The Rayleigh-Taylor instability with local energy
dissipation
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Abstract

We consider the inhomogeneous incompressible Euler equations includ-
ing their local energy inequality as a differential inclusion. Providing a
corresponding convex integration theorem and constructing subsolutions,
we show the existence of locally dissipative Euler flows emanating from the
horizontally flat Rayleigh-Taylor configuration and having a mixing zone
which grows quadratically in time. For the Rayleigh-Taylor instability these
are the first turbulently mixing solutions known to respect local energy dis-
sipation, and outside the range of Atwood numbers considered in [44], the
first weakly admissible solutions in general. In the coarse grained picture
the existence relies on one-dimensional subsolutions described by a fam-
ily of hyperbolic conservation laws, among which one can find the optimal
background profile appearing in the scale invariant bounds from [56], and
as we show, the optimal conservation law with respect to maximization of
the total energy dissipation. Furthermore, we also show that the least ac-
tion admissibility criteria from [45, 46] selects rather the stationary solution
within our family of conservation laws. !

1 Introduction

The Rayleigh-Taylor instability is one of the most classical hydrodynamic insta-
bilities [75, 79], occurring whenever two fluids of different densities are accelerated
into each other in the “wrong” direction. Such an acceleration can be due to a
gravitational force acting on two layered incompressible fluids with the heavier one
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on top of the lighter one, i.e. for instance in the flat resting two phase configuration
with density and velocity given by

P+ xn>0)
1.1 T) = vo(x) = 0,
(1) pol) {p_j T )

where n = 2 or n = 3, respectively 0 < p_ < p, are the homogeneous densities of
the two fluids. In real world experiments and numerical simulations (we refer to
the surveys [5, 76, 82, 83]) it is observed that the initially separated fluids begin
to turbulently mix in a zone with upper and lower bounds given by the sets

{I’Z,Ig:O[igAtQ}.

Here g > 0 denotes the gravity constant, A := ==

Py is the Atwood number, and
ax > 0, ay for the upper boundary, a_ for the lower, are constants to be sought
through experiments and simulations.

In the present article we consider ideal fluids described by the incompressible

Euler equations with local energy (in)equality, these are

O(pv) + div (pv @ v) + Vp = —pge,,
(1.2) div v = 0,
Op + div (pv) =0,

as well as
1 2 . ]' 2
(1.3) O Pl + pgn | +div { { 5ol + pgzn+p v ) < 0.

The equations are considered on Q x (0,7"), where €2 is a bounded domain in R”,
n = 2,3, or a periodic channel T"! x (=L, L), and T' > 0. The unknown functions
are the mass density p : Q x (0,7) — R, the velocity field v : Q@ x (0,7) — R”
and the pressure p : 2 x (0,7) — R, whereas g > 0 is the given gravity constant
and e, is the n-th unit vector. The left-hand side of (1.3) defines the local energy
dissipation measure v. The divergence-free condition is augmented by the usual
no-penetration boundary condition

(1.4) v-1n=0ondx(0,7T).

In the case of a periodic channel the latter condition is meant to be imposed on
Tt x {£L}, where 7i = +e,.

We emphasize that equations (1.2) automatically imply inequality (1.3) to hold
with equality provided the considered solution is regular enough, see for example
Feireisl et al. [37], and also [14, 22, 60] for other related Onsager-type statements.

Solutions to which this applies emerge from the local in time well-posedness
results for initial data in sufficiently high Holder, Sobolev or Besov spaces [3, 4,
26, 27, 67, 81]. The spaces considered in [3, 4, 26, 27, 67, 81] all have the property
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that they embed into the space of Lipschitz continuous functions. In contrast, the
initial data of our interest clearly is not continuous.

While the Rayleigh-Taylor instability has also been studied in well-posed set-
tings, for instance by a smooth approximation of py or by adding surface tension
or viscosity to the model [53, 55, 61, 74|, the initial value problem as stated in
(1.1), (1.2), (1.4) is ill-posed and naturally leads one to use weak solutions. Using
convex integration, Székelyhidi and the authors managed to give in [44] the first
existence result of weak solutions to (1.3), (1.4) emanating from (1.1) and having
a mixing zone which grows quadratically in time.

Contrary to classical solutions, it is known that weak solutions of (1.2) in
general can be unphysical in the sense that they may violate the energy dissipation
inequality (1.3). This can happen in a way such that even a weak total energy
admissibility such as

(1.5) E(t) < E(0) for almost every t € (0,T),

where F denotes the total energy

E(t) = / S0l ) [0l ) + ol 7). do

is violated. Note that (1.5) indeed follows from (1.3), (1.4). Consequently, weak so-
lutions have to be constructed in a way such that their local, or at least their global,
energy dissipation can be controlled. In [44] it was shown that the constructed
solutions satisfy the weak admissibility condition (1.5) provided the Atwood num-
ber is in a sufficiently high range. One of the main goals of the present article is
to strengthen the machinery for the construction of weak solutions to (1.2), i.e.
the corresponding convex integration theorem, in a way such that the obtained
solutions automatically satisfy not only the global admissibility (1.5), but also the
local energy inequality (1.3).

As in [42] by the authors for the homogeneous Euler equations and in [64]
by Markfelder for compressible Euler, this improvement is achieved by directly
including (1.3) and corresponding variables into the differential inclusion describing
the Euler equations. During our investigation we establish the full relaxation of the
differential inclusion in the unbounded case and a large part of it in the bounded
case. This large part is sufficient to state a typical h-principle or convex integration
theorem for system (1.2), (1.3). We refer to Section 1.3 for the detailed statements.

Concerning actual examples of FEuler solutions that obey the local energy dis-
sipation inequality, we utilize the improved convex integration theorem to give the
following statement for the Rayleigh-Taylor configuration (1.1). For the precise
notion of solution we refer to Definition A.1.

Let F\ : [p_,ps] = R, A >0, py > p_ > 0, be the uniformly convex function

e =n)r=p-)
(1.6) F(r) = —A R
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and let py(zn,t) be the unique entropy solution of the Riemann problem

(L.7) O + 910, (FA(2) = 0, 5(-,0) = po.

The emergence of this particular family of conservation laws is discussed after
Remark 1.2 below, and in more detail in Sections 1.4 and 3.

Theorem 1.1. Letp, > p_ >0, Q=T""'x(-L,L), L >0, |T|=1,n=2,3 and

A € (0,1/2). There exist infinitely many weak solutions (p,v) € L*(Q2x (0,T); R x
R™) of (1.1), (1.2), (1.3), (1.4) with local dissipation measure arbitrarily close to

(1.8) vy = (1 = 2\)g*tF\(py).

The solutions satisfy p € {p_, p+ } almost everywhere and are induced by py as
their common horizontally averaged profile (subsolution). Moreover, their total
energy balance is (again up to an arbitrarily small error) given by

E(t)—-E0) 1\ g*ttA?
o S 0 a)a

2
Remark 1.2. a) Normalized to 55 € [—1, 1] via p(z,, t) =: E52= (145, (2, 1) A),
and stated in explicit form there holds

(Mgt )\ 1 1— A2 -2 2
10 5 (% 5’t)—z(1‘\/1+Ag>’ ce(rria)

as well as 5y (’\Aftgf,t> =1 for £ > 2; and 5, <’\A29t2§7t> = —1for €< 1:-_214' In

particular, the mixing zone at time ¢ associated with the solutions is given by

- A
Q: ——Agt? <z, < ———Agt® } .
{Ie T i }

b) The time T' = T'(A\, g, A, L) > 0 is chosen such that the mixing zone does
not reach the top and bottom boundaries T"~! x {£L}.

¢) The expression (1.8) is derived in Lemma 3.1. Clearly v, < 0. For clarifica-
tion, the actual v, arbitrarily close to vy, also satisfies v < 0.

We would like to point out that the above family of conservation laws, and
thus the family of their induced solutions, has two prominent members. First
of all, one sees that the limiting case A — % gives rise to a perfect global (1.9)
and local (1.8) energy balance. In fact the balance law (1.7) with A = 1/2 also
arises as the optimal background profile in the scale invariant bounds obtained by
Kalinin, Menon, Wu [56]. These bounds rely on energy conservation. Computing,

cf. (3.15), the increase in potential energy of our solutions for A = 1/2 we indeed
find

E

(1.11) pot(0> - Epot(t) gIttA?

pe—p-  24(1— A2)

and therefore deduce the following statement.
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Corollary 1.3. In the immiscible limit the scale invariant bound for the decay of
potential energy [56, Theorem 2.1] is sharp.?

The connection to [56] is not the only reason for considering the family F. It
is clear from (1.9) that A = % is maximizing the total energy dissipation within
the family F\. However, it turns out that this dissipation is neither beaten by any

other convex F' outside the family.

Proposition 1.4. Among all one-dimensional (potentially non-strict) subsolutions
with p given as the entropy solution to a Riemann problem

(1.12) Oup + 910, (F(5) = 0, (-.0) = po,

with F € C*([p_, p+]) uniformly convex and F(p+) = 0, the induced total energy
dissipation E(0) — E(t) is mazimal for F = F1

For the precise notion of one-dimensional subsolutions, which can be seen as
the horizontally averaged profiles p, and in general more precise statements, we
refer to Sections 1.3, 1.4.

At this point we would only like to add that the existence of subsolutions with
even larger total energy dissipation is not excluded by Proposition 1.4. It states
that if such subsolutions do exist, they must either break the initially present flat
symmetry or they can not be described through a hyperbolic conservation law
of the type (1.12). Imposing these conditions in the first place is, in case of the
symmetry condition, justified when seeing subsolutions as horizontal averages, cf.
beginning of Section 1.4. Moreover, considering conservation laws of the form
(1.12) for the subsolution densities is motivated by means of a consistent choice
for a constitutive relation between the density p and the coarse grained mass flux
pv, see Proposition 1.11, in particular (1.36), and the remark thereafter.

1.1 Change of coordinates

In order to formulate our results it is more convenient to transform the equations
to an accelerated domain in which the contribution of the gravitational body force
is eliminated. For that we define

1
(1.13) 9D = {(y,t) e R" x (0,7) :y—igtzeneQ},
as well as for t € (0,7") the slice

D) = {y eR": (y,1) € @}:Q—i—%gtzen.

2For comparison we would like to remark that [56, Equation (2.8)] indeed is in agreement with
(1.11), but in the definition of the specific background profile [56, Equation (3.3)] that realizes
the stated bound an additional factor 1/2 is missing when defining 7.



Then, the inhomogeneous Euler equations (1.2) stated on 2 x (0,7) for the func-
tions (p, v, p) are equivalent to

O (pw) + div (pw @ w) + Vg =0,
(1.14) div w =0,
Oy + div (pw) =0,

stated on the spacetime set &, where (u, w, q) are defined by means of the coordi-
nate transformation y := x + %gt%n, x e, te(0,T) and

ple,t) = p(y: 1),
(1.15) v(x,t) =w(y,t) — gtey,

plz,t) = q(y,1).
In addition, the boundary condition (1.4) translates to
(1.16) (w(-,t) — gten,) -T=0o0n02(t), t € (0,7),

whereas the initial data remains untouched, i.e. u(-,0) = p(+,0), v(-,0) = w(-,0).
It can be checked that this equivalence holds true for weak solutions, cf. Appendix
A. For the sake of readability we have also moved all precise definitions concerning
weak solutions to Appendix A.

Concerning the dissipation inequality, we also have that (1.3) on Q x (0,7 is
equivalent to

(1.17) O <%u|w|2) + div ((%,u|w|2 + q) w) <0

on Z, provided that (1.2) and thus also (1.14) already hold true. In fact not only
the sign is shared by the two dissipation measures, there is a one-to-one translation
in the sense that

1 1
O (§plv|2 + pg:vn) + div <(§plvl2 + pgT, + p) v>

1 1
_ 5, (§u\w\2> + div ((5u1w12 i q) w)

in an appropriate distributional sense, with the left-hand side evaluated in (z,t)
coordinates and the right-hand side in (y,t) coordinates, see Lemma A 4.

(1.18)

1.2 The associated differential inclusion

We now recast equations (1.14), (1.17) as a differential inclusion and formulate a
corresponding convex integration theorem for the existence of turbulently mixing



solutions. That is, we rewrite (1.14), (1.17) as the linear system

2
om+dive +V (ﬁe%—q) =0,

(1.19) divw = 0,
0tu +divm = 0,
oe +divh = v,

coupled with the following set of nonlinear pointwise constraints:
2 .
(1.20) m=pw, h=(etqu, pwew=o+_eid, pe{p-pi}.

