaussian (Taguchi-like): U,(LP""") = exp(—(e; £F"°)?);
* ReLU-based saturation: Ui(ﬁf’rior) =max{0, 1 —q; EF rior}.
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Here «; > 0 is a shape parameter chosen to achieve the desired
sensitivity. A constraint with a large residual then yields a small utility,
whereas a nearly satisfied constraint yields a utility close to one. With
this normalization each prior contributes the bounded utility shortfall
term 1 — U; € [0, 1] to the objective, which facilitates comparison with
the data loss even when the underlying physical units differ.

Replacing each prior residual term by its utility shortfall, the pa-
rameter optimization problem can be written as

Np

0, 8" = arg min [Edata(e) + ’;(1 - Ui(cf’“"f(e)))], (2.15)
where the tunable parameter vector 6 may be augmented by 6™ (un-
known physical parameters; see Eq. (2.10)). Because 0 < 1 -U; < 1
for all i, every prior term is automatically normalized and bounded,
while the interpretation remains intuitive: U; — 1 implies near-perfect
satisfaction of the ith constraint, whereas U; — 0 signals significant
violation.

The proposed formulation offers three major advantages for param-
eter optimization and constraint balancing:

+ Bounded influence. No single prior can dominate the optimiza-
tion, even if its raw residual is large, which helps to prevent
numerical imbalance.

+ Scale-free tuning. The shape parameters ¢; replace ad hoc
weights 1;; they control how sharply the utility drops but have
a fixed output range, simplifying hyperparameter selection.

+ Unified stopping criterion. Since all utilities lie in [0, 1], one
may, for instance, require that the average utility exceed a desig-
nated threshold before terminating training.

The utility-based objective in Eq. (2.15) can be interpreted as a non-
linear scalarization of the data loss and the individual prior residuals,
and therefore as a particular multi-objective formulation. In this view,
UPriMo does not introduce a separate optimization class, but applies a
bounded transformation to each prior term before aggregation. Com-
pared with direct residual summation, this changes the optimization
behavior by limiting the influence of very large prior violations and
making heterogeneous priors more comparable. When priors are con-
flicting, the method does not resolve the conflict explicitly; instead, it
seeks a compromise solution in which the individual objectives may
be satisfied to different degrees. Thus, the obtained solution can be
interpreted as a scalarization-induced Pareto compromise, rather than
the simultaneous exact satisfaction of all priors. Because the resulting
training problem remains nonconvex in the neural-network setting
considered here, we do not claim global convergence guarantees. Our
contribution is instead to clarify that the bounded utility transformation
modifies the trade-off structure of the optimization in a controlled and
interpretable way.

Unlike adaptive loss-balancing approaches (e.g., gradient-based
reweighting or uncertainty-based weighting), which operate by dynam-
ically adjusting scalar coefficients in a weighted sum of heterogeneous
loss terms, UPriMo modifies the functional form of each prior contri-
bution before aggregation. Each prior residual is mapped to a bounded
utility shortfall on a common [0,1] scale, which makes heterogeneous
priors directly comparable and prevents any single prior from exerting
unbounded influence on the aggregated prior contribution. This trans-
formation can be interpreted as a nonlinear scalarization of multiple
objectives, rather than a linear combination with adaptive weights. The
contribution is therefore not the removal of all hyperparameter choices,
but the introduction of a common bounded utility-based normaliza-
tion that replaces ad hoc cross-scale balancing with a more uniform
sensitivity specification.

The forthcoming application sections (Section 3) will demonstrate
how the utility-based formulation integrates derivative, heuristic and
reference-model priors within a single optimization loop, thereby im-
proving robustness and generalization.
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Table 2
Laminar pipe-flow parameters.

Parameter Definition Value and SI unit
p Fluid density 997 [kgm~3]

u Dynamic viscosity 1.002 x 1073 [Pas]

R Pipe radius 1.0 [m]

o Volumetric flow rate 5.0x 1074 [m?s7']

G Pressure gradient —i‘% [Pam~']

3. Case studies and applications

To illustrate the proposed framework in realistic settings, we con-
sider two representative energy-system models. The first is fully devel-
oped laminar pipe flow, a steady fluid-dynamics benchmark with an
analytic Hagen—Poiseuille solution. This setting allows precise assess-
ment of interpolation and extrapolation performance under extremely
sparse and noisy data. The second is an electric water heater, a non-
linear dynamical system modeled in NARX form, where long-horizon
free-run simulations amplify modeling errors unless constrained by
suitable priors. Together, these examples demonstrate how diverse
prior knowledge — from governing equations and boundary conditions
to monotonicity rules and steady-state relations — can be encoded
through the utility-based formulation of Section 2 to improve accuracy
and robustness over purely data-driven baselines.

