
Bifurcation and Multistability in a Collective-Risk Public Goods
Game with Quorum-Activated Protection
Shulan Lia, Xiaogang Lib, Lei Shib,∗, Jun Hec,∗ and Attila Szolnokid

aSchool of Accounting and Auditing, Yunnan University of Finance and Economics, Kunming, 650221, China
bSchool of Statistics and Mathematics, Yunnan University of Finance and Economics, Kunming, 650221, China
cSchool of Engineering, Kunming University, Kunming, 650214, China
dInstitute of Technical Physics and Materials Science, Centre for Energy Research, Budapest, 1525, Hungary

A R T I C L E I N F O
Keywords:
public goods game
collective risk
quorum-activated protection
replicator dynamics
saddle–node bifurcation

A B S T R A C T
redCollective-failure risk can promote cooperation when cooperative behavior reduces the
probability of a shared loss.Existing studies usually embed risk mitigation in the contribution
itself, whereas many real systems rely on a separate costly and non-excludable protective
activity that requires a participation quorum. Whether such protection can evolve and persist
remains unclear. Here, we formulate an 𝑁-player public-goods game with ordinary cooperators,
defectors, and protective cooperators. Defectors endogenously increase a saturating probability
of collective failure, whereas protective cooperators incur an additional cost and reduce this
risk for all group members once their number reaches the quorum. Replicator analysis and
numerical bifurcation calculations yield three main findings. First, protective cooperation gains
an advantage when the focal participant completes the quorum and the resulting expected
loss reduction exceeds its additional cost. This advantage varies non-monotonically with group
composition. Second, when a single protective cooperator cannot activate protection, protection
effectiveness does not enter its first-order invasion fitness at full defection; greater effectiveness
cannot overcome the rare-invasion barrier when full defection is locally asymptotically stable.
Third, a boundary saddle–node bifurcation creates a saddle and a locally asymptotically stable
coexistence equilibrium of defectors and protective cooperators. When full cooperation and full
defection are also locally asymptotically stable, three attractors coexist, and the numerically
observed evolutionary outcome depends on the initial population composition. These results
distinguish the effectiveness of activated protection from its ability to become established from
rarity.

1. Introduction1

Cooperation enables individuals to produce collective benefits that cannot be obtained independently, yet it2

is vulnerable to free riding. Explaining how cooperation emerges and persists despite this conflict is a central3

problem in evolutionary theory [1, 2]. The public goods game (PGG) provides a standard representation of this4

dilemma. Cooperators pay a personal cost to generate a shared return, whereas defectors obtain the return without5

contributing [3, 4]. When the individual return from contributing is lower than its cost, selection favors defection even6

though universal cooperation would yield a better collective outcome. The PGG therefore captures the evolutionary7

basis of the tragedy of the commons [5–7].8

Evolutionary game theory has identified several mechanisms that can offset the individual advantage of defection.9

Five canonical routes are kin selection [8], direct reciprocity [9], indirect reciprocity [10], network reciprocity [11], and10

group selection [12]. These mechanisms promote cooperation through distinct evolutionary channels. Kin selection11

relies on genetic relatedness, direct reciprocity on repeated interactions, indirect reciprocity on reputation, network12

reciprocity on structured populations, and group selection on differences in success among groups [13–16]. Incentive13

mechanisms provide an alternative route by directly modifying the payoff difference between cooperation and defection.14

Costly punishment and reward can promote cooperation [17–19], although their effectiveness may be limited by15

implementation costs and second-order free riding [20–22]. Institutional and behavioral rules, including voluntary16

participation [23], optional exit [24, 25], and social exclusion [26–28], provide further routes by regulating entry17

into collective interactions or access to shared returns. Together, these studies show how assortment, incentives, and18
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participation rules can favor cooperation in ordinary public goods games [29, 30]. A different problem arises when19

defection not only reduces public-good provision but also increases the probability of a collective failure that affects20

every group member.21

The collective-risk social dilemma formalizes this shared-loss structure by imposing a probabilistic loss when22

a group fails to reach a collective target [31, 32]. Experiments show that sufficiently severe risk can increase23

contributions, although high risk or scientific uncertainty alone does not guarantee collective success [33, 34].24

Evolutionary analyses further show that contribution targets create coordination barriers and that risk magnitude,25

group size, and target strictness can generate multiple evolutionary outcomes [35–38]. In spatial populations, group-26

performance-dependent risk can help avert collective failure, although excessively demanding targets may weaken the27

cooperative effect of stronger risk feedback [39]. Subsequent extensions have examined inequality, intergenerational28

sustainability, communication, insurance, and feedback between population behavior and the risk environment [40–29