Here the tuple of functions z = (u, w, m, h, o, e) defined on 2 takes values in the
space Z = RxR"xR" x R" x 5§ " x R, where §)*" denotes the space of traceless
symmetric n-by-n matrices. Note that taking the trace of the matrix equality in
(1.20) implies

L wf?
e = — w .
2M

Moreover, ¢ : 2 — R is the pressure function and v is a measure that we require
to be negative in the sense that v[p| <0 for all ¢ € C(Ucpp ) 2(t) x {t}).

It is easy to check that if z solves (1.19), (1.20) then (u,w) solves (1.14),
(1.17) with pressure ¢, dissipation measure v and u € {p_,p; }. Note that we
have manually added the latter condition as a consistency requirement between
the transport equation and the initial data of our interest which has two-phase
type, cf. (1.1). Of course having a solution to (1.14), (1.17) with this additional
property, one can easily write up a tuple z, as well as ¢ and v for which (1.19),
(1.20) hold true.

Also note that (1.16) implies the boundary conditions
(1.21)

2
(m — ugte,) - =0= (h— (e+ q)gte,) - 7, (O’ + ﬁeid -m® (gten)> n=0

on 09(t), t € (0,7, which are contained distributionally in Definition A.3.

1.3 Statement of results 1 — Convex integration

For the formulation of our convex integration theorem we also define the open set
Zoy={ze€Z:pe(p_,ps)}and M : Zy — S™",

(1.22)
M(z) = pp-prw @w —ppr(m@wt+w@m)+ (pr +p- — pmm
(p+ — 1) (1 —p-)

_0"

as well as T : Zy — R,

px |m — pzwl®
(1.23) Ti(z) = —=—=—""——.
. 2 (u—pz)?
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Theorem 1.5. Let Q2 be a bounded domain or a periodic channel, py € L®(2)
with po € {p_,ps } almost everywhere, and wy € L>®(2;R"™), divwy = 0 in €,
wo -7 =0 on 9. Suppose that there exists an L™ solution z = (pu,w,m,h,o,e)
of (1.19) with boundary conditions (1.16), (1.21), initial data

1

N('; O) = Mo, m<'7 O) = HoWo, 6(', 0) = 5,“0 ‘w0’27

pressure q and negative dissipation measure v € <C§°(Ute[0,T).@(t) X {t})) . Sup-
pose further that to this solution there exists an open set % C 9, as well as e > 0,
such that (u, w,m,h,o,e€) is continuous on %,

(1.24) Q€ LX) NCW), T (), To(2) € I¥(%),
and such that on % there holds

p— < < py,

(1.25) /\maa:(M(Z)) +elh—(e+quw— TJF(;E : Z:(Z> (m — pw)| < %e,

whereas (1.20) is required to hold almost everywhere in P \ % . Then there ezist
infinitely many weak solutions (pso, Wsor) € L>(2) of (1.14), (1.17), (1.16) with
initial data (po,wo), pressure q and dissipation measure v, i.e. there holds piso €
{p—, p+} almost everywhere and

8t(,usol'wsol) + dw (,usolwsol & wsol) + Vq = 07
div wee = 0,

at‘l’bsol + div (:usolwsol) - 07

1 . 1
at (é,usol|wsol|2> + div (<§Msol|wsol|2 + Q) wsol) =V

On P\ U the solutions (pisor, Wsor) coincide with (u,w). Furthermore, among the
infinitely many solutions one can find sequences (i, W, Mg, hg, O, €x), defined
via (1.20) such that (pig, Wi, Mg, hi, ok, €x) — (u, w,m, h, o, e) weakly in L*(2) as
k — oo.

Definition 1.6. Any tuple z as in Theorem 1.5 is called a subsolution and % the
associated mixing zone, cf. also Definition A.3.

As it is common in convex integration, further attributes such as for instance
the “turbulent mixing at every time slice” property (cf. e.g. [12]) can be added
to the solutions (pser, wser). Regardless, Theorem 1.5 shows that the subsolution
determines the crucial features of the induced solutions such as the extent of the
mixing zone, but also the local dissipation measure v and the pressure ¢. For
instance, concerning the total energy of the induced solutions there holds

(1.26) E(t) = /Q e(y,t) —mn(y,t)gt + p(y, t)gyn dy, t € [0,T),
+%gt2



provided that v € L'(Q x (0,T)). This relation is stated and proven in the
appendix, see Lemma A.5.

Conditions (1.24), (1.25) are sufficient conditions for inducing weak solutions
via convex integration in the Tartar framework, or in other words sufficient con-
ditions for being in the interior of the convex hull of a compact subset of the set
defined through the constraints (1.20). In the other direction we have the following
statement.

Proposition 1.7. Suppose (ug, wy) € L>®(2) x L}(2;R"), k € N is a sequence
of solutions to (1.14), (1.17) with pressures qx, dissipation measures vy, and py, €
{ -, ps } pointwise almost everywhere. Define the associated tuple z via (1.20).
If z1, and q;, converge weakly in L'(2) to an integrable tuple z and ¢ € L*(9), and if
v converges weakly to another measure v, then z solves (1.19) with pressure q, and
dissipation v. Moreover, Z takes pointwise almost everywhere values in the closure
of the set specified through (1.25) for parameter e = 0. If ||wi| oo (g.g2) is uniformly
bounded along the sequence, then we in addition obtain T_(z), T (Z) € L>®(2D) with

_ P+ 2
1T%(2) ||Loo(@) < B S%P Hwk’HLOO(%]RQ) :

This proposition is a consequence of the full characterization of the convex
hull associated with (1.20) in the unbounded case, see Proposition 2.2, and the
convexity of sublevelsets { 7w < e} known from [44, Lemma 4.4]. Note that the
latter convexity only holds true when e is considered as a fixed constant and not
as a variable like it is done in the present paper.

1.4 Statement of results 2 — Subsolutions

Concerning the construction of subsolutions which induce turbulently mixing so-
lutions by means of Theorem 1.5, we focus on the flat unstable Rayleigh-Taylor
configuration (1.1) in a periodic channel Q = T"! x (—L, L) with T having peri-
odicity 1 and L > 0. In that context it is legitimate to understand subsolutions
as horizontally averaged solutions. We therefore focus on subsolutions z with
associated pressure ¢ and dissipation measure v with

(1.27) 2(y,t) = 2(Yns 1), q(y,t) = qyn, 1), v(y,t) = v(yn, 1),
(1.28) W(Yn,t) = gten,
(1.29) m;(y,t) =0, h;(y,t)=0,53=1,....,n—1.

Note that wy(y,,t) = gt in (1.28) is in fact enforced by (1.27), the incom-
pressibility of w and (1.16). Vanishing of the remaining components, as well as
conditions (1.29), means that there is no average velocity, momentum, energy flux
resp., in horizontal directions.

Moreover, for any subsolution satisfying (1.27)-(1.29), one observes that the
matrix M (z) which gives a lower bound on the local energy density e through its

9



maximal eigenvalue, cf. (1.25), can be written as

(1.30) M(2) = f(, i, t)en ® €, — 0,
with f given by

_prgitt —2p_ ngt _ - 2
(131) g, 1) = PP p-p+1ngt + (py + p— — Py,

(p+ — ) —p-)

Looking at (1.30), there is a canonical choice for o(y,t) € S)™" turning NM(z)
into a diagonal matrix and thus minimizing its maximal eigenvalue Ap.x(M(z)).
Depending on the considered dimension n = 2 or n = 3, this choice is

—F 0 0

1 /—f 0 1
(1.32) 0'——( >, c=-|10 —f 0
2\0 f 3\o o 2o

Here we focus on subsolutions with this canonical choice of o.

Definition 1.8. Consider initial data (1.1) and ey(z) = 0 in the periodic channel.
A subsolution z with initial data (pg,vo = 0,e9 = 0), pressure ¢ and dissipation
measure v is called a one-dimensional subsolution provided properties (1.27)-(1.32)
hold true.

There is a subtle difference when considering similar subsolutions in a box
Q= (0,1)""1 x (=L, L) instead of the periodic channel. Indeed, conditions (1.16),
(1.21), (1.27) automatically imply (1.28), (1.29), but also

1 /=2 0 ("2 0 0
o= sl 0 2 o= 3 0 —2 0
€ 0 0 de

Thus Amax(M(2)) > 2¢, which means that (1.25) can at most hold with equality
when

Ty(2) ~ T_(2)
P+ — p-

1
(1.33) e= Ef’ h=(e+qw+ (m — pw).
Definition 1.9. A one-dimensional non-strict subsolution is a one-dimensional
subsolution except that (1.25) is replaced by (1.33).

Our convex integration theorem does not apply to non-strict subsolutions.
Nonetheless, we mainly focus on them, and then show that one can perturb a
non-strict subsolution to a strict one when working on = T"~! x (=L, L).

Proposition 1.10. Let Q =T" ' x (=L, L) or Q = (0,1)""! x (=L, L) and let us
define
CL(T) — (p-f— - T)(T - p—)

O+ p—r ) TE[,Of,p+]~
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For any A € (0,1/2], choosing

(1.34) m = m(t, ) = gt(p — Aa(p))en,

and taking p to be the unique entropy solution of the Riemann problem

at/JJ + aynm(t7 /L) = 07 M(? 0) = po,

gives rise to a one-dimensional non-strict subsolution z with pressure q and dissi-
pation measure v given by

v=(1-2)\)g(m, — ugt) = X2\ — 1)g*ta(p) < 0.

The associated total energy defined through the right-hand side of (1.26) is given
by

(1.35) Epo(t) = / gy dy+ LEZLS (N LY zgpe
. tot on n 12p+p_ 2 .

All involved quantities z, ¢ and v are continuous on all of D except ji at {z,=t=0}.

1

As indicated in Proposition 1.4, the parameter A = 3 is special. We give the

following more detailed version of said proposition.

Proposition 1.11. Let z be a one-dimensional potentially non-strict subsolution
with m,, given through a constitutive relation of the form

(1.36) m, = gt(p+ F(p))

for some uniformly convex F € C*([p_, p+]) vanishing at the endpoints p_, py. If
i is taken as the unique entropy solution of the induced Riemann problem (1.1),
(1.19), then the total energy balance satisfies

%(Etot(o) — Eiot(t)) < /:+ % (a(r) "' F(r)?) F'(r) + %F’(T)Q dr = I(F).

This inequality becomes an equality for non-strict subsolutions. Moreover, there

holds

I(F) < T(~a/3) = —”{gz;fp‘)

for all such F.

The ansatz (1.36) with F' vanishing at the endpoints is motivated by compati-
bility at the boundary of the mixing zone, since outside, where p € { p+ }, one has
to have m = pugte,.

Finally, we address the need for a strict subsolution in order to carry out convex
integration.
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Lemma 1.12. Let Q@ = T ' x (=L,L) and 25, A € (0,1/2) be the non-strict
subsolution of Proposition 1.10 with associated quantities qx, vx. For all 6 > 0
sufficiently small depending on X\, p_, py, g, there exists a strict subsolution 23 with

P =n, mi =my, e} = ex + 0 (s — ) (ua — po)?,

and dissipation measure v3 < 0 satisfying

|18 = ] < Cot(py — ) (1 = p-)

for a constant C = C(\,g,p—,p+) > 0. The parameter ¢ > 0 in (1.25) can be
chosen to be 1.

Now Theorem 1.1 follows from Lemma 1.12, Proposition 1.10, Theorem 1.5
and (1.26).

1.5 Related results

The viewpoint of the Euler equations as a differential inclusion has been pioneered
by the works of De Lellis and Székelyhidi [29, 30], which enabled a machinery for
the construction of wild solutions for various fluid equations serving as counterex-
amples or as a description of hydrodynamic instabilities for which the initial value
problem is naturally ill-posed, see for instance the surveys [8, 31, 32].

Concerning instabilities, the first example of an application has been given by
Székelyhidi [77] in the context of the Kelvin-Helmholtz instability. Since then,
relaxations of fluid differential inclusions and the investigation of corresponding
subsolutions have been addressed in various contexts, see [42, 70] for further works
on the Kelvin-Helmholtz instability, [41, 43, 44] for Rayleigh-Taylor, [2, 10, 11, 12,
13, 23, 38, 69, 51, 72, 78] for IPM and Saffman-Taylor, [39] for vortex filaments,
[40] for optimal mixing, [34, 35, 52] for MHD and the kinematic dynamo equation.
In addition, we would like to mention the recent work [33] which implements a
Nash-type convex integration scheme in order to show the existence of admissible,
Hoélder continuous (for positive times) solutions emanating from the flat Kelvin-
Helmholtz instability.

