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ARTICLE INFO ABSTRACT

Keywords: redCollective-failure risk can promote cooperation when cooperative behavior reduces the
public goods game probability of a shared loss.Existing studies usually embed risk mitigation in the contribution
collective risk itself, whereas many real systems rely on a separate costly and non-excludable protective
quorum-activated protection activity that requires a participation quorum. Whether such protection can evolve and persist
replicator dynamics remains unclear. Here, we formulate an N -player public-goods game with ordinary cooperators,
saddle-node bifurcation defectors, and protective cooperators. Defectors endogenously increase a saturating probability

of collective failure, whereas protective cooperators incur an additional cost and reduce this
risk for all group members once their number reaches the quorum. Replicator analysis and
numerical bifurcation calculations yield three main findings. First, protective cooperation gains
an advantage when the focal participant completes the quorum and the resulting expected
loss reduction exceeds its additional cost. This advantage varies non-monotonically with group
composition. Second, when a single protective cooperator cannot activate protection, protection
effectiveness does not enter its first-order invasion fitness at full defection; greater effectiveness
cannot overcome the rare-invasion barrier when full defection is locally asymptotically stable.
Third, a boundary saddle—node bifurcation creates a saddle and a locally asymptotically stable
coexistence equilibrium of defectors and protective cooperators. When full cooperation and full
defection are also locally asymptotically stable, three attractors coexist, and the numerically
observed evolutionary outcome depends on the initial population composition. These results
distinguish the effectiveness of activated protection from its ability to become established from
rarity.

1. Introduction

Cooperation enables individuals to produce collective benefits that cannot be obtained independently, yet it
is vulnerable to free riding. Explaining how cooperation emerges and persists despite this conflict is a central
problem in evolutionary theory [1, 2]. The public goods game (PGG) provides a standard representation of this
dilemma. Cooperators pay a personal cost to generate a shared return, whereas defectors obtain the return without
contributing [3, 4]. When the individual return from contributing is lower than its cost, selection favors defection even
though universal cooperation would yield a better collective outcome. The PGG therefore captures the evolutionary
basis of the tragedy of the commons [5-7].

Evolutionary game theory has identified several mechanisms that can offset the individual advantage of defection.
Five canonical routes are kin selection [8], direct reciprocity [9], indirect reciprocity [10], network reciprocity [11], and
group selection [12]. These mechanisms promote cooperation through distinct evolutionary channels. Kin selection
relies on genetic relatedness, direct reciprocity on repeated interactions, indirect reciprocity on reputation, network
reciprocity on structured populations, and group selection on differences in success among groups [13—16]. Incentive
mechanisms provide an alternative route by directly modifying the payoff difference between cooperation and defection.
Costly punishment and reward can promote cooperation [17-19], although their effectiveness may be limited by
implementation costs and second-order free riding [20-22]. Institutional and behavioral rules, including voluntary
participation [23], optional exit [24, 25], and social exclusion [26-28], provide further routes by regulating entry
into collective interactions or access to shared returns. Together, these studies show how assortment, incentives, and
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Bifurcation and multistability under quorum protection

participation rules can favor cooperation in ordinary public goods games [29, 30]. A different problem arises when
defection not only reduces public-good provision but also increases the probability of a collective failure that affects
every group member.

The collective-risk social dilemma formalizes this shared-loss structure by imposing a probabilistic loss when
a group fails to reach a collective target [31, 32]. Experiments show that sufficiently severe risk can increase
contributions, although high risk or scientific uncertainty alone does not guarantee collective success [33, 34].
Evolutionary analyses further show that contribution targets create coordination barriers and that risk magnitude,
group size, and target strictness can generate multiple evolutionary outcomes [35-38]. In spatial populations, group-
performance-dependent risk can help avert collective failure, although excessively demanding targets may weaken the
cooperative effect of stronger risk feedback [39]. Subsequent extensions have examined inequality, intergenerational
sustainability, communication, insurance, and feedback between population behavior and the risk environment [40-
46]. Communication of group sentiment and intended investment can also reverse inaction by improving coordination
under shared risk [47]. More recent studies have broadened this institutional perspective by introducing centralized
monitoring and reporting, competing risk-sharing arrangements, adaptive collective targets, and joint feedback among
cooperation, risk, and cost [48—52]. These studies demonstrate that institutional responses and endogenous feedback
can reorganize the equilibrium structure and generate initial-condition-dependent outcomes. Nevertheless, typical
public-good provision is generally not separated from a distinct, cost-bearing, and non-excludable protective activity
whose effectiveness depends on its own participation quorum.

In many real systems, preventing catastrophic loss often requires protective activities that are fundamentally distinct
from ordinary public-good provision. This type of protection entails additional operating costs and activates only once
participation reaches a prescribed quorum, after which it reduces risk for everyone regardless of their contribution.
For instance in cross-border epidemic control, ordinary contributions typically fund routine public-health services.
Protective cooperation, by contrast, finances joint disease surveillance, interoperable early-warning systems, and shared
laboratory capacity. The participation quorum defines the minimum network of regions required for reliable detection.
A similar logic applies to regional disaster prevention. Here, protective cooperation builds connected flood-control
and monitoring infrastructure beyond standard public services. These systems activate only when enough jurisdictions
participate, yet their protective shield is entirely non-excludable. Because such protection is inherently costly, quorum-
dependent, and non-excludable, the evolutionary conditions required for its emergence remain a challenging open
question.

To address this gap, we develop an N-player evolutionary public-goods game that explicitly separates risk
mitigation from ordinary contributions. The population consists of ordinary cooperators, defectors, and protective
cooperators. Both ordinary and protective cooperators contribute to the public good, while protective cooperators also
incur an operating cost. The probability of collective failure increases and gradually saturates with the number of
defectors, making risk endogenous to group composition. Protection reduces this probability for every group member,
including defectors, but becomes active only when the number of protective cooperators reaches a prescribed threshold.
We derive the expected payoffs under random matching, establish the local invasion and stability conditions of the
three-strategy replicator system, and use numerical branch tracking to locate changes in its equilibrium structure. The
results show that the advantage of protective cooperation varies non-monotonically with group composition because it
is concentrated in configurations in which the focal individual completes the quorum. When activation requires more
than one protective cooperator, a rare protective cooperator cannot activate the mechanism, so changing protection
effectiveness does not alter its first-order invasion fitness at full defection. If full defection is locally asymptotically
stable, even a highly effective protective mechanism cannot overcome the resulting rare-invasion barrier.

Sufficiently effective protection can nevertheless create a locally asymptotically stable coexistence state at a positive
protective-cooperator frequency through a boundary saddle—node bifurcation while full defection remains locally
asymptotically stable. When full cooperation is also locally asymptotically stable, the resulting tristability makes the
numerically observed outcome depend on the initial population composition.

2. Model and methods

2.1. Population and strategies
Consider an infinite, well-mixed population whose members repeatedly form groups of size N > 3. Each individual
uses one of three strategies: ordinary cooperation (C), defection (D), or protective cooperation (.S). Let x, y, and z
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Bifurcation and multistability under quorum protection

denote their population frequencies. The state space is the simplex
Ay = {(x,y,Z)ERio |x+y+z= 1}.

Under random matching, the strategies of the other group members are sampled independently from these frequencies.

Within any realized group, individuals adopting either strategy C or .S contribute a fixed cost ¢ > 0 to a public pool,
whereas D-players contribute nothing. This aggregate contribution is multiplied by a synergy factor r and distributed
equally among all N group members. By imposing the standard social-dilemma condition 1 < r < N, any individual
contribution increases the collective payoff (» > 1) yet yields a net personal deficit (/N < 1) in the hypothetical
absence of collective risk. Furthermore, beyond the baseline contribution ¢, strategy .S incurs an independent operating
cost k > 0 per interaction, strictly regardless of whether the protective mechanism is ultimately triggered.

2.2. Collective risk and quorum-activated protection
Crucially, defection endogenously generates a shared risk of collective failure. For a realized group containing d
defectors, the failure probability is

pd)y=1-e7=1=p?, y >0, €]

where y measures the sensitivity of collective failure risk to the number of defectors and p = ¢77 € (0, 1) is the
multiplicative survival factor associated with one defector.

This exponential specification assumes that each additional defector multiplies the groups probability of avoiding
failure by a constant factor p. This formulation naturally keeps the failure probability bounded between zero and one,
yielding p(d+1)—p(d) = (1—p)p? > 0 Consequently, the collective risk strictly increases with the number of defectors,
yet its marginal impact diminishes as failure becomes increasingly certain. Saturation is therefore a highly appropriate
assumption for scenarios where additional free-riding inflicts less marginal damage on a group that is already severely
exposed to collective collapse.

Crucially, the core pivotality mechanism driven by the quorum rule does not rely on this specific exponential form.
For any alternative bounded and monotonically increasing risk function satisfying p(0) = 0, the strategic advantage of
a focal protective cooperator emerges precisely when its participation completes the quorum. Similarly, the structural
rare-invasion barrier remains universally robust: whenever activation requires multiple cooperators, a single mutant
cannot trigger the mechanism, meaning the actual protection effectiveness drops out of the first-order invasion fitness
entirely. However, the exact closed-form simplifications, specific equilibrium coordinates, and numerical bifurcation
thresholds do remain dependent on the chosen exponential specification.