46]. Communication of group sentiment and intended investment can also reverse inaction by improving coordination30

under shared risk [47]. More recent studies have broadened this institutional perspective by introducing centralized31

monitoring and reporting, competing risk-sharing arrangements, adaptive collective targets, and joint feedback among32

cooperation, risk, and cost [48–52]. These studies demonstrate that institutional responses and endogenous feedback33

can reorganize the equilibrium structure and generate initial-condition-dependent outcomes. Nevertheless, typical34

public-good provision is generally not separated from a distinct, cost-bearing, and non-excludable protective activity35

whose effectiveness depends on its own participation quorum.36

In many real systems, preventing catastrophic loss often requires protective activities that are fundamentally distinct37

from ordinary public-good provision. This type of protection entails additional operating costs and activates only once38

participation reaches a prescribed quorum, after which it reduces risk for everyone regardless of their contribution.39

For instance in cross-border epidemic control, ordinary contributions typically fund routine public-health services.40

Protective cooperation, by contrast, finances joint disease surveillance, interoperable early-warning systems, and shared41

laboratory capacity. The participation quorum defines the minimum network of regions required for reliable detection.42

A similar logic applies to regional disaster prevention. Here, protective cooperation builds connected flood-control43

and monitoring infrastructure beyond standard public services. These systems activate only when enough jurisdictions44

participate, yet their protective shield is entirely non-excludable. Because such protection is inherently costly, quorum-45

dependent, and non-excludable, the evolutionary conditions required for its emergence remain a challenging open46

question.47

To address this gap, we develop an 𝑁-player evolutionary public-goods game that explicitly separates risk48

mitigation from ordinary contributions. The population consists of ordinary cooperators, defectors, and protective49

cooperators. Both ordinary and protective cooperators contribute to the public good, while protective cooperators also50

incur an operating cost. The probability of collective failure increases and gradually saturates with the number of51

defectors, making risk endogenous to group composition. Protection reduces this probability for every group member,52

including defectors, but becomes active only when the number of protective cooperators reaches a prescribed threshold.53

We derive the expected payoffs under random matching, establish the local invasion and stability conditions of the54

three-strategy replicator system, and use numerical branch tracking to locate changes in its equilibrium structure. The55

results show that the advantage of protective cooperation varies non-monotonically with group composition because it56

is concentrated in configurations in which the focal individual completes the quorum. When activation requires more57

than one protective cooperator, a rare protective cooperator cannot activate the mechanism, so changing protection58

effectiveness does not alter its first-order invasion fitness at full defection. If full defection is locally asymptotically59

stable, even a highly effective protective mechanism cannot overcome the resulting rare-invasion barrier.60

Sufficiently effective protection can nevertheless create a locally asymptotically stable coexistence state at a positive61

protective-cooperator frequency through a boundary saddle–node bifurcation while full defection remains locally62

asymptotically stable. When full cooperation is also locally asymptotically stable, the resulting tristability makes the63

numerically observed outcome depend on the initial population composition.64

2. Model and methods65

2.1. Population and strategies66

Consider an infinite, well-mixed population whose members repeatedly form groups of size 𝑁 ≥ 3. Each individual67

uses one of three strategies: ordinary cooperation (𝐶), defection (𝐷), or protective cooperation (𝑆). Let 𝑥, 𝑦, and 𝑧68
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denote their population frequencies. The state space is the simplex69

Δ2 =
{
(𝑥, 𝑦, 𝑧) ∈ ℝ3≥0 ∣ 𝑥 + 𝑦 + 𝑧 = 1

}
.