1.5.1 Local energy inequality

Except for [42], the solutions to the Fuler and Boussinesq system obtained in
the articles listed above are all only known to be weakly admissible in the sense
that their total energy at every or almost every time does not exceed the initial
total energy. One of the main emphases in the present paper is to provide weak
solutions that in addition satisfy the local energy inequality. It has been known
since the work of De Lellis and Székelyhidi [30] that also this stronger admissibility
criterion does not recover uniqueness of weak solutions, more precisely of L
solutions. Thereafter, convex integration techniques have been applied in various
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compressible Euler settings to disprove well-posedness of entropy solutions, see
1,9, 15, 16, 17, 18, 19, 20, 36, 59, 63, 65] for some examples.

In addition, counterexamples for the homogeneous Euler equations with higher
regularity have been provided by Isett [54], De Lellis and Kwon [28], as well as
Giri, Kwon and Novack [48, 49], where the L3-based strong Onsager conjecture
has been reached. Holder regular counterexamples to compressible Euler systems
have also been obtained, see [47, 62].

Besides treating the inhomogeneous Euler equations instead of the homoge-
neous ones, the focus of the present paper in contrast lies not in reaching a certain
regularity of the obtained solutions, but on the description of the whole set of sub-
solutions or Euler-Reynolds flows inducing weak solutions via convex integration
in the L*>-framework. In other words, on the explicit relaxation of the Euler equa-
tions when seen as a differential inclusion. An understanding of this relaxation is
important for an application to hydrodynamic instabilities.

In [42] the authors have addressed this question for the homogeneous Euler
equations by including the local energy inequality into the original differential in-
clusion of [29, 30]. This way it could be shown that the subsolutions of Székelyhidi
[77] for the Kelvin-Helmholtz instability give rise to turbulent solutions respecting
local energy dissipation. A similar approach has been taken by Markfelder [64]
for the barotropic compressible Euler equations which allowed him to show the
existence of Riemann data for which the local maximal dissipation criterion does
not favour the self-similar solution.

In comparison to [42] where p = 1, and [64] where p is treated as a given
function, the presence of a variable density which is forced to take the values py
requires significant care when computing the relaxation. Note for instance that
the energy flux h = (ip lw|® + ) w is an order 4 polynomial. In fact we deviate
from the strategy of [42] when computing the convex hull, which as a by-product
also allows us to improve the results for the homogeneous Euler case, see Remark
2.8.

1.5.2 Inhomogeneous Euler and Boussinesq

The inhomogeneous Euler equations without local energy inequality, as well as
their Boussinesq approximation, have previously been treated as a differential in-
clusion in [44] by the authors and Székelyhidi, and [43] by the authors. The
relaxations obtained in the two papers have been applied to the Rayleigh-Taylor
instability. We will give a short comparison, but aside from the Rayleigh-Taylor
instability first we would like to mention further convex integration results for the
inhomogeneous Euler and Boussinesq systems providing non-uniqueness results.
Relying on convex integration for the homogeneous Euler equations, [21] shows
non-uniqueness of weak solutions with non-increasing total energy for the Boussi-
nesq system with initial data py € L* N C% Recently also Nash-type convex
integration has been implemented for the inhomogeneous Euler equations (with-
out gravity on T?) [50] and the Boussinesq system (with gravity on T?) [80], in
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order to provide wild solutions with non-trivial Holder continuous density and
velocity.

Coming back to a comparison with [43, 44], the results obtained in the present
paper generalize those of [44] on several levels. On one hand, as mentioned before,
our differential inclusion also accounts for local energy dissipation, hence all solu-
tions obtained through convex integration satisfy this property, while a priori this
was not guaranteed by the analysis in [44]. On the other hand, the latter paper
only achieved a construction of strict subsolutions when the Atwood number was
in the ultra-high range (p4 > (%E)Zp_)7 and the subsolution did not arise from
any rigorous optimization principle, while our current construction works for any
range of Atwood numbers and provides a potential selection criterion for subso-
lutions by maximizing total energy dissipation. Though one should note that in
both papers the density component of the subsolution arose as the entropy solution
of an appropriate conservation law, both yielding turbulent mixing zones which
grow proportionally to gt?. In particular, the mixing zone of [44] was represented

by the set 3;3 € <\/§— 1,v/q ' — 1>, q = Z—‘ while in our case it is given by

"y
2;573 € (Mg —1),\(¢"* —1)). Taking the maximally dissipating one, i.e. A\ = g, it
is easy to see that whenever ¢~! > 4 our mixing zone is the larger one, and this
is clearly the case in the ultra-high Atwood range for which the construction of
subsolutions via the method in [44] was possible.

In comparison to [43], where the Boussinesq system, which is an approximation
of the Euler equations for small Atwood numbers, is considered, we would like to

note that taking the limit A — 07 in (1.10), one obtains

2
5 <)\thA£,t) =S1004), £e (24 0(4),24+0(4)),
which for A = % corresponds exactly to the linear profile for the normalized den-
sity obtained in [43]. However, one should note that in said paper the authors
maximized total energy dissipation at initial time among all possible self-similar
densities p(z,t) as a selection criterion, whereas here we maximize the total energy
dissipation with respect to the constitutive law relating p and m. The correspon-
dence as A — 0 further shows that the current paper yields a larger framework
which both unites and generalizes the results of [43, 44].

1.5.3 Selection of subsolutions

A very interesting problem in addressing hydrodynamic instabilities via differ-
ential inclusions and convex integration is the choice or selection of appropriate
subsolutions, i.e. appropriate coarse grained or macroscopic behaviour. Indeed,
the relaxation consists of a linear equation coupled with pointwise convex inequal-
ities naturally leaving room for more than one construction, each of them, in
particular for non-flat initial interfaces, being far from trivial, see for instance
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[2, 10, 11, 38, 72] for different types of subsolutions emanating from the non-flat
Saffman-Taylor instability.

One possible strategy for a selection, in particular for a flat initial interface,
is to reduce the subsolution system to a particular hyperbolic conservation law
for the coarse grained density and to consider the corresponding entropy solution.
This has been done in [44, 77, 78] for the flat Rayleigh-Taylor, Kelvin-Helmholtz,
Saffman-Taylor instabilities respectively.

In the present paper we also pursue this strategy, but, as a novelty, leave
the constitutive relation between the coarse grained density and coarse grained
momentum (=mass flux) open. With this relation determining the conservation
law, we then investigate the total energy associated with the induced entropy
solution. As a second criterion, besides imposing such a constitutive relation in
the first place, we then maximize the total (anomalous) energy dissipation leading
to the subsolution stated in Theorem 1.1 with A\ = % and Proposition 1.4.

This second criterion is broadly speaking motivated by the general search for
extremal subsolutions which are potentially preferred by nature. The criterion
of maximizing total energy dissipation within a certain class of subsolutions is
motivated by Dafermos’ entropy rate admissibility criterion [25], and has been
investigated in the context of convex integration solutions for compressible Euler
in [18, 36]. As a selection criterion it has only been applied at initial time before,
see [43, 70]. In the context of IPM and the Saffman-Taylor instability, maximal
dissipation of potential energy has been used in [11]. It turned out that this
selection in fact coincides with the relaxation of Otto [73] based on the gradient
flow structure of IPM. A similar correspondence between two relaxations has been
found in [41] when imposing the least action principle to Boussinesq subsolutions
for the Rayleigh-Taylor instability and comparing the resulting variational problem
with the direct relaxation of the least action principle of Brenier [6, 7] based on
generalized incompressible flows.

In the context of admissibility criteria we would also like to mention the least
action admissibility principle by Gimperlein et al. recently introduced in [45] and
refined in [46], after an objection of Markfelder and Pellhammer [66]. This crite-
rion however is applied in the context of solutions, not subsolutions, to a Riemann
problem of the compressible Euler equations favoring the 2-shock solution over
entropy solutions obtained via convex integration. Probing the least action ad-
missibility principle within the class of Rayleigh-Taylor subsolutions considered in
the present article, it turns out that the stationary solution p(x,t) = po(z), i.e. no
proper subsolution and thus also here no convex integration solution, is preferred
by the criterion of [45, 46], see Proposition 3.5. In this class of subsolutions the
least action admissibility principle therefore does not pick a suitable macroscopic
evolution.
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1.5.4 Connection to scale invariant bounds

As mentioned before, in the family of subsolutions stated in Theorem 1.1 we find
for A = % precisely the background profile realizing sharpness in the scale invariant
bounds of [56]. In the latter article a more regular system including the effect of
miscibility is treated, and uniform bounds for bulk quantities such as potential
energy or mixing entropy are obtained using energy conservation as a crucial in-
gredient. Note that within our family of subsolutions the one corresponding to
A= % indeed is the conservative one. Similar bounds are also available for the
Saffman-Taylor instability [71], and more recently the Kelvin-Helmholtz instability
[57]. In the latter work a similar connection between a subsolution of [77], again
the energy conservative one, and the optimal background profile has been found.

2 Convex integration via the Tartar framework

Recall that & is the accelerated spacetime set Uye(o,r) (2 + 39t%e,,) X {t} and that
Z=RxR"XR"xR" xS xR. Let ¢: 2 - R and v € C((2 x {0}) x 2)*
be a pressure function and a dissipation measure. For convex integration itself it
is not required that v be negative, if it is not, then the only downside is that the
induced solutions fail to satisfy the energy inequalities (1.17) or (1.3).

As described in Section 1.2, we are interested in the differential inclusion

(2.1) Alz] = b, =2(y,t) € K for almost every (y,t) € Z,

where z : 9 — Z is a tuple of functions z = (u, w, m, h, o, e), the linear differential
operator A and the right-hand side b are defined by

Oym +dive + 2Ve —Vq
divw 0
Azl = O + divm L
Oie +divh v

such that A[z] = b is precisely (1.19). Moreover, for the given pressure function ¢
the family of sets K, are defined through (1.20), that is

Ky = {Z €Z: m=pw, h=(e+qy,t))w,
(2.2)

2
uw®w=0+ﬁeid, HE {p—,p+}}‘

2.1 Localized plane waves

As perturbations we will use plane-wave like solutions to (1.19) which actually do
not perturb the pressure or the dissipation rate. That is, we consider the system

(2.3) Alz] = 0.
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Clearly if z is a weak solution of (1.19), i.e. A[z] =b, and zZ € C2°(2) solves (2.3),
then A[z + z] = b and z + Z has the same initial and boundary data as z.
The wave cone associated with the operator A reads

o+ 2eid m
T
(24) A={zeZ:iker| o 27A{0}, (m, i, ) # 0
hT e

For each direction in the cone A one can construct plane wave solutions of (2.3)
oscillating in that direction. These plane waves are localized via potentials in
Lemma 2.1. In the definition of A we have manually excluded the case where m,
i1, € simultaneously vanish as this case allows for pure time oscillations that are
harder to localize.

Lemma 2.1. There exists Cy > 0 such that for any zZ € A, there exists a sequence
zn € C(B41(0); Z) which solves (2.3) and satisfies

(1) d(zn,[—%,Z]) — 0 uniformly,
(ii) zx — 0 in L*(B1(0); Z2),
(i) [ [ |zn|?dxdt > Colz|?,
where B1(0) denotes the unit ball in R™ x R.

Proof. We present most of the proof for the case n = 2, then explain the differences
that need to be adapted for n = 3 at the end.

It is easy to see that for any smooth functions 1 : R*! — R, ¢ : R*F! — §3*2
7 R*M — R? setting D(¢,,7) = (u, w, m, h,o,e) with

p=divdiv(¢ +divrid), w= VY, m=—0,div(¢+ divrid),
e=divOoum, o =0up, h=—0um,

yields a solution of (2.3) in the form of D(¢, ¥, ).
It follows from (2.4) that for any zZ € A there exists

og+eid m

w’ 0

(2.5) 0# (& ¢) € ker &
hT 3

We consider a smooth function S : R — R, N > 1, and carry out the construction
of potentials using the above ingredients, split into two cases: whether ¢ is zero or
not.