If collective failure occurs, every group member suffers the same additive loss L > 0, independently of the public-
good return, and no transfers occur between strategies. Collective protection is activated if and only if the number of
protective cooperators reaches an integer quorum M € {2, ..., N —1}. Once activated, protection reduces the baseline
failure probability by the fraction w € [0, 1]. To avoid notational overlap with repeated-game models, we explicitly
note that throughout the manuscript, @ exclusively denotes protection effectiveness. A group containing d defectors
therefore faces the residual failure probability p(d) when the quorum is not reached and (1 — w)p(d) when it is reached.
Because the reduction applies to every group member, including defectors, activated protection is non-excludable rather
than a targeted sanction.

We restrict the quorum to M € {2,..., N — 1} to focus on the nondegenerate coordination problem. If M = 1,
a single mutant can activate protection, so w enters its first-order invasion fitness near full defection. If M = N,
activation requires an all-S' group, which contains no defectors and has baseline risk p(0) = O; protection is therefore
redundant.

2.3. Payoffs in a realized group

Let n = N — 1 be the number of co-players of a focal individual, and let i, j, and m be the numbers using strategies
C, D, and S, respectively. Thus, i + j +m = n.

For a focal C- or D-player, protection is activated when at least M co-players use strategy .S, so m > M. A focal
S-player counts toward the quorum and therefore requires only m > M — 1 protective co-players.

S. Li et al.: Preprint submitted to Elsevier Page 3 of 26
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Bifurcation and multistability under quorum protection

Letting [z denote the standard indicator function — yielding 1 if event £ occurs and O otherwise — the expected
payoffs for the three strategies, conditional on the realized co-player composition, are formulated as

rei+m+1) ;
e = T —C —LP(J) [1 —Cl)l]sz] ’
i +
rei +m+1) ;
rg = T e — k= Lp(i) [ = @by

L

In each payoff, the first term is the focal player’s share of the public-good return. Strategies C and S pay the
contribution cost ¢, and strategy S also pays the operating cost k. A focal defector increases the total number of
defectors from j to j + 1, so its failure probability is p(j + 1). The final term is the expected collective loss, with the
indicator function imposing the appropriate quorum condition for each focal strategy.

2.4. Expected payoffs under random matching

Under random matching, the focal individual’s co-player composition satisfies (i, j, m) ~ Multinomial(n; x, y, z).
The expected payoff of strategy £ € {C, D, S} is P, = E[x,(i, j, m)]. These multinomial expectations are evaluated
exactly in Appendix A.

Define the expected non-failure factor ¢ = x + z+ py = 1 — (1 — p)y. A randomly sampled co-player contributes a
factor 1 if it uses C or S and a factor p if it uses D, so the expected factor is q. Independence of the n draws then gives
q" = E[p/] = E[e”7/], where j ~ Binomial(n, y).

Furthermore, to capture the threshold-dependent activation of the protective mechanism, we introduce the risk-
weighted activation terms for a generic integer threshold 2 € {0, ..., n} as follows:

Ty, = E[p()lsp] » TP =E[p( + Dlysp) - 3)

These quantities are risk-weighted activation terms rather than activation probabilities, because each threshold-
satisfying composition is weighted by its state-dependent failure probability. Thus, w7}, and a)ThD give the expected
reductions in failure probability, whereas LwT}, and LT, hD give the corresponding expected losses avoided by
protection. Their finite-sum expressions are derived in Appendix A.2.

By setting & = 0, we effectively remove the activation filter, which yields:

To=1-4", TOD =1-pq". €]

In this context, T}, signifies the expected baseline unprotected failure probability faced by a focal contributor, whereas
TOD incorporates the marginal risk increment induced by a focal defector.

Aggregating these mathematical components, the expected population-level payoffs for the three strategies are
formulated as:

re[l + n(x + z)]
PC=T—C—L[TO—COTM],
ren(x + z
<PD=%—L[TOD—COTA3], (5)
1
PS=W_C_IC_L[TO_(DTM—I]'

Structurally, the first component in each payoff equation captures the expected share of the public-good return, the
second component accounts for the strategy-specific investment costs, and the final bracketed term reflects the residual
expected collective loss after accounting for the protective mechanism. Notably, the activation index shifts from M to
M — 1 exclusively for a focal protective cooperator (Pg), accurately reflecting the endogenous property that the focal
individual’s own participation counts toward satisfying the critical activation quorum.
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Bifurcation and multistability under quorum protection

2.5. Selection gradients

To analytically isolate the marginal protection benefit uniquely conferred by strategy .S, we define the pivotal
threshold probability as W, := T,_; — T),. Because the events m > M — 1 and m > M differ exclusively at the
discrete boundary m = M — 1, this quantity can be explicitly expanded as

War = E[p(G)lpepr-i]

(6)
— <Mn_ 1>ZM—1 [(] _ Z)H—M+1 _ (x + py)n—M+l] .

The quantity ¥, represents the risk-weighted probability that the focal protective cooperator completes the activation
threshold. Consequently, the payoff difference between protective and ordinary cooperators reduces to the exact identity

Here, Lo¥,, is the expected collective loss avoided because the focal player is pivotal for activation. Protective
cooperation is favored over ordinary cooperation if and only if this expected pivotal benefit exceeds the fixed operating
cost k.

To facilitate the subsequent dynamical analysis on the state space, we eliminate the frequency of defectors by
substituting y = 1 —x — z. From this point onward, the variables g, R,,, and ¥,, denote their corresponding composite
functions evaluated on the reduced two-dimensional simplex, ensuring that all partial derivatives with respect to x and
z are strictly taken within this constrained domain. We then define the selection gradients relative to defection as

For notational brevity, all structural parameters other than the protection effectiveness w are suppressed from the
function arguments.

To express these selection gradients in closed form, we introduce the baseline marginal payoff parameter a =
% — ¢ alongside the threshold-dependent expectation term R,, = E [pj 0> M]. As formally derived in Appendix B,
substituting these components yields the exact closed-form expressions:

Ax,z;w) = a+ L(1 — p) [¢" — oRy] , 9)
B(x,z;w) = A(x, z; 0) — k + Lo¥,,. (10)

The constant a captures the direct payoff consequence of replacing a defector with a contributor in the absence of
collective risk. The bracketed term in A(x, z; w) gives the associated reduction in expected collective loss, including
groups in which protection is already active. The function B(x, z; @) additionally incorporates the operating cost k and
the risk-weighted pivotal benefit Lo'¥,, specific to protective cooperation.

2.6. Replicator dynamics

To model the evolutionary trajectories of the competing strategies, we first establish the mean population payoff,
defined as P = x P + yPp + zPg. By absorbing an arbitrary positive selection rate into the time scale without loss of
generality, the temporal evolution of the strategy frequencies is governed by the standard replicator equations [53, 54]:

y=y(Pp—P), (11)
z=z(Pg— P),

where the overdot denotes differentiation with respect to evolutionary time.
Because the population frequencies must rigorously sum to unity, eliminating the defector frequency via y =
1 — x — z allows us to mathematically project the dynamics onto the reduced two-dimensional state space, formally

defined as the simplex A, = {(x, z) € Rio |x+z<1 } By substituting the previously derived selection gradients
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Bifurcation and multistability under quorum protection

from Eq. (8) into this framework, the continuous-time evolution on the reduced simplex can be explicitly expressed as
the planar system:

12)

{x =x[(1 = x)A(x, z; ) — zB(x, z; w)],
z=2z[(1 = 2)B(x, z;w) — xA(x, z; w)] .

Structurally, the boundaries of this simplex constitute invariant manifolds. Specifically, the coordinate edges x = 0
and z = 0 remain strictly invariant because the evolutionary growth rate of any strategy is inherently scaled by its
own frequency, thereby preventing an absent strategy from spontaneously emerging. Similarly, the diagonal boundary
spanning x + z = 1 is dynamically invariant, as this condition corresponds to a population entirely devoid of defectors
(y = 0), rendering y = 0 within the original full system in Eq. (11). Together, Equations (9), (10), and (12) form the
closed, rigorously defined planar dynamical system that serves as the analytical foundation for all subsequent stability
and bifurcation analyses.

2.7. Equilibria and local stability

To facilitate a rigorous stability analysis of the dynamical system, we first rewrite the planar equations (12) in the
generalized vector field form x = F(x, z; w) and Z = G(x, z; w), and correspondingly define the associated Jacobian
matrix of the system as

Tz 0) = (g g) (13)

The explicit analytical expressions for the general Jacobian, alongside its specific reductions evaluated at both boundary
and interior equilibria, are systematically derived in Appendix C.1.

Following standard nonlinear dynamical systems theory, an equilibrium point is classified as locally asymptotically
stable if and only if both eigenvalues of its evaluated Jacobian matrix possess strictly negative real parts. Conversely,
the presence of at least one eigenvalue with a positive real part renders the equilibrium unstable. In non-hyperbolic
scenarios where the leading eigenvalue possesses a zero real part, first-order linearization becomes structurally
inconclusive, thereby necessitating the examination of higher-order terms or center manifold reductions to rigorously
ascertain the system’s local topological behavior.