Under random matching, the strategies of the other group members are sampled independently from these frequencies.70

Within any realized group, individuals adopting either strategy 𝐶 or 𝑆 contribute a fixed cost 𝑐 > 0 to a public pool,71

whereas 𝐷-players contribute nothing. This aggregate contribution is multiplied by a synergy factor 𝑟 and distributed72

equally among all 𝑁 group members. By imposing the standard social-dilemma condition 1 < 𝑟 < 𝑁 , any individual73

contribution increases the collective payoff (𝑟 > 1) yet yields a net personal deficit (𝑟∕𝑁 < 1) in the hypothetical74

absence of collective risk. Furthermore, beyond the baseline contribution 𝑐, strategy 𝑆 incurs an independent operating75

cost 𝑘 > 0 per interaction, strictly regardless of whether the protective mechanism is ultimately triggered.76

2.2. Collective risk and quorum-activated protection77

Crucially, defection endogenously generates a shared risk of collective failure. For a realized group containing 𝑑78

defectors, the failure probability is79

𝑝(𝑑) = 1 − 𝑒−𝛾𝑑 = 1 − 𝜌𝑑 , 𝛾 > 0, (1)
where 𝛾 measures the sensitivity of collective failure risk to the number of defectors and 𝜌 = 𝑒−𝛾 ∈ (0, 1) is the80

multiplicative survival factor associated with one defector.81

This exponential specification assumes that each additional defector multiplies the groups probability of avoiding82

failure by a constant factor 𝜌. This formulation naturally keeps the failure probability bounded between zero and one,83

yielding 𝑝(𝑑+1)−𝑝(𝑑) = (1−𝜌)𝜌𝑑 > 0Consequently, the collective risk strictly increases with the number of defectors,84

yet its marginal impact diminishes as failure becomes increasingly certain. Saturation is therefore a highly appropriate85

assumption for scenarios where additional free-riding inflicts less marginal damage on a group that is already severely86

exposed to collective collapse.87

Crucially, the core pivotality mechanism driven by the quorum rule does not rely on this specific exponential form.88

For any alternative bounded and monotonically increasing risk function satisfying 𝑝(0) = 0, the strategic advantage of89

a focal protective cooperator emerges precisely when its participation completes the quorum. Similarly, the structural90

rare-invasion barrier remains universally robust: whenever activation requires multiple cooperators, a single mutant91

cannot trigger the mechanism, meaning the actual protection effectiveness drops out of the first-order invasion fitness92

entirely. However, the exact closed-form simplifications, specific equilibrium coordinates, and numerical bifurcation93

thresholds do remain dependent on the chosen exponential specification.94

If collective failure occurs, every group member suffers the same additive loss 𝐿 > 0, independently of the public-95

good return, and no transfers occur between strategies. Collective protection is activated if and only if the number of96

protective cooperators reaches an integer quorum 𝑀 ∈ {2,… ,𝑁−1}. Once activated, protection reduces the baseline97

failure probability by the fraction 𝜔 ∈ [0, 1]. To avoid notational overlap with repeated-game models, we explicitly98

note that throughout the manuscript, 𝜔 exclusively denotes protection effectiveness. A group containing 𝑑 defectors99

therefore faces the residual failure probability 𝑝(𝑑) when the quorum is not reached and (1−𝜔)𝑝(𝑑) when it is reached.100

Because the reduction applies to every group member, including defectors, activated protection is non-excludable rather101

than a targeted sanction.102

We restrict the quorum to 𝑀 ∈ {2,… ,𝑁 − 1} to focus on the nondegenerate coordination problem. If 𝑀 = 1,103

a single mutant can activate protection, so 𝜔 enters its first-order invasion fitness near full defection. If 𝑀 = 𝑁 ,104

activation requires an all-𝑆 group, which contains no defectors and has baseline risk 𝑝(0) = 0; protection is therefore105

redundant.106

2.3. Payoffs in a realized group107

Let 𝑛 = 𝑁 − 1 be the number of co-players of a focal individual, and let 𝑖, 𝑗, and 𝑚 be the numbers using strategies108

𝐶 , 𝐷, and 𝑆, respectively. Thus, 𝑖 + 𝑗 + 𝑚 = 𝑛.109

For a focal 𝐶- or 𝐷-player, protection is activated when at least 𝑀 co-players use strategy 𝑆, so 𝑚 ≥ 𝑀 . A focal110

𝑆-player counts toward the quorum and therefore requires only 𝑚 ≥ 𝑀 − 1 protective co-players.111
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Letting 𝕀 denote the standard indicator function – yielding 1 if event  occurs and 0 otherwise – the expected112

payoffs for the three strategies, conditional on the realized co-player composition, are formulated as113

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜋𝐶 = 𝑟𝑐(𝑖 + 𝑚 + 1)
𝑁

− 𝑐 − 𝐿𝑝(𝑗)
[
1 − 𝜔𝕀𝑚≥𝑀

]
,

𝜋𝐷 = 𝑟𝑐(𝑖 + 𝑚)
𝑁

− 𝐿𝑝(𝑗 + 1)
[
1 − 𝜔𝕀𝑚≥𝑀

]
,

𝜋𝑆 = 𝑟𝑐(𝑖 + 𝑚 + 1)
𝑁

− 𝑐 − 𝑘 − 𝐿𝑝(𝑗)
[
1 − 𝜔𝕀𝑚≥𝑀−1

]
.