Case 1: ¢#0

In this case it follows that there also holds £ # 0, since & = 0 would imply
(m, i, €) = 0. Furthermore, without loss of generality one may assume that || = 1.
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Let us define

We claim that there holds

(2‘6> D(¢N7 ¢N7 7TN) = ([M ﬂ), ma (l_l ' 5)5’ 67 é>S,/,(N(§7 C) : (.I‘, t))
Indeed, on one hand, one has

on(z,t) +divry(z,t)id = 0_12(6 + éid)%S'(N(f, c) - (x,1)),

and using (2.5), there holds
divdiv(¢y + divryid) = éfT(a +eid)¢S" (N(E, e) - (z,t))
= L em)S N (E ) (1,1)) = AS"(N(E,0) - (2.1),

Oy div(on + divryid) = %(a +¢id)éS"(N (&, ¢) - (x,t)) = —mS" (N(&, ¢) - (z,t)),
Oy (on + divryid) = (6 + eid)S" (N (&, ¢) - (z,1)),
Vi = (68 - @) S"(N(E, ¢) - (x,1)) = @S" (N (€, ¢) - (1)),
—Oumy = —ce€S" (N (&, ¢) - (x,1)) = (h-)ES(N(E,¢) - (,1)).

We fix this final error in h by observing that for any smooth function « :
R*! - R, D(a) = (0,0,0,V+a,0,0) also solves (2.3). Setting

an(et) = (7€) 8" (V&) - (5,0),

we get -
Viay = (h-£5)€88"(N(E,0) - (w,1)),
and since h = (h - 5L + (b - €)€, we end up with

D(¢Na¢N77TN> + D(aN) = ZS///(N(&C) ’ (SC,t)).

One can then localize these potentials similarly as in for instance [23, 29],
by fixing S(-) = —sin(-) and, for ¢ > 0, considering x. € C®(B1(0)) satisfying
Ix:| < 1 on By(0), x. = 1 on B;_.(0). It is then easy to check that zy =
D(x:(on, YN, TN)) + lu?(xsaN) satisfies desired properties in order to conclude the
proof of the lemma in this first case.

Case 2: ¢ =0
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This case closely follows the corresponding case in [44]. We have £ # 0, so we
once more may also assume without loss of generality that |{| = 1. Furthermore,
(2.5) implies that there exist constants ki, ko, k3, k4 € R such that

(2.7) W=k, M=kl GHeid =kt @&, h= kit
Define
1 = 1 " - 1
ox() =0, Un(x) = €5 wS"(NE-2), mvlw) = i3 SINE ),
from where similar calculations as in Case 1 yield that
(28) D((ﬁNaq/}Naﬂ'N) = (ﬂawa()?oaoao)sm(]vf'x)'

One can then treat the remaining terms (m,h,7,€) as done simply for the
homogeneous Euler equations, for instance in [29, Remark 2]. Indeed, it follows via
a straightforward direct calculation that for any smooth function w : R?*! — R2+1,
defining W = curl(, ;) w and f)(w) = (0,0,m,0,0,¢) by

1 —
m = —%VLW?,, o+eid = ( O, W, 2 (015 81W1))

%(82W2 — 0W1) — 01 Wy

implies that D(w) solves (2.3).
Then one may take w to be of the form

1
WN(:C) = (CL, b, G)WS/(.NE ’ $),
for some constants a,b € R, with S as before, to obtain that

LWy %(52W2—51W1) el o elam
<%(62W2—81W1) —(91W2 —Cl,g ®£ S (Nfl’)’

VAWs = (&b — &a)é+S" (NE - ).

If & # 0, one may set a = k3, b = %, such that (2.7) yields

D(wy) = (0,0,m,0,5,8)S"(NE¢ - x).
Then, using (2.8) as well as D as defined in Case 1 and
an(z) = ke S"(NE - 7)
n 4N )
one obtains

D(én, ¥, mn) 4+ D(wy) + D(ey,) = 25" (N€ - z).
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The localization is then done similarly to the previous case, via zy = D(x:(¢n, VN, TN))+

D(xewy) + D(xean).
If & = 0, then the choice a = k3 yields

D(wy) = (o, 0, %@gi, 0,7, é> S"(N¢ - x).

We may then introduce a final corrective potential by noting that for any smooth
function § : R**! — R, D(#) = (0,0, V+6,0,0,0) also solves (2.3). Hence, defining

ks\ 1 _,
On(z) = (7@ - 5253) ~ 7 WNE-2),
one obtains that
k "
V4o (z) = (kz - 52?3> £-5"(N¢ - x),
and using (2.7), this further yields

D(¢n, N, mn) + D(wy) + D(ay) + D(0y) = 28" (NE - z).

The localization is once more done in a similar manner to the previous cases. This
concludes the proof of the lemma for n = 2.

Dimension three. In the case n = 3 we have that for any smooth func-
tions ¢ : R — R" ¢ : R"™ — SP" 7 : R"™ — R" setting D(¢, 1, m) =
(1, w,m, h,o,e) with

2 2
u:divdiv(¢+—div7rid), w =V X1, m:—atdiv(gf)—l——divwid),
n n

e = le 8tt7r, g = (9ttq5, h = —8ttt7r,

will solve (2.3). Let us explain how using Vx instead of V+ affects the construc-
tion, the rest of the adaptations are straightforward in Case 1.
First, to achieve w, we set

Un(ent) = (0% )8 (N(6.) - (2.0))

Then, we fix the error in A in the following way. Complete § to an orthonormal
basis (1, (2, (3) of R? with (; = £&. We then have h = (h-()(+ (h-G) G+ (h-(3)Cs,
and

G=ExXC, G=-E{xG

Since for any smooth a : R*™ — R3 (0,0,0,V x «,0,0) solves (2.3), we may use

(1) = (- G)Go — (- G)G) 1S (N(E,0) - (x,1)

to achieve the desired correction of h.

Finally, Case 2 can be treated in higher dimensions as follows. Instead of D,
we use potentials analogous to the construction in [29]. Instead of (2.7), we only
have that @, m, h are in the plane perpendicular to &, however we can still achieve
these directions similarly to our construction above for Case 1, n = 3. [

20



2.2 The unbounded and bounded convex hulls

Let ¢ : 2 — R, (y,t) — q(y,t) be a given pressure function. We recall that the
set of nonlinear constraints K, has been defined in (2.2) as the set of tuples
z = (p,w,m,h,o,e) € Z satisfying

2
pelp—sprt, m=pw, h=(e+q@t)w, pwOdw-o=_ecid.

We point to (1.22) for the definition of the matrix M (z), and define the open set

U= {z €Z: uwe(p_,ps), Amax(M(2)) < ze} :

n

One of the main goals of this subsection is the following characterization of the
(A-)convex hull of K, ;). The abstract definition of the A-convex hull can be found
in Section 2.2.1.

Proposition 2.2. There holds

A
K

wt) = Ky =U-

Note that the relaxation U in the here considered unbounded case is indepen-
dent of the considered pressure function ¢(y,t).

We establish Proposition 2.2 by iteratively relaxing the conditions of K, ;. We
begin at fixed p with the relaxation of the homogeneous Euler equations, then,
still at fixed p, apply the relaxation of the condition involving A, and in a final
step relax the conditions involving p and m.

By means of Proposition 2.2 we obtain the full relaxation of globally dissipative
Euler flows, in the sense that any sort of weak limit takes values in the set com-
puted in Proposition 2.2, see Proposition 1.7. In order to get a converse convex
integration statement by means of a Baire category argument in the Tartar frame-
work, we introduce similarly to [42] for the homogeneous Euler equations and [64]
for the compressible Euler equations, an L>-bound on e. That is we consider

(29) K%(y’t) = {Z S K(y,t) e < "}/}

for a fixed v > 0. It is easy to check that any z € K, (, ) is bounded by means of
p—, p+,yand q(y,t), cf. [30, Lemma 3(iii)] for the part addressing o. Therefore, we
are also interested in computing K ,/y\ (yt)> O at least a large enough subset thereof.
Before starting to compute the hulls, we begin with some basics about A, K,
and K @’t).
In the following we will fix ¢ = ¢(y,t) and drop the (y,t) dependence in our
notation.
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2.2.1 Step 0. - Preliminaries

For K' C Z the associated A-convex hull (K”)* is defined as the set of points z € Z
such that for all A-convex functions f : Z — R there holds f(2) < sup,.cx f(2'),
see [58, 68].

As indicated, the proof of Proposition 2.2 is based on the computation of A-
segments starting in K, which relies on the fact that if we define the set of first
order A-segments

(KM =K' U{szy +(1—8)zp: 2,20 € K/, s€[0,1], 21 — 2 € A}

of a set K’ C Z, then for any K” C (K')* there holds (K”)M! c (K").

In Lemma 2.3 below we will quickly verify that our wave cone A, recall (2.4)
for the definition, spans all of Z. As a consequence (K')* is a closed set for any
K' C Z, cf. [68, Corollary 2.4]. Thus we are allowed to take closures in the process
of computing K*.

Lemma 2.3. The linear span of A is Z.

Proof. The following z = (ji,w, m, h, &, €) are contained in A:

(ﬂ?oﬁ()? 07070)7 ﬁ#()?
(0,0,m,0,0,0), (0,m,m,0,0,0), (0,0,m,m,0,0), m #0,

2
(0,0,0,0,5,€),  #0, — —e eigenvalue of 7.
n
The first four vectors clearly generate any z of the form z = (u,w,m,h,0,0).
Moreover, since any trace-free, symmetric ¢ # 0 has at least one positive and one

negative eigenvalue, the vectors stated in the last line generate any z of the form
(0,0,0,0,0,¢€). O

The next preliminary statement addresses the size of A with respect to the
constraints K. It will be used for the convex integration sketched in Section 2.4.

Lemma 2.4. For any z1, 20 € K with z; # 29, we have Z = 2o — 2y € A.

Proof. Case 1. p; = ps.
Since z; € K, without loss of generality we have

zi = (P4, Wi, pywi, (€; + qQ)wy, prw; @ w; — (2/n)e;id, e;),
e = pi3 lw;|”, i = 1,2, and therefore @ # 0. In particular we get i = 0 and
m = p_,_w
Let £ € wt. If € = 0, then all that needs to be checked is that 6¢ = cp,w, for
some ¢ € R. There holds

08 = pi(w2 @ wy — w1 @ wi)§ = pi(we ® W+ W R W)€ = py(wr - §)w,
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so z € A follows.
If € # 0, we similarly obtain from z1, 2z, € K that

(0 + (2/n)eid)€ = pi (w2 @ wy — w1 @ wi)§ = pi (w1 - §)W,

S0 it remains to check that h - & = (w; - £)é also holds. We have

h- & = (eaws — eywy + q) - § = (e + éwy) - £ = (wy - §)e,

the result then follows.

Case 2. [y # .
Without loss of generality assume that p, = p_, pg = py. Let & € wt. Through

a simple calculation one obtains that
(o + (2/n)eid) = p(pows @ wy — pw; @ wi) =M M — p_pyiw @ W.

Hence, we have (64 (2/n)eid){+cm = 0 for ¢ = —%m-f. Therefore, m-{+cip =0
is also satisfied automatically and there remains only to check h - & + cé = 0. As
in the previous case, we have

h-§ = (eawy — exwi + qw) - § = (eaw + ewr) - € = (wy - §)é,

and from p wy — p_wy = pyw + fiw; it follows wy - € = éfn - &, which finishes the
proof of the lemma. O

Solely by this property we have the following result.

Corollary 2.5. Let K' C K be a compact set. For any z € int(K') there exists
zZ € A such that

1
2—Z, 2+ 2] Cint(K')° and |z| > ——d(z, K'),
2N

where N = dim(Z) and d is the Fuclidean distance on Z.

The proof is the same as those of [30, Lemma 6], respectively [44, Lemma 4.9,
relying on Carathéodory’s theorem and Lemma 2.4 above, therefore we omit it.

2.3 Computing the hulls

Let z € Z. For brevity we introduce also the notation

(2.10) My(z) = pw@w—o0 — %eid,
 h—(e+qu
(2.11) n(z) = h—(ctqul

the latter only in the case of h # (e + q)w.
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2.3.1 Step 1. - Homogeneous Euler relaxation

In this step we implement a strategy similar to [44] for the mass and momentum
parts of the relaxation. However, contrary to said paper, here we do not have
boundedness, so we will work with laminates once more (instead of a generalized
Krein-Milman argument). More precisely, we have the following.

Lemma 2.6. Let z € Z with p € {p_,p+}, m = pw, h = (e + ¢w and
Amaz(Mo(2)) < 0. Then z € K*. If in addition e < vy, then z € K2).