The homogeneous populations consisting entirely of defectors, ordinary cooperators, and protective cooperators
are denoted by D = (0, 1,0), C = (1,0,0), and S = (0, 0, 1). They correspond to the vertices (0, 0), (1,0), and (0, 1) of
the reduced simplex, respectively.

2.7.1. Homogeneous equilibria
At the full-defection equilibrium D, we define the baseline boundary selection gradient as Ap := A(0,0;w) =
a+ L(1 — p)p". Evaluating the Jacobian at this state yields the two transversal invasion eigenvalues:

W=Ap,  AD=Ap-—k (14)

The first eigenvalue gives the initial growth rate of a rare ordinary cooperator in an otherwise defecting population,
whereas the second gives the corresponding growth rate of a rare protective cooperator. Consequently, full defection
is locally asymptotically stable if and only if Ap < 0, is a saddle when 0 < Ap < k, and is an unstable node when
Ap > k. The boundary equality cases are nonhyperbolic and are analyzed in Appendix C.3.

Neither eigenvalue in Eq. (14) depends on w. Because a single mutant protective cooperator cannot trigger the
mechanism, the actual protection effectiveness has no bearing on the first-order invasion directions at full defection.
However, the evolutionary consequence of this mathematical fact depends strictly on the baseline dynamics. When
Ap <0, the full-defection equilibrium is locally asymptotically stable, meaning this structural deficit translates into a
permanent rare-invasion barrier across all admissible values of .

Similarly, at the full-cooperation equilibrium C, we define the analogous boundary gradient A- = A(1,0;w) =
a+ L(1—p). The corresponding invasion eigenvalues governing the introduction of alternative strategies are determined
as

i =-Ac, i =k (15)
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Bifurcation and multistability under quorum protection

Thus, the full-cooperation state achieves local asymptotic stability precisely when A > 0, and it degenerates into a
saddle point when A~ < 0. In the critical scenario where A~ = 0, the state becomes nonhyperbolic; Appendix C.3
formally establishes its instability by analyzing the flow dynamics strictly along the invariant C—D edge.

Finally, at the full-protective-cooperation equilibrium S, the exact invasion eigenvalues are determined as

A2 =k, Ay =k—a—-L{1 - p)l — ). (16)

Because /1‘2 =k > 0 for every k > 0, the full-protective-cooperation equilibrium is locally unstable. It acts as a saddle
when Ag < 0 and an unstable node when /1*; > 0. When if; = 0, the equilibrium becomes nonhyperbolic yet remains
unstable since ﬂg > 0.

2.7.2. Boundary equilibria

Restricting the evolutionary dynamics to the invariant C—D edge where z = 0, the differential equation governing
the fraction of ordinary cooperators simplifies to x = x(1 — x)A(x, 0; @). As shown in Appendix C.4, the restricted
gradient A(x, 0; w) is strictly increasing in x. Consequently, a unique nontrivial edge equilibrium, denoted by E-p, =
(xcp>1 = xcp,0), exists if and only if Ap < 0 < Ac. Its tangential eigenvalue is positive, whereas its transverse
protective-cooperator invasion eigenvalue is —k < 0; hence, E-p is a saddle. Along the invariant edge, this saddle
separates the one-dimensional basins of full cooperation and full defection.

Turning to the invariant C—S edge, the complete absence of defectors implies that the collective failure probability
functionally vanishes (p(0) = 0), which correspondingly nullifies the pivotal threshold probability (¥, = 0). Under
these ideal conditions, the payoff differential identity in Eq. (7) tightly reduces to Pg — P = —k < 0. This structural
asymmetry guarantees that no nontrivial C—S equilibrium can exist for any strictly positive operating cost (k > 0);
thus, the evolutionary flow along this boundary is unidirectionally driven from S toward C. The degenerate, cost-free
scenario where k = 0 entails structural sensitivities and is separately addressed in Appendix C.5.

Along the invariant D—S edge, any nontrivial coexistence equilibrium must take the generic form Epg =
0,1 = zpg, zpg) for 0 < zpg < 1, and must strictly satisfy the root condition B(0, zpg; w) = 0. By linearizing
the system around this boundary state, the transverse and tangential eigenvalues are respectively given by

AL = A0, zpg; ), Ay =zps(l —zpg)B;(0, zpg; @). a7y

The transverse eigenvalue A, gives the invasion growth rate of a rare ordinary cooperator, whereas the tangential
eigenvalue 4 governs perturbations along the invariant edge. Assuming hyperbolicity, the D—S equilibrium is locally
asymptotically stable if and only if A(0, zpg;®) < 0 and B,(0, zpg; @) < 0. It is a saddle when the two eigenvalues
have opposite signs, while the vanishing of either eigenvalue makes first-order linearization inconclusive.

A critical topological transition, characterized as a boundary saddle-node bifurcation, unfolds when two distinct
nontrivial D—S' equilibria mutually approach and coalesce. Analytically, this bifurcation is pinpointed by the
simultaneous satisfaction of the equilibrium and tangency conditions:

B0, zpg:w) =0,  B,(0,zpg:w) =0. (18)

To ensure that the tangential zero eigenvalue remains geometrically simple within the full two-dimensional planar
system, the transverse non-degeneracy condition must hold:

A0, zpg;w) # 0. (19)

With w as the bifurcation parameter and all other parameters fixed, a nondegenerate codimension-one fold also requires

B..(0,zpg;m) #0, B,(0,zpg; @) # 0. (20)

The rigorous derivation of these bifurcation criteria, grounded in the scalar vector field properly restricted to the D—S
edge, is systematically detailed in Appendix C.7.
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Bifurcation and multistability under quorum protection

2.7.3. Interior equilibria

By definition, a fully polymorphic (interior) equilibrium, denoted as E, = (x*, y*, z*), requires the strictly positive
coexistence of all three strategies (x*, y*, z* > 0). Within the replicator dynamics framework, this mutual coexistence
necessitates the exact equalization of all three expected payoffs, which is algebraically equivalent to the simultaneous
vanishing of the respective selection gradients:

A(x*, 2% 0) =0, B(x*,z*;0) = 0. (21)

As systematically detailed in Appendix C.8, the Jacobian matrix evaluated at such an interior state admits a
mathematically tractable factorization. Specifically, it can be analytically shown that the determinant of this evaluated
Jacobian, det J,, simplifies to the exact form

det J, = x*y*z* (A,B, — A,B,)

(22)

Applying standard linear stability criteria, a hyperbolic interior equilibrium achieves local asymptotic stability if
and only if its Jacobian simultaneously possesses a positive determinant (det J,, > 0) and a negative trace (tr J,, < 0).
Conversely, the state structurally manifests as a saddle point whenever its determinant is strictly negative (det J,, < 0),
and acts as a locally unstable source (or unstable spiral) if both the determinant and the trace are positive (det J,, > 0
and tr J,, > 0). In the critical event of a singular Jacobian matrix (det J,, = 0), or a pure imaginary pair of eigenvalues
(tr J,, = 0 with det J,, > 0), the equilibrium degenerates into a nonhyperbolic state, rendering first-order linearization
dynamically inconclusive.

A prospective topological transition involving an interior saddle-node bifurcation is mathematically pinpointed
when an equilibrium candidate simultaneously satisfies the payoff equality in Eq. (21) and exhibits a singular Jacobian
matrix. Because the strategy frequencies x*, y*, z* are strictly positive in the interior domain, this singularity condition
is algebraically equivalent to the vanishing of the determinant of the underlying selection gradients:

(A\B,-A.B,)| =0. (23)

*

To ensure this zero eigenvalue remains geometrically simple within the planar system, the trace of the Jacobian must
concurrently remain non-zero:

trJ, #0. (24)

While these specific criteria successfully isolate an equilibrium with a simple zero eigenvalue, they are inherently
insufficient to definitively prove the occurrence of a nondegenerate saddle—node bifurcation. To rigorously confirm this
structural transition, the requisite parameter transversality and quadratic nondegeneracy conditions are independently
formulated and computationally verified in Appendix D.3.

Finally, Table 1 systematically catalogues the diverse equilibrium classes subsequently employed in the numerical
bifurcation analysis. Unless explicitly stated otherwise, it should be understood that all stability classifications provided
herein strictly pertain to local topological properties within the reduced two-dimensional strategy simplex.

3. Numerical bifurcation results

Unless stated otherwise, the numerical branch tracking and phase-space calculations use the baseline parameter set

N=5 M=2 r=23, c=1,

(25)
k=04, L=4, y=14

These baseline values serve strictly as an illustrative tool to map the bifurcation structures inherently admitted by the
model, rather than reflecting a specific empirical calibration. It is important to emphasize the boundary between our
analytical and numerical results. The equilibrium existence and local-stability conditions derived in Section 2 hold
generally across the entire admissible parameter space. By contrast, the subsequent numerical outputsspecifically the
reported equilibrium coordinates, fold locations, eigenvalues, phase portraits, and basin geometriesapply exclusively
to this selected parameter set unless explicitly stated otherwise.
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Existence conditions and local classification of the equilibrium classes on the strategy simplex.