3.1. Laminar pipe flow: a sparse and noisy benchmark for physics-informed
nonlinear regression

Fully developed laminar flow in a circular pipe is a standard bench-
mark with a known parabolic velocity profile, providing an absolute
error reference. When only a handful of noisy samples are available,
however, the regression task becomes ill-posed. Reconstructing the
axial velocity u(r) from five perturbed points inside the inner half-radius
region (7 € [-R/2,R/2]) forces the learner to interpolate between
sparse measurements and, more critically, to extrapolate toward the
wall. This setting mirrors practical scenarios where dense field data
are prohibitive but wall-shear or pressure-loss estimates remain essen-
tial, making laminar pipe flow an ideal testbed for physics-informed
nonlinear regression.

We adopt a right-handed cylindrical coordinate system (r, 0, z), with
the z-axis aligned with the pipe centerline and r measuring the radial
distance from this axis. The working fluid is incompressible and New-
tonian, with constant density p[kgm~>] and dynamic viscosity u [Pas],
driven by a constant (negative) axial pressure gradient

d
G = 2 pamy,
dz

under laminar conditions corresponding to Reynolds numbers Re <
2300. For reference,

Re=2"2 4o 2 poar

H 7R?
where i denotes the cross-sectional average velocity, O the volumetric
flow rate and R the pipe radius. Under the assumptions of steady, fully
developed, unidirectional flow the velocity field u(r, 0, z) = (u,,uy,u,)
reduces to

(u,, ug,u;) = (0,0,u(r)),

so only the axial component is nonzero and depends solely on r.
For numerical convenience we introduce a signed radial coordinate
F € [-R, R] related to the physical radius by r = |F|. Axisymmetry
implies u(F) = u(—F), so sampling across both positive and negative
radii effectively doubles spatial resolution near the pipe centerline
without introducing new physics. The fluid-dynamical parameters used

throughout the study are summarized in Table 2.
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Under these assumptions, the steady incompressible Navier-Stokes
equations reduce to the classical Hagen—Poiseuille ordinary differential
equation

1d(.du 8uQ
ﬂ;ﬁ(rﬁ)=c, G=-2L%. (3.1)
whose closed-form solution is
iy = 20 7
u* () = m(1 - E)’
We use u*(F) as ground truth when computing validation errors; for a
prescribed flow rate Q the profile is independent of viscosity.

From a nonlinear regression viewpoint, the learner maps radial

positions to predicted velocities as

|7l < R. (3.2)

i = f(#;0), [ R->R, 3.3)

where 0 denotes the network parameters. Two input sets are defined.
The sparse data points are {x,(:") = ?k};:;’"l, with N,, = 5 uniformly

sampled from [—R/2, R/2]; their noisy targets are

£, ~ N(0,62).

Vi = u*(F) + £,
The collocation points are {x(;> =7, }j/j;l , with N, = 30 (quasi-)uniformly
distributed over [—R, R] excluding the center point 7 = 0 due to the
1/F operator in the PDE residual; the centerline condition is handled
separately via a derivative prior at 7 = 0. Collocation points have
no target outputs and serve solely to evaluate prior residuals (PDE,
boundary, monotonicity, etc.). The combined objective therefore in-
cludes the data term and five prior utilities (Uppg, Upcs Unmionos Untaxs
Uge) defined by the utility-based formulation in Section 2.5, with the
PDE residual normalized by x = 8Q/(zR*) as discussed in (P1) to ensure
scale compatibility across priors.

We incorporate the following domain-specific priors for laminar
flow:

(P1) PDE loss. The Navier-Stokes residual for fully developed laminar
pipe flow is defined pointwise as

. 111 o (. on 80
=-|=-Z == ) +«|, = —. 3.4
reoeCe) = [F/ oFy <rfaff> K] TR 3.4
The corresponding normalized prior loss is the mean of squared
residuals
1 &

_ Z 32

Lppe = N, ;:l, rppE(Fe)”- (35

Scaling by x yields a dimensionless residual and keeps L5 on
the order of unity, largely independent of the flow rate O and
pipe radius R. This normalization improves numerical stability
and ensures compatibility with the bounded-utility formulation of
Section 2.5. In practice we exclude the centerline 7 = 0 from PDE
collocation, since the operator contains 1/7, and enforce regularity

at the axis via (P4).

(P2) Boundary condition (no-slip). The no-slip condition is a
Dirichlet-type boundary constraint stating that a viscous fluid
must have zero velocity relative to a solid wall. In our cylindrical
coordinates this implies

u(F, = +R) = 0.
We encode this prior through the scalar loss
Lye = [a(R? +a(-R)?], (3.6)

which penalizes any deviation of the predicted wall velocity from
zero, thereby enforcing the physical no-slip behavior without
introducing additional penalty weights.
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(P3) Monotonicity constraint. A radially decreasing velocity profile
is enforced via a two-sided ReLU-based penalty:

Lifono = Max {0, rir;% 0;{12(?{)} + max {0, - ;?L% 6”12(@)} . (3.7)

This formulation separately penalizes positive radial velocity gra-
dients on the positive side (¥ > 0) and negative gradients on the
negative side (7 < 0). The ReLU function ensures a sparse penalty
that activates only when monotonicity is violated.