Proof. Let us define
Ui={z€Z: pef{p_,ps}, m=pw, h=(e+qw, Ana(Mo(2)) <0},

and for j = 0,...,n the sets

K= {z el : My(2) has exactly j eigenvalues strictly less than O} :

Note that, by the definition of U , the other eigenvalues must be equal to 0. Fur-
thermore, Ko = K and U = Ul K.
Let j>1and z € K ;. Consider the case j1 = py, and assume

pw@w—o =Y N @ ¢,
=1

with A\ > ... > \,, and ¢, ..., ¢, an orthonormal basis of R”. Then by assump-

tion we have )\i:%e fori=1,...,n—7,and \; < %efori:n—j—i—l,...,n.
Define z € Z as follows. Let

= an) m:P+¢n> B: <€+Q)¢na €= 07

0= p+¢n QW+ prw @ ¢n - 2:0+(w ' ¢n)¢n & ¢n7

It is easy to check that z € A. Indeed, (2.4) reduces to having a non-trivial

(¢,¢) € R™! such that
(% p+0¢n> <§) _o

This however easily follows for our choice of &, by picking any £ such that - ¢, = 0,
and then setting ¢ = —w - &.
It follows that

g

p=0,

p+(w + sw)@(w + sw) — (0 + s7)

- Z Nid; ® @5+ S(p1fn @ W+ prw @ ¢ — T) + S°p1Pn ® Gy,

j=1

n—1
= Z Ajd; @ b5+ (A + 204 (w - Gn)5 + p18?) P © P
j=1
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Since \, < %e, there exist s; < 0 < sy roots of A, + 2p, (w - ¢,)s + pys? = %e. It
we denote z; = z+ sz, the eigenvalues of p,ws ® wy — 05, s = S12 are Ay, ..., A\
and %e. Furthermore, pus = p1, ms = psw, and hy — (es + ¢)ws remain unchanged
for all s € [s1, s9].

Consequently, we have shown that z lies on the segment [z+ 512, 2+ s2Z|, whose
endpoints now lie in K j—1, from where it follows that

[N(j C (Kj,I)A’l.
Since Ky = K, one may then iterate this argument to obtain that
Kj C KA,

for any 5 > 1. Using U = U;L:()f( j, we conclude the statement of the lemma in
the unbounded case. However, by noting that we only used directions satisfying
€ = 0, the v bound is also immediate. O]
2.3.2 Step 2. - The dissipative part

Next we relax the condition h = (e + ¢)w. Recall (2.11) for the definition of 7(z).

Lemma 2.7. Let z € Z with p € {p_,p+}, m = pw, h # (e + ¢Qw and
Mae(Mo(2)) < 0. Then z € K*. Furthermore, there exists a,(z) > 0 such
that if in addition e < v and

Amaa(Mo(2) + pioy (2) |h = (e + qJw|n(2) @ n(2)) <0,
then z € K. In (2.15) the quantity a.(z) is stated explicitly.
Proof. Let o > 0. We consider the direction

p=0, e=1 w=an(z), m=pw,
_ 1 — pw - @
h=w+wle+q+26), p= ,u—viz;w’
A
F=plwRuv+wRw+ 280 W),

where for a matrix A € R"*", A° denotes its traceless part.
Then z € A, since now (2.4) reduces to having a non-trivial (¢, ¢) € R"™! such
that

This however follows once more by picking any ¢ € w* and setting ¢ := —w - £.
Clearly we have

ptsp€{p_,prt, m+sm=(u+sp)(w+ sw)
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on the whole segment z + sz, s € R.
Looking at the change of h — (e + ¢)w along the segment we have

h+sh—(e+se+q)(w+sw)=h—(e+qw+s(h—(e+qw—w) — s*w

(ST

Since a > 0, we find s; < 0 < s, characterized by

b= (e+qu| _

2
(2.12) s° —20s ”

0,
for which z + sz has no error in the h-component when compared to (e + q)w.

In order to conclude that z 4 s; 97 lie in K A and therefore z € K*, it remains
to have Apax(Mo(z + 5122)) < 0, cf. Lemma 2.6. By the definition of &, 8 and by
(2.12), we find for s = s; 5 that

2
Mo(z+sz):Mg(z)+s(pw®w+uw®w—cr——id) + 82 @ W
n

— My(2) + (s — 28s)uid @

h = (e+4q)

w
= My(z) + |/ﬂI}®1TJ.

«

By assumption, the matrix My(z) is strictly negative definite, therefore one can
chose any o € <O, —%] to obtain that also Amax(Mo(z + s2)) < 0. This
finishes the proof in the unbounded case.

In the bounded case we in addition need to satisfy e + s < v for s = 515 in
order to conclude that z € Ké\. Since s; < 0, the latter condition is satisfied in

particular when
Sg =17 —e.

By (2.12), this is the case if and only if
(2.13) (v—e)* —26(y—e) - =0,
where we abbreviate

Ah:=h—(e+ quw.

By definition

6_1—uw-w_1—,uan(z)-w

pluf pa?
Thus, (2.13) is equivalent to
2w - —e) — |Ah 2
(2.14) o2 4 200 62) an], —0.
(v—e) ply —e)
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Since « has to be positive, this condition forces us to choose
(2.15)
) 1
L AR 2w @) —e) ((\Am —2w o)y —e)” 2 )

2(y —e)? 4(y —e)t " p(y —e)

Let us define this term as «.(z). Going back to the expression for My(z + sZ2), we
therefore find

(2.16) A (Mo(2) + iy (2) | AR n(2) © 7(2)) < 0
as a sufficient condition to conclude z € K $ O

Remark 2.8. Setting p = p_- = p; = 1 Lemma 2.7 in particular improves the
results of [42] for the globally dissipative homogeneous Euler equations with respect
to two aspects: it generalizes the proofs of that paper to dimensions higher than
two, and it states a more explicit and thus larger subset of the hull K $

As a consequence of Lemma 2.7 and the fact that K* is a closed set, we
immediately deduce the following statement for the unbounded case.

Corollary 2.9. Any z € Z with u € {p_,p+}, m = pw and \p(Mo(z)) <0
belongs to K*.

In the bounded case we instead conclude the following sufficient condition for
being in the hull Ké‘.

Corollary 2.10. Assume that z € Z satisfies pp € {p_, p+}, m = pw and
2

(2.17) Amaz(pw @ w — o) + € |h — (e + qQw| < —e
n

for some ¢ > 0. Then z € Ké\ for any v > ~.(e) where 7. : Ry — Ry is the
continuous function

(2.18) Ye(e) = e+ 18 *max {e\/pye, py } .

Proof. Let z € Z be as stated. If h = (e + ¢)w, the statement follows for any
choice of v > e in view of Lemma 2.6. Assume h # (e + q)w. We will show that
for v as stated in (2.18) the quantity . (z) from Lemma 2.7 satisfies pa,(2) < e.
As a consequence of said lemma, z € K é\
For the definition of v note that (2.17) implies
2e

h — =
h—(e+aul < =,

as well as

Vi |w| = (tr(,uw@w—a))% < V2e.
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We then estimate the explicit expression (2.15) for ., (2) as follows:

Nem
Vi—e

|h — (e + q)w| VW]
< p—F>—+2
:uOé’Y(Z)—M (’}/—6)2 + \/ﬁ/y_e +
2pye V8pie V204
“ne(y—e€)?  y—e Jy—€
Now it is easy to check that each of the three terms on the right-hand side is < £/3
when picking v > 7. (e). O

2.3.3 Step 3. - The density

Let us now add a Muskat-type direction, in order to obtain K*, as well as a
characterization of a large part of Kf}. In order to formulate the statement we
define for z € Zy, i.e. z € Z with u € (p_, p1), the expressions

Sy Hp—prw @w — p_pr(mMR@w+w®m) + (pr + p- —p)mOm

Mz): (o4 = 1)(pe = p-) 7
oy T(z) —T(2)
é(z) == o
where

_ pxm— prwl?
Lulr) = 2 (k= ps)?

are the quantities involved in the trace inequalities from [44].

Proposition 2.11. Let z € Zy. If Apaa(M(2)) < 2¢, then z € K*. If in addition

(2.19) Anael V() + I — (e + @) — &(=)(m — )| < e
1s satisfied for some € > 0, then for
(2.20) v =max{y:(e + (p+ — p)é(2)),7ve(e + (p- — peé(z))} + 1,

where . 1s the map given by Corollary 2.10, there holds z € mt(Ké\).

Proof. Let z € Zy with Apax(M(2)) < 2e. We first will show that such a z lies

on a A-segment with endpoints satisfying the conditions of Corollary 2.9, which

implies z € K*. To do so, we consider a Muskat-direction #(z) € Z defined via
m — pw

(p+ =) (p—p-)’

5(2) + 2e(z)id = m(2) @ (2) — pyp-i(z) @ (2),

=1, w(z)= m(z) = w+ (py + p- — p)u(2),

h(z) = é(z)w+ (e +q+ (pr + p— — 2p)é(2))w(2).
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Here the definition of € and & is understood as decomposition into trace and
traceless part. It is easy to check that Z(z) € A. Furthermore, a simple calculation
yields that in fact the é(z) defined this way is exactly w

Let s € (p— — p, py — p) and z := z + sZ(z). First of all observe that

(p+ —p =)+ s — p-)i(zs) = m+ sm(z) — (u+ s)(w + sw(2))
=m — pw + s(py + p- = 2p)w(2) — s
= (p+ —p—8)(p+s—p_)w(z).

2(z)

Hence w(zs) = w(z) for all s € R (strictly speaking for s # pL — pu, but in these
points we take the canonical extension), and

m(zs) = w + sw(2) + (ps + p- — pp — )0 (2,)
=w+ (pt + p- — p)i(2) = m(z).

Note that the invariances 6(z5) = d(2) and é(zs) = é(z) follow by the definition of

’ Plugging
w=m(z) = (p+ + p- — pu(z),
m = pw + (py — p)(p = p-)w(2) = pm(z) — p-p4w(z)

into the definition of M (z), cf. (1.22), leads us to

(2.21) M(2) = pi(2) @ m(2) — p_py (M(2) @ B(2) +w(2) @ m(2))
+ p_pi(ps + p— — p)(2) ® W(z) — 0.

Thus,

M(zs) — %es id
— N(z) — %eid ts <m(z) @ (2) — ppeib(2) @ i(z) — 5(2) — %é(z) id)

~ 2
- _Zeid
(z) ~ei

by the definition of &, €. In particular Apayx(M(z,)) < %65 by assumption.
Furthermore, we also have

my — psws =m — pw + s(w + (py + p- — p)i(2) —w — p(z)) — s*(2)

_ p++ p— —2p . 1 A
_(H(m—u)(u—p—) (p+ — 1) (1 = p-) >( pan).

Therefore, at the endpoints we have for z. = z + (p+ — u)Z(2) the following:

e = pr+ (px — Pfi = pa,
ms — prwy = 0,
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and finally, using (2.21) as well as m(z3) = wy + pxwW(zy), we get that

M(22) = pa(we @ wi + px(we @ W(22) + B(22) ® wa) + p5ad(24) @ W (24))
—p_pr((we + px(21)) @ W(21) + W(21) @ (Wi + px0(24)))
P prpr(24) @ W(24) — 04 = prWs @ Wy — O4.

Thus, we may conclude z; € K via Corollary 2.9, and hence also zeK A
Let us now turn to the bounded case. Due to the choice of h, we have in
addition that

he = (ex + Quws = h — (e + Qu + (px — p)(p+ + p- — 2p)e(2)w(z)
— (p= — p)’e(2)w(2) = h — (e + Qw — &(2)(m — pw).

Thus we have shown that, due to (2.19), 24 satisfy (2.17), and hence all the
conditions of Corollary 2.10. Noting that ey = e+ (p+ — p)é(2), and thus choosing
¥ = F.(z) as the maximum of the two values y.(e + (p+ — p)é(z)) yields z € K2.

In order to see that the point z in fact belongs to the interior int(K™*), one
observes that (2.19) and pu € (p_, p;) remain valid in a small neighborhood of
z. By constructing for each point z’ in such a neighborhood the corresponding
Muskat segment, we conclude that 2/ € K ,i‘s () By continuity of 4. we can pick a
uniform v in a sufficiently small neighborhood of z. O]

Proof of Proposition 2.2. The characterization of the full (A-)convex hull in the
unbounded case follows from the first half of Proposition 2.11 by taking the closure
and the convexity of z — Apax(M(2)) shown in [44, Lemma 4.3]. O

In the bounded case we finish the investigation of the hull by observing that
the expression for 7 in (2.20) can be slightly simplified. Let us denote the two
quantities appearing in 7. in (2.20) by Q+(2), i.e.