Equilibrium class

Existence condition

Local classification within the simplex

D=(0,1,0) All admissible parameters Locally asymptotically stable if A;, < 0; a saddle if
0 < Ap < k; an unstable node if A, > k; nonhyperbolic
and unstable if A, =0or A, =k.
C=(,0,0) All admissible parameters Locally asymptotically stable if A. > 0; a saddle if
A < 0; nonhyperbolic and unstable if A, =0.
S =(0,0,1) All admissible parameters Unstable because A2 = k > 0; a saddle if 43 <0; an
unstable node if Af) > 0; nonhyperbolic and unstable if
s _
Ap=0.
E.p Ap <0< A, A saddle for k > 0, with one positive tangential eigenvalue
and the negative transverse eigenvalue —k.
Nontrivial C-S None for k > 0; an equilibrium For k > 0, the edge flow is directed from .S toward C. For
equilibrium continuum exists for k = 0. k = 0, the edge is neutral in the tangential direction and

Eps =0, 1-zpg, zps)

B(0, zpg;0) =0, with

its transverse stability is parameter dependent.

The transverse and tangential eigenvalues are

0<zpg<1 A =A@, zps; @) and A = zpg(l — 2p5) B,(0, zpg; w),
respectively. The equilibrium is locally asymptotically
stable if both eigenvalues are negative, an unstable node
if both are positive, and a saddle if they have opposite
signs. It is nonhyperbolic if either eigenvalue vanishes.
E, ="y 2z A(x*, 2", w) = B(x*,z";w) =0,
with x*,y*,z* > 0.

For a hyperbolic equilibrium, locally asymptotically stable
if tr J, <0 and det J, > 0; locally unstable if tr J, > 0 and
det J, > 0; and a saddle if det J, < 0. The equilibrium is

nonhyperbolic if det J, =0, or if tr J, = 0 with det J, > 0.

3.1. Two saddle-node bifurcations

Figure 1 shows how the equilibrium set changes with w. Panel (a) reports the interior equilibria, and panel (b)
reports equilibria on the invariant D—S edge (x* = 0 and y* = 1 — z*). The pure C and D vertices are omitted because
their locations are independent of @ and both remain locally asymptotically stable under the baseline parameters. The
branch search, stability classification, and fold tests are described in Appendix D.

The first bifurcation, SN1, is a codimension-one saddle—node bifurcation in the interior of the simplex at

(x*,¥", 2%, wgn) = (0.2994,0.4272,0.2734, 0.2882).

Using our parameter-stepped root-search procedure, no interior equilibrium was detected below wgy; within the
searched parameter interval. Crossing SN1 creates a saddle and an unstable node. At the fold, the Jacobian has a
simple zero eigenvalue and a positive second eigenvalue, while the numerical normal-form coefficients are nonzero.
Since neither branch is locally attracting, the analytical fold calculation solely confirms that SN1 introduces no new
attractor. Beyond this local analytical result, our numerical phase portraits demonstrate that this bifurcation globally
reorganizes the stable-manifold and separatrix geometry.

The second bifurcation, SN2, occurs on the invariant D—S edge at

(x*,¥", 2%, wgnn) = (0,0.7282,0.2718,0.5254).
At this point, the boundary equilibrium and tangency conditions hold:

B(0, z%; wgn;) = 0, B, (0, z%; wgyp) = 0.
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(a) Interior equilibria

(b) D-S boundary
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Figure 1: Only the boundary saddle—node creates a locally stable protective equilibrium at positive protective-
cooperator frequency, whereas the interior saddle—node adds no attractor. Equilibrium branches with respect to
protection effectiveness w under the baseline parameters in Eq. (25). Panel (a) shows the protective-cooperator frequency
z* of the interior equilibria, and panel (b) shows equilibria on the invariant D—S edge. Green, orange, and red curves denote
locally asymptotically stable, saddle, and unstable branches, respectively. The dashed vertical lines mark the interior saddle—
node SN1 at wgy; ~ 0.2882 and the boundary saddle-node SN2 at wgy, ~ 0.5254. The unstable D-S branch reaches an
edge transcritical bifurcation at @ =~ 0.6881. The pure-C and pure-D equilibria are omitted because their locations and
local classifications do not change with @ under the baseline parameters.

The derivative tests in Appendix D.3 confirm that SN2 is nondegenerate. For @ > wgys, the fold produces two D—S
equilibria. The lower-z branch is a saddle. On the upper-z branch, both the transverse eigenvalue 4, = A(0, z*; @) and
the tangential eigenvalue 4 = z*(1—-z)B,(0, z*; w) are negative, so this branch is locally asymptotically stable within
the simplex. Because the pure C and D vertices remain locally stable, the baseline system changes from bistability to
tristability after SN2. A separate unstable D—S branch reaches the pure-S vertex at @ ~ 0.6881. Because this vertex
collision does not change the number of local attractors, it is not involved in the formation of the protective state.

3.2. Phase-space reorganization and tristability

Figure 2 shows the corresponding changes in the simplex flow. At @ = 0.20 [panel (a)], C and D are locally
asymptotically stable, whereas S is a saddle with eigenvalues —1.4709 and 0.4000. The observed trajectories approach
either C or D, with the stable manifold of the C—D edge saddle separating their basins. On the defector-free C—S' edge,
Eq. (7) reduces to Pg — P- = —k < 0, so the edge flow points from .S toward C.

At @ = 0.40 [panel (b)], SN1 has created the interior saddle and unstable node, while SN2 has not yet occurred.
The stable manifold of the interior saddle changes the numerically observed separatrix geometry, but the only local
attractors remain C and D.

At o = 0.70 [panel (c)], after SN2, the locally asymptotically stable upper D—S equilibrium is

Epg(0.70) = (0,0.5488,0.4512).

Equation (17) gives 4, = —0.4229 and 4 = —0.5349. Both are real and negative, so Ej,g is a locally asymptotically
stable node and the linearized relaxation near this equilibrium is non-oscillatory.

Taken together, Figs. 1 and 2 establish the fundamental dynamical sequence under our baseline parameters.
The system begins with full cooperation and full defection forming a simple bistable pair. An interior saddle-node
bifurcation then generates a saddle and an unstable node. While this numerically alters the separatrix geometry, it
adds no new attractor. As the parameter w increases, a subsequent boundary saddle-node bifurcation creates a saddle
alongside a locally asymptotically stable equilibrium where defectors and protective cooperators coexist. Because the
pure states of full cooperation and full defection both maintain their stability, this boundary emergence effectively
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(a) S (b) S (c) S

w=0.20 w=0.40 w=0.70

Figure 2: The numerical phase portraits reveal that the interior saddle-node bifurcation reorganizes the separatrix
geometry without introducing a new attractor. In contrast, the boundary saddle-node bifurcation transitions the
system from bistability to tristability by generating a locally stable D-S equilibrium. Replicator phase portraits on
the equilateral strategy simplex under the baseline parameters at w = 0.20 in panel (a), @ = 0.40 in panel (b), and
@ = 0.70 in panel (c). The vertices C, D, and S represent the three homogeneous states, and arrowed integral curves
indicate forward-time flow. Filled green circles, orange diamonds, and open red circles denote locally asymptotically stable
equilibria, saddles, and unstable equilibria, respectively.

[ Jocally stable boundary equilibrium present absent ®  Dbaseline illustration
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Figure 3: Pointwise classification of locally asymptotically stable, nontrivial D—S equilibria in three two-parameter
planes.Panel (a) shows the (w, k) plane at L =4 and y = 1.4, panel (b) shows the (w, L) plane at k =0.4 and y = 1.4, and
panel (c) shows the (w,y) plane at k = 0.4 and L = 4. Green points contain at least one boundary root satisfying 4, <0
and 4; <0, whereas no such root is detected at gray points. Solid contours are numerically extracted boundaries between
these two classifications and need not represent a single saddle—node locus. Black points mark the parameter combinations
used for the phase portrait at @ = 0.70. The maps classify equilibrium existence and local stability, not basin size.

converts the system from bistability to tristability. This clear sequential progression establishes the structural baseline
for the parameter comparisons that follow.

3.3. Parameter dependence of locally stable boundary protection

We next examine how operating cost, collective loss, and risk sensitivity modify the parameter region in which a
locally asymptotically stable, nontrivial D—S' equilibrium exists. For each sampled pair (w, ), where n € {k, L,y},
we computed all nontrivial roots of

B(0, z;w,n) =0, 0<z<l,
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and evaluated their transverse and tangential eigenvalues,
)’J_ = A(07 zZ; , ’1)5 A” = Z(l - Z)Bz(07 zZ, w, ’7)

A parameter pair is classified as “present” only when at least one boundary root satisfies 4, < 0 and 4 < 0. The
resulting regions therefore describe the existence of a locally asymptotically stable boundary equilibrium, not its basin
size. The pointwise classification procedure is described in Appendix D.5.