(P4) Centerline maximum velocity. The maximum axial velocity oc-
curs at the pipe axis (7 = 0). Consequently, its first radial deriva-
tive must vanish at that location:

Lytay = [aF{ﬁ(Ff)]z‘Ff:O . (3.8)

This regularity condition complements (P1) at the excluded cen-
terline point.

(P5) Reynolds-number utility. Laminar flow conditions are encour-
aged directly through a logistic utility computed from the pre-
dicted maximum axial velocity. Let

o PUpa D
Uy 1= max i(Fy), Re, = %
We define
1
Uge = R Repa = 2300, 7R, = 0.01,
5 Tt exp|(Re, — Repyy)/Tre] max Re
3.9
where 1, controls the transition width and Re,,, marks the

classical laminar-turbulent threshold. The threshold refers to an
average-velocity Reynolds number; using u,, is conservative,
since for a parabolic profile u,,,, = 2a. Unlike the previous priors,
Uy, directly serves as a utility without an explicit residual or loss
term.

For (P1) the loss is obtained as a mean-squared residual over
collocation points. For (P2)-(P4) we directly define scalar nonnegative
losses L, Lyiono aNd Lyax as in Egs. (3.6)—(3.8). In all cases we obtain
a prior loss £; > 0, which is mapped to a utility via the common rational
transform

1

e Ty
1

a =100 (3.10)

for i € {PDE, BC, Mono, Max}. The mapping is monotonically decreas-
ing, bounded in (0, 1] and approaches one only for very small residuals
L, < a~1). Using a single a for (P1)-(P4) simplifies, though does not
eliminate, hyperparameter tuning.

Combining the data term with the five utilities yields the composite
objective

J(0) = Lara(0) + [1 = Uppp(Lpa)] + [1 = Upe(Lpe)]
+[1 - UMono(tMono)] + [1 - UMax(tMax)] + [1 - URe]’

which is minimized with respect to the network parameters 0. Each
bracketed term lies in [0, 1], ensuring that no single prior can dominate
the optimization even when its raw residual is large.

Measurement points are sampled at five radial locations uniformly
distributed within the interval [-R/2, R/2] (N,, = 5). For each training
instance we first normalize the noiseless reference velocities by the
instance-wise peak

(3.11)

. * =
s 1= max u*(F;
max (7)),

and define

5 = U*(Fk)
k s .
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Table 3
Experimental design for the laminar-flow study: factors and levels.
Factor Symbol Levels
Noise standard deviation o {0.00, 0.05, 0.10, 0.20}
(normalized output units)
Hidden layers L {1, 2, 3}
Neurons per layer H {5, 10, 15}

Additive Gaussian noise is then applied in the normalized domain,

Vi = Fi + Eps £ ~ N(0,62), (3.12)

so that the noiseless targets lie in [0, 1], while the noisy labels remain
concentrated around this range for the noise levels considered. All data
losses are computed on these normalized (and possibly noisy) targets.

Important for physics-based priors. Although the network is trained
on normalized targets y,, all physics-based priors (PDE, boundary,
monotonicity, maximum, Reynolds) are evaluated on de-normalized
predictions

() = s (),

so that the governing equations and utilities operate in physical units.
For validation on the dense grid we use a consistent scale: the analytical
reference u* () is normalized by the same factor s before computing
error metrics, ensuring that predictions and references are compared
in matching units.

The experimental design follows a full factorial structure over noise
level and network architecture; for each combination we train both a
purely data-driven and a UPriMo-augmented model. The factors and
their levels are summarized in Table 3.

Fully connected feedforward networks are used throughout. Archi-
tectures are indexed by the pair (L, H), yielding nine configurations:
(1,5), (1,10), (1,15), (2,5), (2,10), (2,15), (3,5), (3,10) and (3,15). For
each noise level o, each architecture (L, H) and each training objective
(baseline vs. UPriMo), we train a separate network, resulting in 4 x 9 x
2 =72 models in total for this case study, i.e., 36 runs per model type.

Both baselines and UPriMo models are trained under identical archi-
tectural and noise conditions; optimizer settings, batch size and random
seeds are kept the same across methods for reproducibility. Models are
evaluated using mean squared error (MSE), mean absolute error (MAE),
root-mean-square error (RMSE) and coefficient of determination (R2).
For UPriMo, training stops when all utilities satisfy U; > 0.97 or after
3000 epochs, whichever occurs first. Purely data-driven models use
early stopping based on validation loss (patience = 10), monitored
from epoch 400 onward. Validation is conducted on a dense radial
grid (200 points uniformly spaced on [—R, R]), comparing predictions
to the analytical reference (Eq. (3.2)) in the same normalization as
training, i.e., the reference is scaled by the sample-wise factor s defined
in Eq. (3.12). For the Reynolds-number prior, the utility is computed
from the de-normalized maximum velocity

u

max = Max () =s max u(F),

ensuring physical consistency with the utility-based formulation in
Section 2.5.