Qx(2) == e+ (px — p)e(z).
Lemma 2.12. If € (p_, p1) and (2.19) hold true, then
max { e, T, (2), T_(2) } < max { Q4(2), Q_(2) } < 2max {e, T, (2), T_(2) }.

Proof. The upper inequality follows in a straightforward way by dropping the
negative term in each of the expressions. It does not rely on (2.19). For the lower
inequality one first of all observes that

_ H P 2 Pr = K z) < max 2),Q_(2)}.
= PG )+ G () S max (4.0}

Regarding T (z) one computes

B p- P+ — 1 s .
(2.22) p+_p_T+(Z)+HT—(Z) =5 t(M(z) e,
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where the latter inequality is a consequence of (2.19). It follows that

=e PR z)=T_(z z
Qiz) =ed (T4 (2) - T-(2) 2 Th(2)

and similarly Q_(z) > T_(z). O

Remark 2.13. In view of Lemma 2.12 and the monotonicity of 7., there is no
loss in replacing the «y stated in (2.20) by

(2.23) v="7 2max{e, Ty (2), T_(2) }) + 1.

2.4 Conclusion

We have the following more abstract version of Theorem 1.5.

Theorem 2.14. Let v > 0. Theorem 1.5 remains true when condition (1.25) is
replaced by

(2.24) (1, w,m, h,o,€e)(y,t) € int( f;?(y,t)) for all (y,t) € % .

Here we mean that Theorem 1.5 holds true word by word except that (1.25) is
swapped with (2.24). For further clarification we point out that the set K 5 is
defined via (2.2), (2.9) with respect to the pressure g induced by (u,w, m, h, o, e),
cf. Definition A.3.

Proof of Theorem 2.14. We start by observing that if ¢ was constant in %, then
(1.19) together with the set of constraints K, would fit into the framework stated
in the appendix of [78]. In fact, due to Lemma 2.1 and Corollary 2.5 above, the
result would directly follow from [78, Theorem 5.1].

However, the Tartar framework can easily be adapted to the case when the
set of constraints also depends on (x,t). The extra condition which is needed is
that the map (x,t) — K, (54 is continuous and bounded on % with respect to
the Hausdorff metric dy, see [24]. This continuity however, is a consequence of
the fact that ¢ is assumed to be continuous and bounded on %, see for instance
(24, 42, 44]. O

Proof of Theorem 1.5. Let (z,q), z = (u,w,m, h,o,e) be as stated in Theorem
1.5. In view of Theorem 2.14 it only remains to verify that there exists a value
v > 0 for which (2.24) holds true.

By Proposition 2.11, Remark 2.13, and since e, T, T € L*(% ) by assump-
tion, we can pick

v = e (2max { fell oy Tl gy 1T ey ) + 1,

where the function . is given by Corollary 2.10 and € > 0 is taken from (1.25). O
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3 Application to Rayleigh-Taylor

We now turn to the construction of subsolutions for the horizontally flat initial
data (1.1). The construction is mostly done for the system on the corresponding
accelerated domain 2, cf. (1.13).

We will begin by summarizing consequences of the one-dimensionality assump-
tion of Definition 1.8. Thereafter, we impose relation (1.36) with some general
uniformly convex F' between m,, and pu, take p as the unique entropy solution of
the resulting hyperbolic conservation law, and compute the kinetic and potential
energy (im)balance in dependence of the chosen constitutive relation F. Finally,
we show that a) chosing F, A € (0,1/2) as stated in Proposition 1.10 indeed leeds
to non-strict subsolution that in the case of the periodic channel can be perturbed
to a strict one, and b) that F} 3 maximizes the total energy dissipation among all
considered convex relations between p and m,,.

3.1 Consequences of one-dimensionality

Let Q= (0,1)"'x (=L,L) or Q =T""! x (=L, L), n = 2,3. In accordance with
Definition 1.8 we seek to construct a (non-strict) subsolution z with pressure g
and dissipation measure v satisfying (1.27)—(1.32). Throughout the construction
we will always assume that the mixing zone does not reach the top or bottom
boundaries. This means that near those boundaries the subsolution will always
be a solution with w = gte,. Consequently, there are no issues with the boundary
conditions (1.16), (1.21).

The one-dimensionality assumption in particular means that o is specified once
i and m,, are constructed. Indeed, depending on the dimension we have

—f 0 0
1 /—f 0 1
(3.1) U:—( >, c=-(0 —f 0],
2\0 / 3\o o0 2o

with

;o pp—pig*t> = 2p_pymagt + (py + p- — pym;

(3.2) (p+ — )1 N p-)
_ (pe oo = ) (ma — pgt)” Qgtm, — gt
(p+ — ) (1 —p-)
Next, one observes that in the one-dimensional setting the first n — 1 compo-
nents of the linear variable momentum balance in (1.19) trivially hold true with
this choice of . The remaining component reduces to

2
(33) &gmn + 8yn (O'nn + —e 4+ q) =0.
n

Once my,, p (and thus o,,) and e have been specified, the latter equation can
always be solved by a suitable pressure function q.
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Similarly, one can take the linear variable energy balance
(3.4) oe + 0y, hy, = v

as the definition for v, once e and h,, are specified. In the end of course we have
to verify that v < 0 in accordance with (1.3), (1.17).
Concerning the equations, it thus for now remains to look at

(3.5) Ot + 0y, my, = 0.

3.2 A constitutive law for m,,

Next we turn to the choice of m,. Note that outside the mixing zone we need
to have m,, = ugt. To specify the constitutive law for m,, we therefore make the
ansatz

(3.6) ma = gt(u+ F ()

for some uniformly convex F : [p_,ps] — R of class C* and vanishing at the
endpoints p1. By (3.5) this means that p is characterized through the hyperbolic
conservation law

Oy + gtdy, (n+ F(p)) =0,

or going back to original coordinates (x,,t) = (y,—gt*/2,t) and p(z,,t) = (Y, 1),
that

(3.7) aup + gtds, (F(p)) = 0.

The convexity assumption on F' implies that the Riemann problem (3.7) with
p(0,-) = po has a unique entropy solution given by

P+ Tp > F,(er)%,

2 2

(3.8) plant) = (F)7H(2), Fllo)% < aw < Flp) %,
P Tn < F'(p )%

By our assumptions there holds
(3.9) Fl(p-) <0< F'(ps).
With the help of this entropy solution p we define u = ur by

(Y, t) = p(yn — 9t%/2,1).
As mentioned earlier, the time span (0, T') for the induced subsolution is taken such
that the mixing zone does not touch the boundary of the domain, i.e. T'=T(F, L)
such that
T2
max{ —F'(p-), F'(p+) } £3- < L.

Note here that taking the entropy solution is itself a second choice, besides
imposing the relation (3.6), due to the fact that other, less regular solutions to the
Riemann problem are also conceivable.
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3.3 Kinetic and potential energy

In order to make a further selection in the constitutive law (3.6), we look at the
total kinetic and potential energy induced by F'(u). The subsolution energies are
defined as

1
Eknn(t) = / e(ym t) - mn(yn7 t)gt + §M(yn7 t)92t2 dyna
(—L,L)+3gt?

1
Ep0t<t> ::/ :u(yn’t)g (yn - 59152) dym
(=L,L)+3gt?

Briot(t) := Byn(t) + Epy(t).

The definition of the potential energy agrees with the usual potential energy in
original variables after undoing the transformation (1.15). The definition of Ej;,
is justified in view of Lemma A.5 and the definition of E,,, which together pre-
cisely say that E;,(t) agrees with the total energy of the later induced solutions
(psob Usol) .

We will now rewrite Ej;,(t) and E,.(f) in terms of the function F. Regarding
the kinetic energy we observe that (1.25), (1.30) and (1.32) imply

> D (M(2)) = 3t ).

For convex integration the gap between e and % f has to be strict inside the mixing
zone, but can be taken arbitrarily small. It follows that

1 1
Ejin (1) > / — f(t, pymp) — mugt + ~pg*t* dy, =: Ejy (t).
(—L,L)+1gt2 2 2

Note that Ey;,(t) = Ej;,(t) for non-strict subsolutions.
Plugging our ansatz (3.6) into (3.2), one obtains
242 2,2 pL
\ gt p+tp-—H 2 gt ()2
B0 = [ F(u dy =25 [ alp) R (o) da,
: 2 J g (pr — 1) (n—po) 2 Jo

Here we switched to original coordinates and abbreviated

(p+ —7r)(r —p-)
pytp—1r

(3.10) a(r) :=

Since F' is Lipschitz continuous and vanishing at the endpoints p., the inte-
grand in EJ, is vanishing outside the mixing zone associated with p given through
(3.8). Inside the mixing zone we use

_ gt

9 F'(p(n,t))

T
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as a change of coordinates to find
(3.11)
3t4

g =20 [ am mer ey ar = — 28 [ L () P 0)?) P
4 - 4 dr

In a similar way we rewrite the difference of total potential energy. This time
we can directly start in (x,t) variables to find

L

Epot(t) - Epot(o) = /L(P - pO)gxn dz,
— % o (r — pO(F’(r)gtg/Q))F’(T)F”(r) dr.

pP—
By (3.9) and the monotonicity of F' it follows that

3t4 P+ 1
(3.12) Epos(t) — By (0) = — 2 :

4 ), 2

F'(r)* dr.

Now we are able to estimate the total energy balance from below

Erot(t) = Erot(0) = Ep;n () + Epot(t) — Epot(0)

3.13 Sth [P d 1
(3:13) = ——94 N . (a(r)"'F(r)?) F'(r) + §F’(r)2 dr.
Again, there holds equality for non-strict subsolutions. Note that this shows the
first part of Proposition 1.11. We turn to the second part, i.e. the maximization
of the functional on the right-hand side with respect to F', in Section 3.6.

At this point one observes even without a detailed investigation of this varia-
tional problem that there is a choice that stands out, namely

- _ pe=r)(r—p)
Fi(r) := =Xa(r) = =\ T p— ., A>0,

which can be checked to be indeed a convex function vanishing at p. This choice
turns (3.13) into

* gdt4 1 2 p+ / 2
Eln(t) + Eppr(t) — Eppr(0) = T A — 5 A a'(r) dr
p7

3440 )3
:gt(/br p-) ()\—1) A2

12p1p- 2

(3.14)

We also note that

g (py — )’
24 p+P—

In the following subsection we will study the corresponding local energy balance
and thus show that we indeed obtain a non-strict subsolution induced by F), A < %

(3.15) Epot(t) — Eppt(0) =
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3.4 Non-strict subsolution for F)

Fix A € (0, %] and consider g, m induced by F) as described. In accordance with
(1.33) for non-strict one-dimensional subsolutions, we further set

T, —T.
(- ugt)> €n,

1
3.16 = h =
(3.16) e:=3f, ((6+Q)9t+p+_p_

T2

where Ty = T’y (z) have been defined in (1.23). Note that now all components of
the subsolution, as well as the pressure ¢ and v are determined, cf. (3.3), (3.4).
Our goal is to compute the latter.

Lemma 3.1. There holds
v =(1=2X\)g(m, — pgt) = (1 = 2X)g*tFx(u) < 0.

Proof. Let us go back to the (,y,) coordinates to obtain from (3.2) that, with the
choice of F\ and m,, = gt(u + F\(p)), we have

(3.17) [ = gtmy + (1 = A)gt(m, — pgt),
as well as
2
P+ P+ — M
3.18 T, = ¢*t*'= (1 — A—) ,
(3.18) 2 P+ +p——p
and hence
T, —T_ 242 _
L _ gt ((I_A)Q_Ag p+P 2).
p+—p- 2 (p+ +p-—n)
Consequently
(3.19) h (( + )t+92t2 ((1 D R G >( t)>
. =|(e+q)gt+— — — My — Ugt) | en.
2 (p+ +p— — p)?
Now observe that (3.1), (3.3) and (3.16) yield
2 —2 -2
Oy, (e +q) = 0y, (Ee + q) + 2 Oy, = —0ymy, — Oy, Opn, + nT@yne

(3.20) )
= 0y — 50,.f.