Figure 3(a) shows that increasing the operating cost k shifts the lower boundary of the stable region toward greater
protection effectiveness. The boundary is close to linear over the reported interval. This pattern is consistent with the
affine dependence

B(0, z; w, k) = By(z) — k + wB;(z),

although the boundary is not exactly linear because the equilibrium frequency z changes along it. At the baseline value
k = 0.4, the lower boundary passes through @ ~ 0.5254, in agreement with SN2 in Fig. 1.

The stability region responds to collective loss in a more complex manner, as shown in Fig. 3(b). Over the lower
and intermediate portions of the sampled L interval, increasing L extends the stable region toward smaller values of
. At sufficiently large L, however, the boundary between the stable and absent regions can no longer be characterized
by a single threshold curve. For example, at L = 6, the sampled grid detects a locally stable boundary equilibrium for
approximately

03175 <w<03225 and 05925<w<1,

with no such equilibrium detected between these intervals. Thus, larger collective loss can reorganize the boundary
equilibrium structure rather than merely lower a unique effectiveness threshold. This pattern arises numerically because
L changes all risk-dependent terms in the boundary payoff difference, not only the pivotal benefit Lo¥,,. Because the
classification in Figure 3(b) relies exclusively on pointwise root solving and stability evaluation rather than formal
two-parameter branch continuation, it does not track the identity of individual equilibrium branches as L varies.
Consequently, the two intervals observed at L = 6 must simply be interpreted as disconnected parameter regions
where at least one locally stable boundary equilibrium is detected. They do not by themselves establish that both
intervals belong to the identical branch, nor do they prove a re-entrant stability transition along a single continuous
curve. Nevertheless, this topological feature highlights an important practical insight: increasing the collective loss
does not merely shift a single, unique protection-effectiveness threshold.

The minimum protection effectiveness associated with the lower stability boundary varies non-monotonically with
risk sensitivity, as shown in Fig. 3(c). As y increases, this boundary first shifts toward smaller values of @, reaches its
minimum near y = 0.61, and then moves back toward larger values of w. This reversal is consistent with the saturation
of the risk function p(d) = 1 —e~7?. Once failure is already likely for the relevant group compositions, further increases
in y produce progressively smaller changes in the risk differences governing selection. The numerical map documents
this non-monotonic pattern over the reported parameter interval, although the proposed saturation-based explanation
is not an analytical proof of its cause.

3.4. Quorum size shifts the stability threshold

The quorum size M is discrete, so we compare separate boundary calculations rather than vary it as a continuous
parameter. For N = 5 and the remaining baseline parameters, Table 2 shows that the critical effectiveness increases
from 0.5254 at M = 2 to 0.8321 at M = 4. The route to stability also changes. At M = 2, the stable branch is
created directly at the boundary fold SN2. At M = 3 and M = 4, a DS branch exists before it becomes stable; local
asymptotic stability is acquired when the transverse C-invasion eigenvalue A, = A(0, z) crosses zero.

Changing M replaces ¥, by the risk-weighted probability of encountering exactly M — 1 protective co-players.
It therefore changes both the location and magnitude of the pivotality term in the simplex. For the examined values,
a stricter quorum requires greater protection effectiveness and can change the bifurcation mechanism by which the
boundary equilibrium becomes stable. This comparison does not establish monotonicity for other group sizes or
parameter sets.
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Table 2
Critical protection effectiveness @, and the dynamical route to local asymptotic stability across discrete quorum sizes M.

M [ z Local transition

c c

2 05254 0.2718 Boundary saddle-node
3 0.6608 0.7935 Transverse invasion crossing
4 0.8321 0.9541 Transverse invasion crossing

©=0.90

[ D basin [ Cbasin [ D--S basin

Figure 4: Numerically observed basins at ® = 0.90 under the baseline parameters. Red, blue, and green initial states
approach full defection, full cooperation, and the locally asymptotically stable D—S boundary equilibrium, respectively.
Filled green circles, orange diamonds, and open red circles denote locally asymptotically stable equilibria, saddles, and
unstable equilibria. Terminal states were assigned only when their Euclidean distance from a candidate attractor previously
identified by the equilibrium and stability analysis was below 107°. The exact pure-S state remains unclassified. The colored
regions are finite-grid numerical basin estimates rather than a global basin classification.

3.5. Numerically observed basin geometry after SN2

Local asymptotic stability does not determine which equilibrium is approached from a given initial composition.
We therefore integrated the replicator system from a uniform barycentric grid at @ = 0.90. At this parameter value,
the locally asymptotically stable boundary equilibrium is E;¢(0.90) = (0, 0.4992,0.5008), with eigenvalues —0.8428
and —0.4836.

Figure 4 shows the numerically observed basins of full defection, full cooperation, and Ep(0.90). The sampled
basin boundaries pass through the reported saddles and are consistent with their stable manifolds. The protective
boundary equilibrium attracts a positive fraction of the sampled initial conditions, but its basin does not contain the
full-defection vertex. Under the reported parameters, initial compositions on the defector-heavy side of the observed
separatrix approach full defection rather than the protective boundary state.

The basin calculation classified 45 450 of the 45451 initial states. The only unclassified state was the exact pure-S
equilibrium, which remains at that unstable equilibrium and does not approach any of the three attractors used in the
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basin assignment. Repeating the calculation with half the integration step and, separately, with a longer integration
horizon produced no classification changes among the resolved grid points. These results support the displayed
numerical partition for the stated parameters, but they do not constitute a global convergence theorem.

4. Discussion and conclusion

This study is concerned not with whether protection can reduce collective risk after activation, but with
how a threshold-dependent and non-excludable protective activity enters the evolutionary process. Analysis of the
endogenous-risk public-goods game shows that threshold activation generates qualitatively different selection effects
across population compositions. The payoff advantage of protective over ordinary cooperation does not increase
continuously with the abundance of protective cooperators. Instead, it is concentrated in pivotal configurations
where the focal individual completes the activation threshold. This composition dependence creates a dynamical
separation between the rare-strategy stage and the established protective state. Near full defection, rare protective
cooperators cannot activate the mechanism, so protection effectiveness does not alter their local invasion direction.
Once protective cooperators have an established presence, however, the same protection effectiveness can substantially
reshape the nonlinear selection gradient and create a locally asymptotically stable coexistence state of defectors
and protective cooperators through a boundary saddle-node bifurcation. The emergence of this new attractor occurs
without destabilizing the full-defection state. Consequently, under our reported baseline parameters, both the protective
coexistence equilibrium and full defection operate as local attractors. Because full cooperation also retains its local
asymptotic stability, the strategy simplex effectively harbors three distinct local attractors. As demonstrated by our
numerical basin partition, the system’s terminal state for these parameters is highly sensitive to the initial population
composition. It is important to emphasize that this finite-grid basin geometry reflects a numerical observation rather
than a generalized global convergence theorem spanning the entire admissible parameter space.

The dynamical results can be understood through a mechanism that links individual payoff differences to
population-level bifurcation structure. Ordinary and protective cooperators make the same public-good contribution,
so selection between them depends only on the operating cost continuously paid by protective cooperators and the
expected loss avoided when they complete the activation threshold. Their payoff difference is therefore

Py — Po = —k+ Lo¥y,,
where

W = E[p()pmpri]

is not the unconditional probability that the group reaches the activation threshold. Instead, it is the risk-weighted
probability that the focal protective cooperator becomes the Mth participant and thereby activates protection. The
condition m = M — 1 ensures that the focal individual is indispensable for activation, while the risk weight p(j)
ensures that this pivotal role produces a benefit only when defectors generate a positive failure risk. This definition first
explains why the advantage of protective cooperation depends on group composition. When protective cooperators
are rare, the focal individual is unlikely to encounter M — 1 protective co-players. As the population approaches the
pure-protection state, the threshold is usually satisfied without the focal individual, while the declining number of
defectors also drives p(j) toward zero. The protective benefit therefore does not increase continuously with protective-
cooperator frequency. Instead, it is concentrated in intermediate group compositions where failure risk and pivotality
are simultaneously substantial. The same structure explains why protection effectiveness does not enter the first-order
invasion dynamics at full defection. For M > 2, ¥, scales with zM~! near full defection, and the replicator equation
for the protective strategy contains an additional multiplicative frequency factor z. The growth effect generated by
protection effectiveness therefore enters the dynamical system at order zM or higher and does not appear in the first-
order Jacobian at full defection. Increasing w can amplify the benefit of protection after activation, but it cannot change
the local invasion direction of a rare protective cooperator near full defection. This structural deficit implies that when
full defection is locally stable (A, < 0), the absence of a first-order activation benefit creates a formidable rare-invasion
barrier. An otherwise highly effective protective technology can remain permanently out of reach if the population
cannot overcome the initial participation deficit. Once z moves away from zero, pivotal configurations occur with
non-negligible probability, allowing Lo¥,, to compete with the fixed cost k. On the defector—protective-cooperator
boundary, this competition enters the zero-growth condition B(0, z; w) = 0. As w increases, the protective benefit
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changes the nonlinear dependence of this condition on z. When the additional tangency condition B_(0, z; @) = 0
is satisfied, the boundary equilibria undergo a saddle-node bifurcation. The resulting stable coexistence reflects the
feedback between risk generation and risk mitigation. More defectors raise the failure probability and thereby increase
the potential value of protection. More protective cooperators suppress the failure probability, but their operating cost
does not disappear as risk declines. If defectors vanish completely, then p(0) = 0 and protection produces no additional
benefit, allowing ordinary cooperators to replace protective cooperators through their cost advantage. This feedback
explains why protective cooperation may fail to become established from rarity yet remain stable in coexistence with
defection in population compositions that retain sufficient exposure to collective risk.