For each combination of noise level and architecture in Table 3, we
therefore obtain paired runs: a purely data-driven neural network and
a UPriMo-augmented model trained on the same five noisy measure-
ments. Generalization is assessed on 200 radial locations covering the
full pipe cross-section, with the analytical Hagen-Poiseuille solution as
ground truth. The four error metrics (MSE, MAE, RMSE and R?) are
monitored on both train and validation sets.

Table 4 reports the best validation RMSE at each noise level, ag-
gregated over all architectures. Across the entire noise range, UPriMo
outperforms the purely data-driven network by roughly two orders of
magnitude: while the baseline RMSE increases from 0.169 to 0.254
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Table 4
Best validation RMSE of each model at the four noise levels.

Noise std. Data-driven RMSE UPriMo RMSE
0.00 0.169 0.0033
0.05 0.178 0.0059
0.10 0.233 0.0033
0.20 0.254 0.0032
X == Analytical solution
12 — -+ UPriMo prediction
x Data-based prediction
- X Training samples
) —T
il ~
X R
0.8 Vi <
3 // A
£
; / D
>' 06 \
X /
=) / \\
0.4 /
/ \\
0.2 / \
4 \
0.0 /
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Fig. 1. Single-shot profile comparison at noise level ¢ = 0.20 (3 hidden layers,
10 neurons). The five training samples are marked by x. UPriMo (red, solid)
matches the analytical Poiseuille profile (blue, dashed) across the radius r [m],
while the data-only network (orange, dotted) exhibits a flattened apex and
spurious near-wall behavior. Vertical axis: axial velocity U, /U,

z,max*

as o grows from 0 to 0.20, the UPriMo RMSE remains in the narrow
interval [0.0032,0.0059]. A similar pattern holds for the coefficient of
determination: the data-driven R? deteriorates from about 0.62 to 0.23
with increasing noise, whereas UPriMo maintains R> > 0.999 in all
cases.

The combination of PDE and derivative priors acts as a strong
smoothness regularizer, while the Reynolds-limit and maximum-
location utilities forbid implausible peaks or shape distortions. As a
result, the UPriMo networks remain well-behaved even when trained
on only five noisy observations, whereas the purely data-driven models
become increasingly noise-sensitive.

A representative high-noise case is shown in Fig. 1 for ¢ = 0.20
and a network with three hidden layers and ten neurons per layer.
The five training samples are marked by crosses. UPriMo (red, solid)
closely matches the analytical Poiseuille profile (blue, dashed) across
the full radius, while the data-only network (orange, dotted) exhibits a
flattened apex and spurious near-wall behavior under the same training
data. The prior utilities therefore not only lower error but also recover
the correct physical shape: symmetry, zero wall velocity and maximal
centerline speed.

To further isolate the effect of the proposed utility-based aggrega-
tion, we performed an additional controlled comparison on the lami-
nar pipe-flow benchmark against a standard equal-weight PINN. The
comparison was intentionally restricted to the same prior set already
used in the laminar study — data fidelity, PDE residual, wall bound-
ary condition, derivative-based regularity, and centerline maximum
— while the Reynolds-number utility was omitted in this experiment.
This yields a like-for-like comparison with a classical composite PINN
objective, since both models are trained from the same measurements
and collocation points and differ only in how the prior terms are
aggregated.

More specifically, both models use the same network architecture,
the same noisy training samples, the same collocation set, and the same
optimizer settings. The equal-weight PINN minimizes the direct sum of
the raw loss terms,

LpinN = Lgata + Lppe + Lpc + Lper + Liviaxo (3.13)
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whereas UPriMo uses the same raw residuals but maps the prior terms
through the bounded utility transform introduced in Section 2.5. In
this way, the experiment isolates the contribution of the utility-based
objective itself, rather than conflating it with different architectures or
different prior definitions.

The comparison was carried out for a representative high-noise
setting (¢ = 0.20) and a fixed network architecture with three hidden
layers and ten neurons per layer. To assess robustness with respect to
initialization, each model was trained with three random seeds. Fig.
2 reports the final loss components, Fig. 3 summarizes the training-
cost indicators, and Fig. 4 shows the validation metrics on the dense
analytical reference grid.

The results show a consistent pattern across seeds. First, UPriMo
reaches lower validation error than the equal-weight PINN, with vis-
ibly smaller RMSE and MAE and with R?> values essentially indis-
tinguishable from unity. Second, the final loss-component distribu-
tions indicate that the utility-based objective attains a more balanced
compromise between data fit and prior satisfaction, rather than over-
emphasizing individual raw residual terms. This behavior is consistent
with the bounded-shortfall construction in Eq. (2.15): no single prior
can dominate the optimization solely because of its numerical scale.

The training-cost comparison is also informative. Since both mod-
els evaluate the same derivative-based and PDE-based residuals, their
per-epoch computational workload remains of the same order. The
observed reduction in wall-clock training time for UPriMo is therefore
mainly attributable to faster convergence to an acceptable compro-
mise solution, rather than to a fundamentally different automatic-
differentiation complexity.