This allows to calculate

1 1
v =0+ 0y h, = §8tf — gtoym,, — Egtaynf

242
gt ( R 2y >

+— (1T =A)"=A Oy, (m,, — pgt
2 (7Y (04 + p — p)? ool )
242
g te 5 1

——5A%p p8n< )mn—ugt-
2 © 7 or t o) )
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A further simple calculation based on (3.17) and d,u + 0, m, = 0 yields

1 1 1 A
§8tf — gtoym,, — §gt0ynf = 59(2 — A)(mp—pgt) — §gtﬁt(mn — pgt)
g2t2

— 7(1 — A0y, (my, — pgt),

from where using that

n — t
D P92 4 gt0,(Fy (1)),

plugging back the expression for F\, and rearranging appropriate terms, we get
that

my, — pgt = Fx(u)gt,  0(m, — pgt) =

v=-\1- A)gzt(m —W=p) A292t2at ((p+ — ) — p—))

P+ +p—— 2 P+ +p——p

gt pip- (p+ =) (1 —p-)
(3.21) + AT (1 — A+ A 2) Oy, ( )
2 (p+ +p- — 1) p++p- —p
343
gt (p+ — 1) (k= p-) 1
+ A3 Pip— Oy, .

2 T oo — " \(ps + oo — )2

Note that this implies ¥ = 0 outside the mixing zone.
Let us now use the fact that p is an entropy solution of

Do + gtdy, (F(p)) =0,
with F)(r) = r + F)(r). Hence we have
- Qy
— 1 n
e = (B (%)),

inside the mixing zone.
We further have

Fw/ -1 )\_|_ A P+P— : F;/ _ F// — 92\ P+pP— )
)\(:u) (,0+ —l—pf _ M)Q A(M) )\(:u) (p+ —l—p, _,u)g

Using the rule for differentiating an inverse function, one then gets

Oy = 1 (_2)% Ve e Ok
FY () gt3 Apyp-gt3
Oy 11— L 2 (pstp —p)?
" F(p) gt? Apyp-gt?

This allows us to compute

o ((m + pl - u)2> - )\p+jgt2’
5, ((p+ — ) — p—)) _ (1 = p+P- > (o +p_ — p)?

Py po—p pr+p-—w?)  Apip-gt*
5 ((p+ —p)(p — p—)) _ (1 B pip- > 2yn(ps +p — p)°
pr+p-—p (py +p- — p)? Apyp_gt®

37



Plugging back into (3.21) we get

U =— )\(1 . )\)QQt(p-I- - M)(M B p—)

pi+p-—p
29t (1 B pyp- ) 2yn(ps + p- — p)°
2 (p+ + p- — p)? Ap+p-gt3
3t3 _ _ - 3
gt (1 A PP 2) (1 B p+P 2) (p+ +p 2#)
2 (p+ +p- — 1) (p+ +p- — 1) Apyp-gt

n A393153p+p (pr —w)(p—p-) 2
2 p++p——p  Apip_gt?

One can observe that the middle two lines above fall out. Indeed, from u(t,y,) =
(Fy)~! <2ﬂ> one has

gt?

2 .
(3.22) LU W W

gt? (py +p- — p)?

Hence we are left with

= 0.

V:—)\(l—)\)g2t(p+_ﬂ)(ﬂ—,0—) +A393t3p y =Wl =p) 2

prtp-—p 2 T o s — o Mpsp_gt®
A2 — 1)g2t(P+ —m=p)
pr+p—

which is indeed non-positive for A € [0, %], and in agreement with the stated

expression. ]

Proof of Proposition 1.10. Since p is given as a rarefaction wave, it is continuous
except at the initial time at the initial interface. Since m is defined with an
additional factor ¢, it is continuous everywhere. Next it is easy to see that f,
cf. (3.17), is continuous across the boundary of the mixing zone with f = ug*t?
outside. Thus e, € C°(2). After integrating (3.3) in y, and using

Omy, — g(p + Fa(p) = ¢°t*(1 + Fy())*0y, i,

one can also see that ¢ and thus h are continuous on all of 2. The continuity of
v follows from Lemma 3.1.

Moreover, the properties of a one-dimensional non-strict subsolution follow
by construction. For (1.24), see (3.18). Finally (1.35) has been computed in
(3.14). O

3.5 Passing to a strict subsolution

Let us now consider only the periodic case = T ! x (=L, L) and X € (0,1/2)
fixed. In order to have a strict subsolution inside the mixing zone, we may modify
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the above construction simply by redefining

1
e =5 f +0t%(ps — (1 —p-)’,

for 6 > 0 small enough. For the rest of the construction we leave p, m,,o un-
changed. As such also T4, cf. (3.18), remains unchanged. We define once more ¢
through (3.3) and A via (3.19), both with respect to the modified e. With these
choices (1.25) holds true, for instance with ¢ = 1.

Observe that although the expression for h depends on e, ,, h,, does not, since
0y, (e+¢) remains unchanged in view of (3.20). We then have, using the calculation
of the previous subsection, that

v =0 + Oy, hy, = A2\ — 1)92t(p+ — W =p-) +26t(py — ) (p — p-)?

py+p-—p
2yn(py +p- — p)°
26t%(p. — —p_ =) (-
+ 20t (p+ — ) — p-)(p+ +p u)( VT
2yn(p+ + p— — p1)°
= |26 - —p ) — -2
{ <(p+ ) —p-) = (p+ + p— —2p) Nop_al?
)\(2)\—1)92}
+ "ty — ) — po).
ot — g (p+ — 1)( )
By (3.22) we may write
2 _— ) _—p) _
Yn(ps +p 2u) _(prtp-—n) (1_A+A PP 2)
App-gt Apip- (p+ +p- — )
py +p- —p)’
Z(l—A)“A ) + o+ o-— i
P+pP—

which is bounded for p € [p_, p;], and consequently we get

2yn(ps +p- — p)°
0<Ci= max |(or = w(u—po) = (o +po — 20 20t L 1)

< +00.
pelp—.p+] App_gt?

We may pick 0 < § < —%/\(z’\p—il)f to obtain that

AN — 1)92) <o

v <t — —p_) |20 +
(e =il p) (204 20

This concludes the construction of a strict subsolution which globally dissipates
energy, associated with any F\ for A € (0,1/2). Finally, concerning the error with
respect to the old dissipation measure we may observe that

v — (1= 2X\)g(my, — pgt)| < 2C6t(p1 — p) (1 — p-).

This concludes the proof of Lemma 1.12.
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3.6 Variational problem for F

This subsection further emphasizes the special role of the family F), or rather the
particular member F' 1, among all non-strict one-dimensional subsolutions satisfy-
ing a constitutive relation

my = gt(p+ F(p))
for some F € C*([p_, p;]) uniformly convex and vanishing at the endpoints. We
already have seen in (3.13) that the associated total energy balance reads

Bion(t) + Byalt) — Eyu(0) =~ 1(F),
where
I(F) = / " dii (a(r) " F(r)?) F'(r) + %F’(T)Z dr,
o)

p+t+p-—r

Imposing at this point maximal total energy dissipation as a selection criterion
amounts to maximizing the functional Z. The main goal of this subsection is to
show that this variational problem has F 1as its unique global maximizer. This
then completes the proof of Proposition 1.11.

We abbreviate the set of functions containing all convex (not necessarily uni-
form and not necessarily C?) F : [p_,p.] — R with F(p_) = F(py) = 0 by
F.

Proposition 3.2. There holds
3

Lo 1 (ps —p.)
supZ(F)=2Z(—a/3 :—/ a,/'err:_—
FeIf) (F) (=a/3) 54/, (r) 54 3pip—

and F' = —a/3 is the only function in F for which the supremum is attained.

We begin with some basic observations. First of all we note that a is a smooth
concave function on [p_, p; | with simple zeros at the end points.

Let F' € F. Since F : [p_, pi] — R is Lipschitz continuous and vanishing at
the endpoints, there exists a function H € L®(p_, p4+) N W™(p_, p,), such that

loc
F(r)=—a(r)H(r).
Moreover, F' < 0 by convexity and thus H > 0.
In terms of H the functional Z can be rewritten as
P+ q
I(—aH) = / §(CLIH +aH')? — (aH?) (a/H + aH') dr
p—
1

pq
= / §a2(1 —4H)(H')* + §(G/>2H2 +ad HH' — (a/)*H® — 3aad’ H*H' dr
p7

_ p+1 201 _ /2_1 nrr2iq _
= 50 (1-4H)(H') 500 H*(1—-2H)dr
p—

= J(H).
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We remark that although the derivative of H might diverge towards the endpoints,
the above integration by parts is justified due to the fact that a’, H and hence also
aH' = —F' — a’H are essentially bounded on the full interval (p_, p, ).

For later use we will also introduce corresponding restricted functionals

"1 1
T (H) i= [ 5021~ A)(H'P = o (1~ 2H) dr

T1

Liry o) (F) := /TQ(a(m—lF(ry)/F/(r) + %F'(T)Q dr,

where p_ < r; <17y < py. Repeating the translation from Z to J but taking this
time boundary terms into account, one finds

(3.23) Ly ) (—aH) = Tiyy vy (H) + [ad (H? /2 — H?)]?

r=ry "’

Defining the set

H:={HecLp_,ps)N Wh®(p_,ps):0< H, —aH convex } ,

loc
our discussion so far has shown the following statement.

Lemma 3.3. There holds

sup Z(F) = sup J(H).

FeF HeM
Thus Proposition 3.2 follows from the following lemma.

Lemma 3.4. For all H € H there holds J(H) < J(1/3) and the inequality is
strict for H # 1/3.

Proof. Let H € H and set F' = —aH. For the comparison to H = 1/3 we split

(3.24)
1 1 1
J(H)—J(1/3) = / —a*(1 —4H)(H')? — ~ad"H*(1 — 2H) + —ad" dr
(rH(r)>1/4}) 2 2 54

1 1 1
- / —a*(1 —4H)(H')* — Zad"H*(1 — 2H) + —ad” dr.
(rH(r)<1/4} 2 54

The first term can be estimated from above by 0 as can be seen by 1 —4H < 0,

—aa” > 0 and
1\? 2 1
sup{xQ(l—Qx)::czO}:<§> (1—5):2_7'

For the second part, we write the domain of integration {r: H(r) < 1/4} as
a disjoint union of maximal intervals such that at each boundary point rq of these
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intervals there holds H(rg) = § or ro € {p_,p+}. In any of the cases we can
conclude

1

(3.25) alro)H (ro)* = a(ro) (Z)k k€N,

Let now (r1,72) C {r: H(r) < 1} be such a maximal interval. By (3.23) and
(3.25) we can rewrite

(3.26)

1 1 ,
Tours () = Tosra113) = Tsral ) = Tiro-03) + (37 = g )l

Now F' = —aH is a convex function with —3a(r) < F(r) < 0 for all r € (r,72).
We claim that

1 2
(327) I(Tl,m)(F) < I(T17T2)(_a/4) - 6_4/ (a/)Q dr.
r1

Indeed, let us for simplicity assume that Fj, ,,) is C®. The general case can be
justified by approximation, e.g. (r1,72) by (r1 +&,79 — €), F' and a by mollified
versions I, a., or directly by interpreting F” as a measure and the corresponding
boundary terms in a trace sense. Using (3.25) we compute

r2 [ 2 F /
I(T1,T2)(F) = / (— + 5) F/ d?"
T1

a

T2 [ F2 F y 1 ,”
—/m (7*5) (=5 dr+ K‘Ea) F}

and observe that for each @ > 0 the map B, : R — R,

1‘2 X

Ba(l’) = E+§

is monotone increasing precisely on [—a/4,00). Since by assumption F(r) >
—a(r)/4 for r € (r,r3), and —F" < 0, there holds

" 1 1" 1 /T,2 =1,
I(m,m)(F)S . —1—66l (_F )d?”—l— —1—66LF T:h:— . 1—6aF dr

1 T2 //Fd + 1 /F T2 < 1 T2 " d + 1 , T2
= — a T ——Q — a adar —aa
16 /., 16 ], ~ 64/, 64 |,
1 [
= — (a')? dr
64

In the second to last inequality we have used that a is concave, and once more
(3.25). This shows (3.27).
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Using this estimate in (3.26), we find

11 )
Tonr(H) = Tirr1/3) < T/ =~ Toro-a/3) + (55 = 5 ) a2,

11 ) </’"2 ne s
=(— - — (a") dr—[aa]r:T1
(64 51) \J,
1 1 2
— <6_4 — 5—4) / —ad” dr < 0.