(2)

In each payoff, the first term is the focal player’s share of the public-good return. Strategies 𝐶 and 𝑆 pay the114

contribution cost 𝑐, and strategy 𝑆 also pays the operating cost 𝑘. A focal defector increases the total number of115

defectors from 𝑗 to 𝑗 + 1, so its failure probability is 𝑝(𝑗 + 1). The final term is the expected collective loss, with the116

indicator function imposing the appropriate quorum condition for each focal strategy.117

2.4. Expected payoffs under random matching118

Under random matching, the focal individual’s co-player composition satisfies (𝑖, 𝑗,𝑚) ∼ Multinomial(𝑛; 𝑥, 𝑦, 𝑧).119

The expected payoff of strategy 𝓁 ∈ {𝐶 ,𝐷,𝑆} is 𝑃𝓁 = 𝔼[𝜋𝓁(𝑖, 𝑗,𝑚)]. These multinomial expectations are evaluated120

exactly in Appendix A.121

Define the expected non-failure factor 𝑞 = 𝑥+ 𝑧+ 𝜌𝑦 = 1− (1− 𝜌)𝑦. A randomly sampled co-player contributes a122

factor 1 if it uses 𝐶 or 𝑆 and a factor 𝜌 if it uses 𝐷, so the expected factor is 𝑞. Independence of the 𝑛 draws then gives123

𝑞𝑛 = 𝔼[𝜌𝑗] = 𝔼[𝑒−𝛾𝑗], where 𝑗 ∼ Binomial(𝑛, 𝑦).124

Furthermore, to capture the threshold-dependent activation of the protective mechanism, we introduce the risk-125

weighted activation terms for a generic integer threshold ℎ ∈ {0,… , 𝑛} as follows:126

𝑇ℎ = 𝔼
[
𝑝(𝑗)𝕀𝑚≥ℎ

]
, 𝑇 𝐷

ℎ = 𝔼
[
𝑝(𝑗 + 1)𝕀𝑚≥ℎ

]
. (3)

These quantities are risk-weighted activation terms rather than activation probabilities, because each threshold-127

satisfying composition is weighted by its state-dependent failure probability. Thus, 𝜔𝑇ℎ and 𝜔𝑇 𝐷
ℎ give the expected128

reductions in failure probability, whereas 𝐿𝜔𝑇ℎ and 𝐿𝜔𝑇 𝐷
ℎ give the corresponding expected losses avoided by129

protection. Their finite-sum expressions are derived in Appendix A.2.130

By setting ℎ = 0, we effectively remove the activation filter, which yields:131

𝑇0 = 1 − 𝑞𝑛, 𝑇 𝐷
0 = 1 − 𝜌𝑞𝑛. (4)

In this context, 𝑇0 signifies the expected baseline unprotected failure probability faced by a focal contributor, whereas132

𝑇 𝐷
0 incorporates the marginal risk increment induced by a focal defector.133

Aggregating these mathematical components, the expected population-level payoffs for the three strategies are134

formulated as:135

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑃𝐶 = 𝑟𝑐[1 + 𝑛(𝑥 + 𝑧)]
𝑁

− 𝑐 − 𝐿
[
𝑇0 − 𝜔𝑇𝑀

]
,

𝑃𝐷 = 𝑟𝑐𝑛(𝑥 + 𝑧)
𝑁

− 𝐿
[
𝑇 𝐷
0 − 𝜔𝑇 𝐷

𝑀
]
,

𝑃𝑆 = 𝑟𝑐[1 + 𝑛(𝑥 + 𝑧)]
𝑁

− 𝑐 − 𝑘 − 𝐿
[
𝑇0 − 𝜔𝑇𝑀−1

]
.