Overall, the laminar pipe-flow study shows that embedding a small
set of domain constraints into the loss function yields (i) two orders of
magnitude lower RMSE, (ii) graceful degradation under measurement
noise and (iii) reduced sensitivity to architecture hyperparameters. In
the sequel we challenge the framework with a less structured, non-
stationary system — the electric water heater — where Reynolds-type
priors are insufficient and temporal consistency must also be enforced.

3.2. NARX formulation - physics-informed modeling of an electrical heater

We represent the heater dynamics by a nonlinear discrete-time
system whose current output depends on past outputs and delayed
inputs, adopting a standard nonlinear autoregressive with exogenous inputs
(NARX) structure widely used in nonlinear system identification [17].
The physical plant exhibits a process dead time due to transport and
mixing, so changes in the inputs affect the outlet temperature only after
a finite delay.

Let U(r), O(t), and T, (¢) denote the continuous-time signals. Under
uniform sampling with period T, > 0, define

g, = Q(kTy),

We model causal, strictly proper dynamics with integer input delays
(dead times) measured in samples. For input delays d,d, €N, the
most recent input samples that can influence y, are u;_;_,; and g,_ 1-d,»
respectively.

Let n,,ny,.n,, € N denote the autoregressive and input orders.
Define the histories

u, 1= U(KT,), v =T (kT,), k€.

Uy_g, = [uk—l—d“’ Ug—2—qd,> > Mk—nb_u—du]’ (3.14)
U-d, = [qk—l—d{l’ Gk-2-d,> ==+> qk—nb_q—dq]’ (3.15)
Vi = [Vkots Yecas oes yk*"a]’ (3.16)

and stack them into the regressor
T
Xeoi= W Qg Vi o k2 T4max{ng, dytny,. dytny, ). (3.17)

By construction, the model is causal and strictly proper; inputs do not
act instantaneously.
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Fig. 2. Final loss components for the controlled laminar-flow comparison between a standard equal-weight PINN and UPriMo over three random seeds. Both
models use the same architecture, noisy measurements, collocation points, and prior set; they differ only in the aggregation of the prior terms. The mean curve
highlights that the utility-based objective leads to a more balanced final distribution of the loss components.
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Fig. 3. Training-cost indicators in the controlled laminar-flow comparison: (a) number of epochs used, (b) total wall-clock training time, and (c) mean epoch
time. Because both formulations evaluate the same derivative-based priors, the mean epoch cost remains of the same order, while the lower total training time
of UPriMo is primarily associated with faster convergence.
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Fig. 4. Validation performance of the equal-weight PINN and UPriMo on the dense analytical reference grid for three random seeds: (a) RMSE, (b) MAE, and
(c) R Across all seeds, UPriMo achieves lower validation error while maintaining near-perfect agreement with the analytical profile.

A static feedforward neural network f(-;0) implements a nonlinear In the experiments we set T, =2 s, n, =2, n,, = n, , = 2, and equal
map over the regressor, input delays d, = d, =: d with d = 2 samples. With these choices the
B = (X3 0), (3.18) NARX regressor specializes to
and we adopt an output—error description % = [0 thrar Gt Bezmae Vi1 Yia)s

N and the predictor remains y, = f(x,;6) as in (3.18).
Vi = Vit e (3.19) Within the UPriMo framework, prior knowledge i ded
, prior knowledge is encoded as
where ¢, is the identification residual minimized during one-step-ahead bounded utilities obtained from auxiliary loss terms that augment the
supervised training on the measured sequence. Free-run (autoregres- data-fit term. We evaluate priors over two sets: (i) a steady-state grid
sive) roll-outs are evaluated separately for validation. X = {Xf;)}gi] with cardinality |X¥)| = N, = 77, consisting of
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Fig. 5. Steady-state outlet-temperature surface T, (u, q) as a function of heater
voltage u and flow rate ¢. Grid nodes mark the N, = 77 fixed operating points;
the smooth surface corresponds to the step-response reduced-order reference
model fR(;68).

constant operating points x9 = [ug,uz, 47,49, 7.y, 1; and (ii) the

¢

measured-data set X" = {xf{"’)},’(\;'”1 with cardinality |X| = N,, = 283,
constructed from the dynamic sequence. Angle brackets (-) ym below
denote empirical averages over X",

Following Section 2.3, we use a fixed-parameter reference model
FRE6™) —a step-response reduced-order model (ROM) — that pro-
vides steady-state outlet-temperature targets at the collocation grid
points. For each x(;) € X, we evaluate

7S o= fR(X(;); o),

which serves as the target in the steady-state prior. All partial deriva-
tives below are taken with respect to the components of the NARX
regressor.

(P1) Steady-state agreement (SS). Consistency between the UPriMo
predictor and the step-response ROM on X© is enforced through
the mean-squared error

N
I O ss\2

Lss =+ Z(f(X(;);Q) —J’;S) .
¢ /=l

Fig. 5 illustrates the collocation grid and the ROM surface used as
the steady-state reference.