This finishes the proof of J(H) < J(1/3). The above estimate also shows that
J(H) < J(1/3) provided the set {r: H(r) < 1/4} is not empty. If it is empty,
only the first integral contributes in (3.24) and it is easy to see that one obtains a
strict inequality except for H = 1/3. O]

Our last result addresses the selection criterion from [45, 46] mentioned in
Section 1.5.3. More precisely, if we form instead of the total energy E},,(t)+ Epo(t)
the time derivative of the associated action, i.e.

% A(t) := B, (1) — Ep(2),

we have the following optimization result, which implies that the stationary inter-
face p(x,t) = po(x) is preferred by the strict least action admissibility criterion of
[46] when postulated in the set of subsolutions considered.

Proposition 3.5. The map F € F — I(F) = g% (LA(t) 4+ Ep(t)) has a strict
minimizer given by F = 0.

Proof. 1t is easy to check that
A( ) + Epot(0) =

gt 1
/ a’(1+4H)(H')* — §aa”H2(1+2H) dr > 0.
p

Thus H =0, i.e. F' =0, is the strict minimizer of the above quantity. O

A Definitions and accelerated coordinates

For completeness we collect here rigorous definitions of (sub)solutions to the Euler
equations with energy inequality, and a few words on the change of coordinates.
Recall that © can be a bounded domain in R", n = 2,3, or Q = T"! x (-L, L),
and T" > 0. Since it is enough for our purposes to have essentially bounded velocity
fields v, we refrain to formulate the definitions below in the slightly more general
setting v € L3(Q2 x (0, 7).
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We also note that we further require the pressure to have an L' trace in the
spatial variable, due to considerations of how the total energy balance behaves
under the change of coordinates (1.15), see also the proof of Lemma A.4. As such,
we also consider test functions in the distributional formulation of the equations
which need not to vanish on the spatial boundary of the domain. We would like
to point out that this somewhat unusual condition does not pose an issue for us
as the convex integration solutions obtained by Theorem 1.5 inherit the pressure
of the more regular subsolution. Also, the statement of Theorem 1.5 remains true
with a more common weak formulation, but Lemma A.5 below might not.

Definition A.1 (Weak solutions). Let vy € L*>(2; R™) be a weakly divergence-
free vector field satisfying (1.4) in the sense of distributions, py € L*>(Q2) with py €
{p—, p+} almost everywhere. We say that the tuple (p,v,p) € L>=(Q2 x (0,7); R x
R"xR), p € L'(90Qx(0,T)) is a weak solution to (1.2), (1.3), (1.4) with initial data
(po, o), if for any test functions ® € C*(Q x [0, T); R™), U1, ¥y € CZ(Q x [0,T)),
Uy > 0 we have

T
/ / [(pv) - 0P + (pr ® v + pid) : VO — gp®,,| dx dt
Q
" T
—/ / p® -7l dx dt + / po(x)ve(z) - P(x,0) doz =0,
0 Joq 0

T
/ /U-V\Ifld:vdtzo,
0o Ja

/OT/Q[Patllll—l-(,Ov)-V\Ifl] dx dt+/on(x)\Ifl(a:,0) dx =0,

T 2 2
/ / K% + ,og:vn) AL <(p|;‘ + pgx, +p) v) . V\Ifg] dx dt
0o Jo

+/Q (M + Po@)g%) Wy(z,0) dz > 0.

The measure defined through the left-hand side of the last inequality is called the
energy dissipation measure and denoted by v. More precisely, the left-hand side
coincides with —v[Wy].

Weak solutions to the transformed equations (1.14), (1.16), (1.17) are under-
stood in the following similar sense. The accelerated domain & has been defined
in (1.13). We also set

7 = |J 20 x{t}, 0a2:= |J 02(t) x {t}.

te[0,T) te(0,7)

Definition A.2. Let py, vy be as in Definition A.1. The tuple (p, w, q) € L= (Z;Rx
R" xR), ¢ € L'(0,42) is a weak solution to (1.14), (1.16), (1.17) with initial data
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(po, vo), if for any test functions ® € C°(Z;R"™), Uy, ¥, € C°(Z), ¥y > 0 we
have

/ () - 9B + (pw @ w + qid) : V] da dt
7
T
—/ / q® -7 dy dt + / po(x)ve(z) - P(x,0) dox =0,
0o Jog) Q
/ [w — gte,] - V¥, do dt =0,
@
/ (0¥, + (pw) - VU] do dt + / po(z)W¥y(z,0) de =0,
7 Q

2 2
/ {“';" 8y + ((“‘%l +q) w> -V\IJQ} da di
9

T 2
—/0 gt/{)g()q\lfgen-ﬁd:c dt—i—/ﬁwﬁb(wﬁ) dx > 0.
7 (t

2

Here the local dissipation measure is once more defined in the same way as in
Definition A.1.

Definition A.3. Let py, vy be as in Definition A.1, set ¢y := %po |vo|2 and let
Ve (Cfo (@3) be a negative measure. Similarly to above we say that the tuple

(y,w,m, hyo,e) € L®°(Z; RxR"xR" xR x §)*" xR) together with a pressure ¢ €
L>¥(2)N LY (0ra?) is a weak solution to (1.16), (1.19) with initial data (po, vo, €o),
if for any test functions ® € C*(Z ;R"), ¥ € C°(Z ) we have

2 T
/ {m-@@—l—(o—l——eid—l—qid) :V@} dwdt—/ / q® -1 dx dt
9 n 0 9(t)

n / pol)uol) - B(w,0) d =0,

/ [w — gte,] - V¥ dx dt = 0,
9
/ (o +m - VU] dx dt + / po(z)¥(x,0) dx =0,
7 0
T
/[eat\ll—i—h'v\lf] dxdt—/ gt/ qVe, - il dx dt
2 0 29(t)

—l—/Qeo(x)\If(x, 0) de = —v[¥].

Concerning the change of coordinates introduced in Section 1.1 we would like
to sketch the following equivalence.

Lemma A.4. Let (po,vo) be as in Definition A.1. The tuple (p,v,p) is a solution
with initial data (po,vo) in the sense of Definition A.1 if and only if (u, v, q) defined
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through (1.15) is a solution with initial data (po,vo) in the sense of Definition A.2.
Moreover, there holds (1.18) in duality with respect to C2°(£2 x [0,T")).

Proof. Let ® € C(Qx [0,T); R™), ¥y, ¥y € C2(QAx[0,T)), ¥y > 0. We will show
that the equivalence of weak solutions and dissipation measures follows straight-
forwardly by applying the transformations y = = + %then and (1.15) directly in
the integrals in the respective definitions. Indeed, we can begin by noting that
the left-hand sides of the second equations from Definitions A.1 and A.2 coincide
trivially.

Furthermore, if one defines

(i)<y7t) = (I)(y - gt2/2€mt> = (I)<x7t>7

one has

0 (y.1) = L (@(y — g2 2e,.1)) = QB(x,1) — g1, B(a 1)

similarly for ¥, and Ws.
Then, the second easiest terms to check are the left-hand sides of the third
equations from both definitions, since from (1.15) one has for almost every (z,t) €

Q2 x (0,7) that

wuly, )01 (y, 1) + (uly, w(y, 1) - VI (y, 1) =
p(x, )0V (x,t)—gtp(x, )0,V (x, t)+gtp(z, )0,V (2, )+ (p(x, t)v(x, t)) VU (z, 1)
= p<x’t)8t 1( J ) + (p(x,t)v(x,t)) ’ V\Ijl(l‘?w'

Next, for the equivalence of the left-hands sides of the first lines of the two
definitions, we write

((y, Dw(y, ) - 0 (y, 1) + (uly, hw(y, 1) © w(y.t) + q(y, ) id) : V(y,1)
= (p(z, t)(v(z, ) + gten)) - 0, (x, 1) — gtp(x, t)(v(z,t) + gten))0nP(z, 1)
+ (p(x, t)(v(x, t) + gte,) @ (v(z,t) + gte,) + p(x, t)id) : VO(z,t)
= (p(z,t)v(z,t)) - 0:P(x,t) + (p(z, t)v(z,t) @ v(x,t) + p(2,t)id) : VO (2, 1)
— gp(z, 1) @n(z,1) + (p(z,1) 0 (gt Pn (2, 1)) + plz, t)v(x,1) - V(gtPp(, 1))
After integrating over the whole domain, the integral of the terms in the last
parenthesis is zero, by applying the third equation in Definition A.1 with ¥, :=

gt®,,, hence the equivalence follows.
Finally, to see that the dissipation measures coincide, through a similar calcu-
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lation as above, we note that

w2 - wl? N e 242
M|2| Oy + <(“|2| +q) w) -V\If2=p(%+gtvn+97> 0y Vs

of? gt
+1p TJrgtvn—l—T +p vV, + gtpo, ¥y

v|? v)?
= (% + pgxn) 0y + ((% + pgxy, +p) v) -V,

g2t2 92?52
+ po; (7\D2> +pv-V (T\IIQ) — pO; (gx, Vo) — pv - V (g, V2)
+ (pv) - Oi(gt¥ae,) + (pv @ v + pid) : V(gtWae,) — gpgt¥s.

After integration, it is easy to check that the terms in the last two lines yield
precisely

T
[ po@gravae0) dot [ gt [ pwac, i do
Q 0 o0

by applgfgng the first and third equations of Definition A.1 with ® := gtWse, and
v, = %\112 — gr, V5. Thus we have shown that

T 2 2
/ / [(p!;}] + pgmn) Vs + ((p!;}] + pgxy, +p) v) . V\IIQ} dz dt
0 Jo

+/Q (M +po(:v)g:rn) Wy(z,0) do = /Q M%(%O) dx

2 2

T B 2 2 ~
—/ gt/ qVse, - dx dt+/ [M@\Pg + ((M + q) w) . V\IJQ] dx dt.
0 89(t) g 2 2

By formal partial integration and (1.16) one sees that the latter is indeed the
distributional formulation provided by Definitions A.1 and A.2 of the equality
stated in (1.18). O

Finally, we state an exact relation between the total energy of the convex
integration solution in original variables and a quantity depending linearly on
their subsolution in accelerated variables.

Lemma A.5. Let z be a subsolution with pressure q, dissipation measure v and
initial data (po, vy, e = 1/2p0 [vo]?). Let (psor, Vsot) denote the solutions induced by
Theorem 1.5 and transformation (1.15), and assume that v is not only a measure,
but an L' function. Then the total energy of the solutions satisfies

1
/ = Psol |Usol|2 + PsoldTn dr = / € — mngt + HGYn dy
Q 2 QJr%th

Proof. Let us first note that, similarly to [42, Remark 1.2 b)], if one assumes that
v is in addition an L' function, one can show proceeding as in [30, Lemma 8| that
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for any ¢ € L*(Q), the map [0,T) > t fQ (%psol !Usoz\2 + psolg:z:n) ¢ dx can be
assumed to be continuous. Thus, for fixed ¢t € [0,7") we may formally use a test
function Wy(x,7) := Loy (7)la(x) in Definition A.1, by a standard mollification
argument and passing to the limit. One may apply a similar argument concerning
the expression e — m,, gt + pugy,.

We denote by vy, the dissipation measure of the induced solutions (pse, Vser), by
Vs the dissipation measure of the transformed solutions (ftser, Wser ), and ‘ilQ(y, t) =
Uy(z—1/2gt%e,,t). Lemma A.4, in particular (1.18), and Theorem 1.5 then imply

Vsol [\112] = Dsol [\i’2] = V[\I]2]~
Thus, Definitions A.1 and A.3 yield

1
_/ <§psol |Usol|2 + psolgxn> dz —I_/ (pﬂ ‘20‘ + pOgl'n) dr = _Vsol[\IIZ]
Q Q
3 t
:—V[\Ilg]:—/ edy+/eody—/g7'/ gen - 1 dy dr.
(1) Q 0 09 (r)

On the other hand, through a similar argument as above, one may also use
Oy, 1) = gT¥ae, = g7l (T)e, as a test function for the first equation of Defi-
nition A.3 to get that

t
/ gT/ gen - dy dr = / mnOr(g7¥2) dy dr
0 09(t)

/ mpgt dy+/ m - V(gy,Vs) dy dr

(A.1)

/ mugt dy — / PogYn dy — /9 10 (9yn¥e) dy dr

- / mpgt dy — / PogYn dy + / 19Yn dy,
2(t) Q 2(t)

where in the penultimate step we also used ¥ := gy, ¥, in the third equation of
Definition A.3. Combining the above with (A.1) and the fact that ey = 3po |vo|?
finishes the proof. O
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