Existing studies have generally approached cooperation under collective risk along two broad lines. Collective-
risk models link public-good contributions directly to risk mitigation, so that reaching an aggregate contribution target
prevents a shared loss that otherwise occurs with an exogenously specified probability [33, 36—38]. Related cooperation
models alter strategy-specific payoffs or redistribute exposure to collective losses through punishment [17, 18],
social exclusion [26], or insurance [43]. Recent research has extended these approaches by considering centralized
monitoring and reporting, competing risk-sharing arrangements, adaptive governance, and coevolutionary feedback
among cooperation, risk, and cost [48—52]. These approaches emphasize aggregate contributions, targeted incentives,
institutional adaptation, or continuously changing risk environments, but they do not separate ordinary public-good
provision from a distinct non-excludable protective activity activated by its own participation quorum.

The present model separates failure-risk generation, public-good contribution, and collective protection into three
related but distinct processes. Defection endogenously raises the failure probability, protective cooperators bear an
additional cost beyond their public-good contribution, and activated protection benefits all group members, including
defectors. Risk mitigation therefore enters evolutionary selection through pivotality in risk-bearing groups rather than
directly through aggregate contributions or targeted transfers. Protective cooperation may consequently fail to invade
because it cannot activate the mechanism when rare, yet form a locally asymptotically stable coexistence state through
the creation of a new attractor at a positive frequency without requiring full defection to lose its local stability. This
result extends the analysis of threshold-dependent protection beyond the rare-invasion criterion to local bifurcations
and basin geometry. It also distinguishes the effectiveness of protection after activation, its capacity to form from
a small number of participants, and its stable maintenance after establishment. Cross-border epidemic surveillance
provides a relevant example because its effectiveness depends on shared national surveillance and reporting capacities.
Improving monitoring or early-warning technology can increase the protective value of an established system, while
its initial formation still depends on the operating cost, activation threshold, and initial participation structure.

The preceding analysis clarifies when collective protection can emerge and persist, but the dynamical stability of a
protective state does not imply that it maximizes social welfare. Evolutionary prevalence and social welfare need not
coincide when cooperative behavior entails additional costs [55]. In the present model, a higher frequency of protective
cooperators may increase the probability of activation and reduce expected collective losses, but it also raises the
operating costs borne by the population. Moreover, if defectors disappear, the failure risk vanishes because p(0) = 0,
while protective cooperators continue to pay the operating cost k. Strategy frequencies, protection activation, local
stability, and basin size therefore characterize different aspects of the evolutionary dynamics and do not by themselves
identify the welfare-maximizing outcome. A formal welfare assessment would require comparing the mean population
payoff across feasible states, which lies beyond the local-stability analysis undertaken here.

Some of the model assumptions naturally limit the broader validity of our conclusions. The infinite well-mixed
population excludes spatial clustering and network heterogeneity. Local assortment may allow protective cooperators
that are globally rare to satisfy the activation threshold within particular groups, but it may also produce spatial lock-
in between protected and unprotected regions. The deterministic replicator dynamics do not capture demographic
drift, mutation, or noise-induced transitions across basin boundaries in finite populations. Players are also assumed
to have homogeneous contribution costs, operating costs, and protective capacities, while participation recognition
and threshold activation are error free. Cost heterogeneity, recognition errors, and activation failure may alter both
pivotality and local stability. In addition, the numerical branch tracking and bifurcation diagnostics identify local
bifurcations, and the numerically observed basins apply only to the reported parameter ranges rather than constituting
a global convergence result. Future research can extend the mechanism to complex networks, spatial lattices, and finite
populations, examine how stochasticity, heterogeneity, and local assortment reshape the invasion barrier and basin
structure, and allow the activation threshold, operating cost, and protection effectiveness to coevolve with population
composition and environmental risk.
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Appendix A. Derivation of the expected payoffs

This appendix derives the expected payoffs from the composition-dependent payofts in Eq. (2). We first evaluate
the risk-weighted activation terms and then assemble the public-good and collective-loss components.

A.1. Random matching
Among the n = N — 1 co-players of a focal individual, the numbers (i, j, m) of ordinary cooperators, defectors,
and protective cooperators follow the multinomial distribution

| A
Pr(i, j,m) = 'yl 2",
iljlm!

subject to the strict composition constraint i + j + m = n. Hence, for any focal strategy ¢ € {C, D, S}, the expected
population-level payoff is formulated as

Py= ) Pr(i.j.m)m,(i, j.m). (26)
i,j,m>0
i+j+m=n

All expressions below are exact analytical evaluations of this finite multinomial sum.

A.2. Risk-weighted activation terms
Starting from Eq. (3), the risk-weighted activation term for a focal contributor unfolds as

T= Y Y )

Conversely, for a focal defector, its own strategy intrinsically changes the total defector count from j to j + 1, yielding

n n—m

TP =3 Y i ),

—m=Ni'm
m=hj=0(n m—j)jlm!

Fixing m leaves n — m positions occupied by ordinary cooperators and defectors. Summing the corresponding
multinomial weights over these remaining positions gives

n—m

Z n! xn—m—jyjzm — <i’l>zm(1 _ Z)n—m' (27)
m

= (n—m—j)ljlm!

If we include the failure-survival factor p/ in the summation instead, we obtain

n—m

Z n—!x"_m_jyjzmp/ = <:1>zm(x + py)" ", (28)

= (n—m—j)ljlm!

Because the failure probability is defined as p(j) = 1 — p/, subtracting Eq. (28) from Eq. (27) and summing over all
states satisfying the threshold m > h explicitly yields

n

Ty(x,y,2) = Z (Z) 2" [ = 2" = (x+ py)"™"]. (29)

m=h
Similarly, for a focal defector, the incremented risk follows p(j + 1) = 1 — p/*! = 1 — pp/. Applying the identical
algebraic calculation gives

n

TP(x.y.2)= Y. <,’;>z’" [(1 = 2™ = plax + pyy'™] (30)
m=h

Equations (29) and (30) serve as the finite-sum representations of the expectations previously defined in Eq. (3).
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A.3. Unprotected failure probabilities
Setting h = 0 effectively removes the activation filter. By applying the binomial theorem to Eq. (29), the baseline
unprotected risk simplifies to

To=Y (;>z'"(1 DY (Z)zm<x+ "

m=0 m=0

=l-(GzZ+x+py)'=1-4".

The corresponding expression for a focal defector is straightforwardly evaluated as TOD = 1 — pq". Equivalently, by
substituting j ~ Binomial(#, y), we can confirm that the expectation evaluates to E[p/] = (1—y+py)" = ¢". It naturally
follows that the additional expected failure probability generated by the focal defector is exactly T, oD =Ty = (1-p)q" > 0.

A.4. Assembly of the expected payoffs
In a realized group, the expected number of contributing co-players is E[i + m] = n(x + z). Because a focal C- or
S-player also contributes to the public good, their inclusion raises this expectation to E[i + m + 1] = 1 + n(x + z).
For a focal contributor subject to a generic co-player threshold A, the expected residual failure probability
decomposes as

E[p() (1 = @lysy)] = Elp()] — @E[p()lsn)

31
:To_a)Th. ( )

For a focal defector, the corresponding residual risk expression is analogous, yielding TOD - a)T}f’ .
A focal ordinary cooperator explicitly requires m > M for activation. Combining the expected public-good return
with the residual risk derived in Eq. (31) gives

re[l + n(x + z)] e
N

Conversely, a focal defector faces the same activation condition but strictly alters both the contribution count and the
failure probability:

ren(x + z)
Pp = = = LITy —oTy]
Finally, a focal protective cooperator intrinsically counts toward the required threshold, therefore needing only M — 1
protective co-players to trigger the mechanism:
re[l + n(x + z)]
N

These derivations successfully reproduce the expected payoffs in Eq. (5) presented in the main text.

PS = C—k—L[TO_COTM_l].

Appendix B. Pivotality identity and closed payoff differences

B.1. Risk-weighted pivotality
The terms T),_; and T, differ only in the specific configuration where m = M — 1. Therefore, their difference
directly isolates the pivotal probability:

TM—I - TM = lE[p(.])Hm=M—1]

B <Mn— 1>ZM_1 [(1 =2y MH — (x4 pyy M| G2

= lPM.