(3.20)

(P2) Voltage monotonicity (Heat). Increasing the heater voltage
must not decrease the predicted outlet temperature. This is en-
forced on X via mean ReLU penalties on the partial derivatives
with respect to the voltage inputs:

(m). (m).
Lyew = <ReLU(_auk—]—d fe" ,9))>X(m)+<ReLU(—0,,k_2_ S ,9))>X(m).

(3.21)

(P3) Flow-rate monotonicity (Flow). A higher flow rate must not in-
crease the predicted outlet temperature. This constraint is applied
to X", mirroring the previous implementation:

_ m). m.
Ligy = <ReLU(aqk_]_d S ,9))>X(m) +<ReLU(6qk_2_d S ,9))>W].
(3.22)

(P4) Feedback stability (Stab). Closed-loop stability is encouraged
through constraints on the implicit autoregressive gains a; :=
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oy f (xi’"); 6)and a, :=0, f (xf('"); 0). We impose a conservative

sufficient region for AR(2) stability and non-oscillatory behavior:

a; >0, (3.23)

a, <0, (3.249)

lay| < 1, (3.25)
aj+a, <1, (3.26)
ay—a; <1, (3.27)

and penalize violations on X" using the mean of five ReLU terms:
1

Loun = 3 <<ReLU(—al)>X<m) + <ReLU(|a2| - 1)>
+ (ReLU(a) +a, - 1)>W) + (ReLU(ay = 0 = 1))

+ <ReLU(az) >X(m) )

Remark. Strict inequalities are enforced softly by the ReLU func-
tions; in practice a small margin (e.g. replace 1 by 1 — ¢, € €
[1073,1072]) avoids unit-root edge cases.

x(m)

X(m)
(3.28)

The AR(2) conditions in Egs. (3.23)—(3.27) define a conservative
sufficient region rather than the full stability set. This choice inten-
tionally favors robust free-run behavior over maximal hypothesis-space
flexibility, which is appropriate in the present identification setting
where small one-step errors may accumulate over long autoregres-
sive roll-outs. Consequently, the stability prior should be interpreted
as a regularizing bias toward non-oscillatory and practically stable
trajectories, not as an exact characterization of all admissible AR(2)
dynamics.

Having defined the prior-specific losses Lgg, Lijeats Lriow a0d Lgiap»
we map each loss to a bounded utility on (0, 1] using a common rational
transform:

Lt
l+alL,’

i

U, (L) = i € {SS, Heat, Flow, Stab}. (3.29)

This provides a monotone bounded mapping that places heteroge-
neous prior losses on a common scale and allows them to be handled
more uniformly within a single objective. Since the shape parameter
a controls the sensitivity of the utility transformation, its influence is
examined separately through an a-sensitivity study.

The one-step data term is the mean-squared error under series—
parallel (open-loop) one-step-ahead (SP-OSA) training (measured past
outputs supplied to the regressor),

N,

m

1 2
L¥ = — N (3, =),
)

Ve = (%3 0), (3.30)
while free-run (autoregressive) roll-outs are used only for validation.
The aggregated UPriMo objective minimized during training is

L=L%4 (1-Ugs) + (1 = Upow) + (1 = Upeq) + (1 = Ugggp)»  (3.31)

where the utilities enter additively as bounded shortfalls 1 - U, € [0, 1].
Each raw signal was linearly mapped to [0, 1] using extended min-
ima and maxima,

U™ =-040V, U™ = 140V,
g =1.0x107° m’s™ (=36 Lh™!), g9 =28x 107> m’s™!
(=101 Lh™h,
TS = 5°C, T =35°C,
x — x
and X4 ——. By widening the bounds slightly beyond

xext —_ xex_
the observed exngéma,m}[flost samples fall well inside a numerically
well-conditioned range for the activation functions.

The control signals (u,q) consist of piecewise-constant segments
with occasional set-point changes within this operating envelope, re-

flecting typical heater operation. Both the purely data-driven NARX
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Fig. 6. Sensitivity of the electric-water-heater NARX model to the utility-shape parameter « for a representative architecture with three hidden layers and 15
neurons per layer. (a) Free-run training RMSE and (b) free-run validation RMSE on an unseen sequence, shown for three random seeds together with the mean
across seeds. Validation performance improves from small to intermediate values of a, with the most favorable mean result obtained at « = 100, while a = 300

leads to increased variability and degraded average performance.

(DD) and the UPriMo-regularized NARX were trained on the same nine-
member architecture grid as in the laminar case (Table 3, L € {1,2,3},
H € {5,10,15}). Two complementary evaluation modes gauge accuracy
and robustness:

1. Closed-loop (free-run) simulation on the training sequence,
where the one-step predictor is rolled out autoregressively and
prediction errors accumulate over time.

2. Closed-loop simulation on an unseen validation sequence
with randomly generated inputs, quantifying generalization. Un-
less stated otherwise, the reported MSE, RMSE, MAE and R®
correspond to this free-run validation setting.

After defining the aggregated UPriMo objective in Eq. (3.30), we
briefly examine the sensitivity of the water-heater model to the com-
mon utility-shape parameter «, which determines how strongly prior
losses are transformed into bounded utility shortfalls. To isolate this
effect, we consider a representative NARX architecture with three
hidden layers and 15 neurons per layer and keep all other ingredients of
the training protocol fixed, including the data split, optimizer settings,
collocation grid, and prior definitions. The study is carried out for

a € {1, 10, 30, 100, 300},

and each configuration is repeated for three random seeds.

For each run, we evaluate free-run performance on both the train-
ing and unseen validation sequences. In addition to the training and
validation RMSE, we monitor the generalization gap

Agen = RMSE RMSE

val = train>

as well as the aggregate prior-violation measure
Lprior,sum = Lgg + Lpjow + Lygear + Lstab-

These quantities characterize the trade-off induced by a between pre-
dictive accuracy and prior satisfaction.

As shown in Fig. 6, increasing a from very small values improves the
free-run validation accuracy, with the most favorable mean validation
RMSE obtained at @« = 100. At the same time, the range a« € [30, 100]
yields comparable validation performance across seeds, indicating that
the method is not excessively sensitive to the exact parameter value
within this interval. For the largest tested value, « = 300, the mean
validation performance deteriorates and the seed-to-seed variability
increases.

This trend is consistent with the behavior of the generalization
gap and the aggregate prior violation in Fig. 7. Intermediate values of

10

Table 5

Validation results (MSE and R?) for DD vs. UPriMo (free-run mode).
Model ID DD MSE DD R? UPriMo MSE UPriMo R?
A 63.396 -2.534 1.786 0.900
B 468.701 —-25.127 3.172 0.823
C 47.724 -1.660 1.903 0.894
D 15.550 0.133 2.703 0.849
E 41.192 -1.296 2.016 0.888
F 68.606 —2.824 1.927 0.893
G 44.946 -1.505 2.015 0.888
H 50.196 -1.798 2.247 0.875
I 49.647 -1.767 1.690 0.906

« maintain a favorable balance between predictive performance and
prior satisfaction, whereas excessively large values lead to less robust
behavior across random initializations. Based on this trade-off, « = 100
was retained in the reported water-heater experiments.

We evaluate nine architectures for two model types:

1. purely data-driven NARX (DD), trained only on the data term
Ldata;

2. UPriMo-regularized NARX (UPriMo), trained using the composite
loss (3.31).

Table 5 summarizes validation MSE and R> across the architecture
grid (free-run mode on the unseen sequence). The best DD model (D:
2 layers, 5 neurons) attains MSE = 15.55, R> = 0.133, whereas the
best UPriMo model (I: 3 layers, 15 neurons) achieves MSE = 1.690,
R? = 0.906. Moreover, UPriMo improves every architecture relative to
its DD counterpart, indicating a consistent advantage.

Figs. 8 and 9 show validation free-run trajectories (overlay of DD,
UPriMo and ground truth) on a horizon of ~2800 s (about 1400 sam-
ples, t = kT,, T, = 2 s). The DD model exhibits gradual drift and
error accumulation after large set-point changes and during prolonged
plateaus. In contrast, UPriMo tracks step transients and steady seg-
ments closely, without runaway bias. Crucially, the UPriMo trajectories
remain physically plausible — no non-monotone response to heater
voltage and no spurious heating under increased flow — consistent with
the (P2)-(P3) priors, and display well-damped autoregressive behavior
consistent with (P4).

The utility-balanced priors regularize the predictor in directions
that are physically meaningful. The steady-state prior (P1) anchors the
NARX map on the measured operating envelope, reducing bias on long
plateaus. Voltage monotonicity (P2) and flow anti-monotonicity (P3)
shape the local gradients df/du and df/dq, eliminating nonphysical
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Fig. 7. Additional summary of the a-sensitivity study for the same representative electric-water-heater NARX model. (a) Generalization gap, defined as
RMSE,, — RMSE,,.;,, and (b) aggregate prior violation Lgg+ Lgoy + Lygea + Lsian>, Shown for three random seeds together with the mean across seeds. Intermediate
values of a provide a favorable compromise between predictive performance and prior satisfaction, whereas the largest tested value yields less robust behavior.
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Fig. 8. Validation free-run comparison (Model D: 2x5). Horizontal axis: time
t in seconds, sampled at T, = 2 s (equivalently k = 7/T,). Vertical axis: outlet
temperature 7, [°C]. The purely data-driven model (DD) accumulates error
over long horizons, whereas UPriMo remains stable and accurate.
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Fig. 9. Validation free-run comparison (Model I: 3x15). Same axes as in Fig.
8. UPriMo preserves long-horizon accuracy and honors physical constraints
(monotonicity, feedback stability), preventing the drift seen in the DD model.
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inversions that trigger compounding free-run errors. The AR(2) stability
prior (P4) restricts the implicit feedback gains (a;, a,) in autoregressive
roll-outs, suppressing oscillatory growth and drift. These effects are
directly visible in Figs. 8-9: UPriMo responds sharply yet without
overshoot when u steps up, cools appropriately when ¢ increases and
maintains bounded dynamics over ~1400 steps.