This formally proves the expansion of ¥,, in Eq. (6). Furthermore, subtracting the expected payoff of ordinary
cooperation from that of protective cooperation yields

Pg — Po = —k+ LaX(Ty_; — Tyy) = —k + Lo¥,y,, (33)

which proves Eq. (7).
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B.2. Closed payoff differences

The survival-weighted activation term R, initially defined in Section 2.5 admits the finite-sum representation

Ry (x,y,2) = Z <:;> Z"(x + py)"".

m=M

Indeed, fixing m and summing the survival factor p/ over the remaining positions occupied by ordinary cooperators
and defectors directly gives (x + py)"~". By subtracting Eq. (29) from Eq. (30) evaluated at 4 = M, we obtain the risk
difference

n

TH-Ty=0-p) ) <;>zm(x +py)"

m=M
=(1-p)Ry.

For the gradient A = P — Py, the public-good terms naturally reduce to the baseline margin a = rc/N — ¢, while the
collective-loss terms expand to

A=a-L|Ty-aTy) - T - oT)]
=a+ L(1-p) [q" —oRy] .

After explicitly substituting the simplex constraint y = 1 — x — z, this derivation yields Eq. (9). Finally, the gradient B
is recovered via
B = Pg — Pp = (Pc — Pp) + (Ps — Pc)

which proves Eq. (10).

Appendix C. Boundary algebra and Jacobian calculations

C.1. General Jacobian
For notational readability, the explicit dependence of the functions A, B, F, and G on the protection-effectiveness
parameter  is suppressed in this section. We write the planar system in Eq. (12) as the vector field

F(x,z) =x[(1 —x)A(x, z) — zB(x, z)],
G(x,z)=z[(1 — 2)B(x,z) — xA(x, z)].

Direct partial differentiation of these components yields

F.=(-2x)A+x(1-x)A, — zB — xzB,,
F,=x[(1-x)A,-B-zB],

(34)
G, =z|(1-2)B,—A-xA],
G,=(1-22)B—xA+z(1-2)B, —xzA,.
Thus, the continuous-time Jacobian matrix is defined as
j— FX FZ
u&@_<@ G). (35)

C.2. Jacobians at the homogeneous equilibria
At the full-defection state, the reduced coordinates reside at (x, z) = (0, 0), yielding the base selection gradients
A(0,0) = Ap and B(0,0) = Ap — k. Substitution into the general components constructs the diagonal Jacobian matrix

J(0,0) = (AOD ADO_ k), (36)
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whose diagonal entries inherently provide the invasion eigenvalues reported in Eq. (14).
Similarly, at the full-cooperation state, the coordinates shift to (x, z) = (1,0) with A(1,0) = A, and B(1,0) =
Ac — k. Hence, the corresponding Jacobian evaluates to

J(1,0) = (‘30 k:]?C), (37)

whose structural diagonal entries reproduce Eq. (15).
Finally, at full protective cooperation, (x,z) = (0, 1). Defining Ag = a + L(1 — p)(1 — w), and observing that
¥,, = 0in the total absence of defectors, yields B(0,1) = Ay — k. The resultant Jacobian becomes

JO.1) = (_’ZS ) _OAS> . (38)

Its exact eigenvalues are determined to be k and k — a — L(1 — p)(1 — w), strictly aligning with Eq. (16).

C.3. Nonhyperbolic homogeneous states

The zero-eigenvalue cases at the homogeneous states fundamentally require a boundary-flow argument to
rigorously ascertain their stability.

On the invariant C—D edge, the restricted gradient defined as

Acp(x)=a+ L1 -p)[p+ (1 - p)x]"

is a strictly increasing function of x. If A, = A-p(0) = 0, then A-p(x) > O for every sufficiently small perturbation
x > 0. Since the local dynamic flow satisfies x = x(1 — x)Acp(x) > 0, nearby states strictly move away from
full defection. Thus, the full-defection state is classified as nonhyperbolic and structurally unstable when Ap = 0.
Conversely, when Ap = k, the complementary eigenvalue is strictly positive (Ag = k > 0), rendering the state
unstable regardless of the zero eigenvalue.

If Ac = Acp(1) = 0, the strict monotonicity implies Aq-p(x) < 0 for any x < 1 sufficiently close to unity.
Consequently, x = x(1 — x)Acp(x) < 0, forcing nearby edge states to move away from full cooperation. The state is
therefore topologically nonhyperbolic and unstable when A~ = 0.

At full protective cooperation, the invasion eigenvalue of an ordinary cooperator is Ag = k > 0 across every
maintained parameter regime. Hence, this state fundamentally remains unstable even when its second eigenvalue
vanishes.

C.4. The C-D edge
On the boundary z = 0, we have y = 1—x, and the activation terms structurally vanish because M > 2. Equation (9)
therefore reduces to

Acp(x) i= A(x,0)=a+ L(1 —p)[p+ (1 - p)x]".
Its derivative with respect to x is strictly positive, explicitly evaluating to
App() =nL( = p)* [p+ (1= p)x]""" > 0.

Because the endpoints naturally satisfy A-p(0) = Ap and A-p(1) = A, aunique nontrivial edge equilibrium emerges
precisely when A, < 0 < A,. Analytically solving the condition A-p(x) = 0 yields the coordinate

[~a/(L(1 = )] —»

Xcp = -,

At this equilibrium, A(xcp,0) = 0 and B(xcp,0) = —k, and the Jacobian is upper triangular:

J(XcD,O) = <xCD(1 - xcg)Ax(xCD’O) —*k> . 39

The tangential eigenvalue is strictly positive while the transverse eigenvalue is negative, verifying that the interior edge
equilibrium E ., constitutes a topological saddle.
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C.5. The excluded zero-cost limit
The standard formulation of the model assumes a strictly positive operating cost (k > 0). In the hypothetical limit

where k = 0, the system constrained to the C—S edge features y = 0, p(0) = 0, and ¥,, = 0. Therefore, the payoff gap
closes (Pg¢ — P- = 0), implying B = A. Given the simplex identity x + z = 1 along this boundary, the planar vector
field completely vanishes:

F(x,z2)=x(1-x—2)A=0,

G(x,z)=z(1—-x—2)A=0.
Hence, every point on the C—S edge is an equilibrium when k& = 0. This gives a nonhyperbolic continuum whose
transverse stability to defector invasion may vary along the edge.

C.6. The D-S edge
At any nontrivial equilibrium satisfying the root condition B(0, zj¢; @) = 0, the general Jacobian matrix derived
in Eq. (34) simplifies to

. _ A(O, ZDS;CO) 0
JO,zpg;0) = < % zps(1 —zps)B,(0, ZDS;CO)> . w

Its diagonal entries are the transverse and tangential eigenvalues in Eq. (17).

C.7. Boundary saddle-node reduction
Holding all parameters other than w fixed, the dynamics on the D—S edge are governed by the scalar field
z=G(z,w) := z(1 — 2) B(0, z; w). 41)

At a nontrivial boundary equilibrium satisfying B(0, z; @) = 0, the first derivative reduces to G, = z(1 — z) B, (0, z; ®).
Because 0 < z < 1, the fold condition G, = 0 is equivalent to B, = 0.

Evaluating a candidate fold that simultaneously satisfies B = B, = 0, the parametric and higher-order spatial
derivatives expand as

Gw = 2(1 = 2)B,,(0, z; w),

G, =z(1 -2)B,,(0, z; ).
Since z(1 — z) > 0 for 0 < z < 1, the conditions G, # 0 and G,, # O are equivalent to B, (0, z;w) # 0 and
B,.(0, z; w) # 0.

The second eigenvalue of the planar system is 4, = A(0, z; @). The condition 4; # 0 ensures that the tangential
zero eigenvalue is simple; if A, < 0, perturbations transverse to the invariant edge decay locally.

C.8. Interior equilibria
At a fully polymorphic interior equilibrium, the selection gradients vanish (A = B = 0). Substituting these
conditions directly into Eq. (34) gives the specific Jacobian

_ (X [(1=x"A, —z*B,] x*[(1 —x*)A,—z*B_]
J. = (z*[(l - 2B, —x*A,] z*[(1 - z*)B, — X*Az]>E. . 42)

This matrix factorizes as

w=(o o) (5 ) (R, @
The determinant of the central matrix is (1 — x*)(1 — z*) — x*z* = 1 — x* — z* = y*. Hence,

det J, = x*y*z* (A, B, — Asz)E* , (44)
which proves Eq. (22). The trace is

trJ, =x*[(1 -x"A, - z*B,| E,
+2°[(1 - 2B, - x"A] . @)

By the Routh—Hurwitz criteria, a hyperbolic planar equilibrium is locally asymptotically stable if and only if det J,, > 0
and tr J, < 0. If det J,, < 0, the two real eigenvalues have opposite signs and the equilibrium is a saddle.
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Appendix D. Numerical branch tracking and bifurcation diagnostics

All numerical calculations were performed in Python using NumPy and SciPy for root finding and linear algebra,
pandas for tabular output, and Matplotlib for visualization. Equilibria were computed directly from the closed payoff
differences in Eqs. (9) and (10); no Monte Carlo approximation of random group composition was used.