Beyond average metrics, priors substantially reduce variance across
architectures: several DD configurations (e.g., B, H) degrade catastroph-
ically (negative R?), while the corresponding UPriMo models remain
accurate and stable. This indicates that the priors act as guardrails,
converting ill-posed regions of the parameter space into feasible ones
by penalizing violations in a scale-free manner via the utilities U; =
(1+aL)7h.

UPriMo does not replace data: performance still depends on excita-
tion richness (e.g., sufficient variation in operating set-points) and on
the relevance of priors. Also, priors encode sufficient conditions (e.g., a
conservative AR(2) stability region) and may constrain the hypothesis
space more than necessary. Nevertheless, the results demonstrate that
blending lightweight physics and expert heuristics with data enables
the model to internalize the system’s qualitative behavior and prevents
long-horizon error accumulation.

4. Conclusion and outlook

We introduced the Utility-balanced Prior-informed Model (UPriMo),
a unified objective that turns heterogeneous prior knowledge into
bounded utilities and combines them additively with the data misfit. By
mapping each prior loss L; to a bounded utility U; = (1+aL;)"!, UPriMo
places heterogeneous prior terms on a common scale, keeps their
contribution bounded during training, and can be wrapped around any
differentiable predictor. The framework accommodates steady-state
consistency relations, structural and topological information, mono-
tonic trends, stability surrogates and expert heuristics within a single
training recipe.

We demonstrated the approach on two representative energy prob-
lems. In the stationary laminar pipe-flow case, UPriMo enabled ac-
curate reconstruction of the velocity profile from extremely sparse
and noisy measurements, while preserving physical features such as
symmetry, zero wall velocity and a single centerline maximum. In
the electric water-heater case, a discrete-time NARX surrogate was
regularized by steady-state, monotonicity and stability priors. Across
architectures, UPriMo consistently improved long-horizon free-run be-
havior compared with purely data-driven baselines, suppressing drift,
nonphysical responses and unstable roll-outs. In both studies, the priors
acted as guardrails that helped the surrogate internalize the system’s
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qualitative behavior and maintain physically plausible responses within
the operating envelope.

From a practical standpoint, UPriMo integrates seamlessly with
standard machine-learning workflows: it uses the same optimizers and
batching schemes as the baseline learner, adds only modest overhead
for gradient-based prior terms and is compatible with common pre-
processing and normalization strategies. The bounded utility terms
ensure that no single prior can dominate training, yet violations are
consistently penalized. This makes UPriMo particularly attractive for
energy applications where data are scarce, physics are partially known
and trustworthy long-horizon simulations are essential for predictive
control, digital twins and asset monitoring.

In the water-heater case study, the main benefit of UPriMo is
not only improved one-step accuracy, but also stable and physically
plausible long-horizon free-run behavior. This is particularly relevant
for model-based control, where the learned surrogate serves as the
prediction model in MPC and repeated multi-step roll-outs are more
critical than one-step fit alone. A similar requirement appears in state
estimation, where the model enters the prediction step of observer-
based schemes. In this sense, the present paper addresses the quality
of the modeling layer needed for downstream control and estimation,
while closed-loop demonstrations remain a natural direction for future
work.

The present validation focuses on long-horizon free-run stability
and physical plausibility within the operating envelopes represented
in the training and collocation data. Robustness under stronger dis-
tribution shift and explicit predictive uncertainty quantification were
not addressed here and remain important directions for deployment-
oriented extensions, especially in digital-twin and decision-support set-
tings. Natural next steps include uncertainty-aware variants of UPriMo,
for example through ensemble-based, Bayesian, or conformal wrappers,
and testing under deliberately shifted operating regimes.

If the prior knowledge is conflicting or incorrectly specified, the
method does not resolve this automatically, and the learned model may
be biased by such assumptions. The bounded utility formulation limits
the influence of each prior term, but it does not make unsuitable priors
harmless or guarantee that all priors can be satisfied simultaneously.
In more complex systems, the design of informative priors may also
become less transparent, and selecting useful priors may require more
domain knowledge and iteration. The practical success of the frame-
work therefore still depends strongly on the relevance and consistency
of the selected priors.

An important next step is the extension of the framework to more
complex systems. One possible direction is to decompose such systems
into interconnected cascade-like subsystems, where the output of one
block serves as the input of the next. In this modular setting, prior
knowledge such as PDE-based relations, physical laws, or parameter
constraints could be incorporated at the level of the individual submod-
els. This may provide a practical route toward applying the framework
to larger and more structured process systems.

Further directions include learning or adapting the utility shape
parameter « online, extending the library of priors to structural and
graph constraints in multi-unit energy systems, and hybridizing with
physics solvers for tighter guarantees. Overall, the evidence across
both benchmarks suggests that encoding lightweight physics and expert
knowledge through utilities is a promising path toward data-efficient,
reliable Al
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