D.1. Parameter-stepped equilibrium searches
For each fixed value of w, interior equilibria were obtained by solving

A(x,z;w) =0,
B(x,z;w) =0,

subject to x > 0, z > 0, and x + z < 1. We used the Powell hybrid method with solver tolerance 10! and initial
guesses from the admissible points of a 13 X 13 grid with coordinates from 0.025 to 0.925. A solution was retained
when all three strategy frequencies exceeded 108 and the residual norm was below 10~8. Roots separated by less than
107 in Euclidean distance were merged.

Nontrivial equilibria on the invariant D—S edge satisfy

B(0, z; w) = 0, 0<z<l. (46)

For the one-parameter branch diagram, the interval (10~7, 1—10~7) was sampled at 1800 uniformly spaced points. Each
sign-changing bracket was refined with Brent’s method, and roots separated by less than 10~ were merged. Because
a sign-change search may miss a double root at a fold, saddle-node coordinates were computed separately from the
augmented equations given below.

Figure 1 uses w = 0,0.002, ..., 1 together with the independently refined bifurcation values. At each value of
o, we applied both the interior seed grid and the boundary scan. The procedure relies on a parameter-stepped root
search combined with numerical branch matching, rather than formal pseudo-arclength continuation. Consequently,
the reported branch set remains strictly conditional on the predefined grids and tolerances; it represents a comprehensive
numerical detection rather than an analytical guarantee of global nonexistence.

The reduced planar Jacobian was evaluated by centered finite differences with step size 2 - 107°. An equilibrium
was classified as locally asymptotically stable when both eigenvalues had real parts below —10~7 and as unstable
when both real parts exceeded 1077, It was classified as a saddle when the product of the two eigenvalue real parts was
below —10~10, Cases with a near-zero eigenvalue were treated as nonhyperbolic and examined using the augmented
bifurcation conditions.

D.2. Interior saddle—node diagnostics
Ata verified interior equilibrium, the determinant factorization previously detailed in Eq. (22) provides the compact
representation det J = xyzdet D(A, B), where the structural submatrix is defined as

D(A, B) = <‘;x ‘;Z> .
X V4

Because x, y, z > 0 at an interior equilibrium, det J = 0 is equivalent to det D(A, B) = 0. We therefore located SN1
by solving

A(x,z;w) =0,
B(x,z;w) =0, 47
det D(A, B) = 0.

The derivatives in D(A, B) were evaluated by centered finite differences with step size 2 - 107.
The solution is

(x*,¥", 2%, wgn) = (0.2994,0.4272,0.2734, 0.2882).

At this point, the planar Jacobian has one simple zero eigenvalue and one positive nonzero eigenvalue, 4,, = 0.5299.
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Let v, and wy, denote the right and left null vectors of the Jacobian at SN1, normalized by wg vy = 1. For the planar
vector field f(X,w) with X = (x, z)T, the saddle-node coefficients are

a= wgfw, p= zwng(f[vo, vl

Centered finite differences with step size 107 give
agn; = —0.2871, Psni = 0.4826. (48)

Both coefficients are nonzero, confirming that SN1 is a nondegenerate saddle—node bifurcation. Since —agy; /fsni > 0,
the two local branches exist for @ > wqy;. The positive nonzero eigenvalue implies that the pair consists of a saddle
and an unstable node.

Repeating the calculation with finite-difference steps 4 - 107, 2 - 1074, 5 - 107>, and 2.5 - 107> preserved the
four-decimal values in Eq. (48).

D.3. Boundary saddle-node and edge-transcritical diagnostics
The boundary saddle-node SN2 was located by solving

B(0,z;w) =0, B,(0, z; w) = 0. 49)
We approximated B, by centered finite differences with step size 2 - 107>, The resulting fold is

(z", wgnp) = (0.2718,0.5254).
At this point, the boundary diagnostics are

B(0, z*; wgnp) =0,
B,(0, z"; wgnp) = 0,
A0, z¥; wgNy) = —0.469,
B, (0, 2% wgxy) = 1.5511,
B_.(0, 2*; wgny) = —14.6775.

The nonzero value of A shows that the transverse eigenvalue does not vanish at SN2, while B, # 0 and B,, # 0
establish the nondegeneracy of the boundary fold.
For the scalar edge field G(z, w) = z(1 — z) B(0, z; w), centered differences with step size 1074 give

1
SN2 = gw =0.307, ﬂSNZ = zgzz = —1.4525.

Since —agny/Psno > 0, the two boundary branches exist for w > wgy,. Their stability follows from 4, = A(0, z; w)
and A” = z(1 — z)B,(0, z; w). The lower-z branch has /1” > 0and 4, < 0 and is therefore a saddle. Both eigenvalues
are negative on the upper-z branch, which is locally asymptotically stable within the simplex.

The unstable nontrivial boundary branch intersects the pure-.S branch at wpc = 0.6880820, where

B(0, 1; CUT(;) =0,
B,(0, I; wpc) = 2.8328,
B, (0, 1; 0opc) = —3.0136.
The pure-S equilibrium exists for every w, and the nontrivial boundary branch crosses it transversely. The collision is

therefore an edge transcritical bifurcation. Because the second planar eigenvalue is 0.4000 > 0, this bifurcation does
not create a locally attracting equilibrium in the full simplex.
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D.4. Discrete activation-threshold comparison

Because M is discrete, we examined each value in a separate boundary calculation. For M = 2, the locally
asymptotically stable boundary branch is created at the saddle-node defined by Eq. (49). For M = 3 and M = 4,
a nontrivial boundary branch exists before it becomes locally asymptotically stable. The corresponding stability
thresholds were obtained from

B(0,z;w) =0,
A0, z;w) = 0.

These equations locate a zero transverse ordinary-cooperator invasion eigenvalue on an existing D—S branch.

For M = 3, the threshold is (z,., w,) = (0.7935, 0.6608) and the tangential eigenvalue is —0.1904. For M = 4, the
threshold is (z,,®,) = (0.9541,0.8321) and the tangential eigenvalue is —0.3502. Only the transverse eigenvalue
vanishes at these points, so we classify them as transverse stability crossings rather than boundary saddle-node
bifurcations. A more specific codimension-one classification would require an additional normal-form calculation and
tracking of the associated interior branch.

D.5. Pointwise classification of two-parameter maps

The two-parameter maps in Fig. 3 were constructed by classifying each sampled parameter pair. We used 401
equally spaced values of w on [0, 1] and 241 equally spaced values of the secondary parameter over 0.15 < k < 0.75,
25<L<6,0r035<y<25.

On the D-S edge, the closed payoff differences are polynomials in z and affine in w. For each fixed value of the
secondary parameter # € {k, L, y}, we wrote them as

A0, z;w,n) = Ag(z;n) + wA (25 1),
B(0, z;w,n) = By(z; ) + @By (z;1).

At each sampled parameter pair, we computed all roots of the degree-(N — 1) polynomial B(0, z; @, 7). A root was
retained when the magnitude of its imaginary part was below 1073, 107 < z < 1 — 107, and the scaled polynomial
residual was below 1077,

For each retained boundary root, local stability in the full simplex was evaluated from A, = A(0, z; w,n) and
A = z(1 = 2)B,(0, z; w, ). A parameter pair was classified as “present” when at least one nontrivial boundary root
satisfied A, < —1077 and A < —1077; otherwise it was classified as “absent”. This pointwise procedure permits
multiple stable intervals at the same secondary-parameter value and does not assume that the stable region occupies
one side of a single fold.

The solid contours in Fig. 3 were extracted from changes in the binary pointwise classifications. They are grid-
resolved numerical stability boundaries, not analytically continued saddle—node loci. The complete classification grids,
including the locally stable roots, their eigenvalues, and disconnected contour segments, were exported as CSV files.

D.6. Basin computation and convergence checks

The basin map in Fig. 4 was computed at @ = 0.90 on a uniform barycentric grid with scale factor 300, giving 45 451
initial states. The planar system was integrated by the classical fourth-order Runge—Kutta method with Az = 0.10, 1800
steps, and #,,, = 180.

To classify the terminal states, we exclusively relied on the candidate attractors established during the preceding
equilibrium and local-stability analysis. Rather than identifying new attractors independently during the grid simula-
tion, we utilized these pre-calculated states as fixed reference points for the basin assignment. Specifically at @ = 0.90,
their reduced (x, z) coordinates are

D = (0,0), C=(1,0), Ep5(0.90) = (0,0.5008).

For a terminal state (x Z f), we defined

d. . = min ”x,z —EH
min E€(D.C.Eps) (f f) 5
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The initial condition was assigned to the nearest candidate attractor only when d,;, < 107°; otherwise it was recorded
as unclassified. The exact pure-S initial state was retained as unclassified because it remains at the unstable pure-.S
equilibrium and does not approach any of the three attractors used in the basin classification.

We checked convergence on the same grid using At = 0.05 with 3600 steps and f,,,, = 180, and At = 0.10
with 3000 steps and ,,,, = 300. All three integration protocols assigned the same 45450 initial states, with only
the exact pure-.S state unclassified. No grid point changed basin assignment under either refinement. This finite-grid
agreement supports the numerical robustness of Fig. 4 for the reported parameters but does not constitute a global
basin or convergence theorem.
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