(5)

Structurally, the first component in each payoff equation captures the expected share of the public-good return, the136

second component accounts for the strategy-specific investment costs, and the final bracketed term reflects the residual137

expected collective loss after accounting for the protective mechanism. Notably, the activation index shifts from 𝑀 to138

𝑀 − 1 exclusively for a focal protective cooperator (𝑃𝑆 ), accurately reflecting the endogenous property that the focal139

individual’s own participation counts toward satisfying the critical activation quorum.140
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2.5. Selection gradients141

To analytically isolate the marginal protection benefit uniquely conferred by strategy 𝑆, we define the pivotal142

threshold probability as Ψ𝑀 ∶= 𝑇𝑀−1 − 𝑇𝑀 . Because the events 𝑚 ≥ 𝑀 − 1 and 𝑚 ≥ 𝑀 differ exclusively at the143

discrete boundary 𝑚 = 𝑀 − 1, this quantity can be explicitly expanded as144

Ψ𝑀 = 𝔼
[
𝑝(𝑗)𝕀𝑚=𝑀−1

]

=
(

𝑛
𝑀 − 1

)
𝑧𝑀−1 [(1 − 𝑧)𝑛−𝑀+1 − (𝑥 + 𝜌𝑦)𝑛−𝑀+1] . (6)

The quantity Ψ𝑀 represents the risk-weighted probability that the focal protective cooperator completes the activation145

threshold. Consequently, the payoff difference between protective and ordinary cooperators reduces to the exact identity146

147

𝑃𝑆 − 𝑃𝐶 = −𝑘 + 𝐿𝜔Ψ𝑀 . (7)
Here, 𝐿𝜔Ψ𝑀 is the expected collective loss avoided because the focal player is pivotal for activation. Protective148

cooperation is favored over ordinary cooperation if and only if this expected pivotal benefit exceeds the fixed operating149

cost 𝑘.150

To facilitate the subsequent dynamical analysis on the state space, we eliminate the frequency of defectors by151

substituting 𝑦 = 1−𝑥−𝑧. From this point onward, the variables 𝑞, 𝑅𝑀 , and Ψ𝑀 denote their corresponding composite152

functions evaluated on the reduced two-dimensional simplex, ensuring that all partial derivatives with respect to 𝑥 and153

𝑧 are strictly taken within this constrained domain. We then define the selection gradients relative to defection as154

𝐴(𝑥, 𝑧;𝜔) = 𝑃𝐶 − 𝑃𝐷, 𝐵(𝑥, 𝑧;𝜔) = 𝑃𝑆 − 𝑃𝐷. (8)
For notational brevity, all structural parameters other than the protection effectiveness 𝜔 are suppressed from the155

function arguments.156

To express these selection gradients in closed form, we introduce the baseline marginal payoff parameter 𝑎 =157
𝑟𝑐
𝑁 − 𝑐 alongside the threshold-dependent expectation term 𝑅𝑀 = 𝔼

[
𝜌𝑗𝕀𝑚≥𝑀

]. As formally derived in Appendix B,158

substituting these components yields the exact closed-form expressions:159

𝐴(𝑥, 𝑧;𝜔) = 𝑎 + 𝐿(1 − 𝜌)
[
𝑞𝑛 − 𝜔𝑅𝑀

]
, (9)

𝐵(𝑥, 𝑧;𝜔) = 𝐴(𝑥, 𝑧;𝜔) − 𝑘 + 𝐿𝜔Ψ𝑀 . (10)
The constant 𝑎 captures the direct payoff consequence of replacing a defector with a contributor in the absence of160

collective risk. The bracketed term in 𝐴(𝑥, 𝑧;𝜔) gives the associated reduction in expected collective loss, including161

groups in which protection is already active. The function 𝐵(𝑥, 𝑧;𝜔) additionally incorporates the operating cost 𝑘 and162

the risk-weighted pivotal benefit 𝐿𝜔Ψ𝑀 specific to protective cooperation.163

2.6. Replicator dynamics164

To model the evolutionary trajectories of the competing strategies, we first establish the mean population payoff,165

defined as 𝑃 = 𝑥𝑃𝐶 + 𝑦𝑃𝐷 + 𝑧𝑃𝑆 . By absorbing an arbitrary positive selection rate into the time scale without loss of166

generality, the temporal evolution of the strategy frequencies is governed by the standard replicator equations [53, 54]:167

168

⎧⎪⎨⎪⎩

𝑥̇ = 𝑥(𝑃𝐶 − 𝑃 ),
𝑦̇ = 𝑦(𝑃𝐷 − 𝑃 ),
𝑧̇ = 𝑧(𝑃𝑆 − 𝑃 ),

(11)

where the overdot denotes differentiation with respect to evolutionary time.169

Because the population frequencies must rigorously sum to unity, eliminating the defector frequency via 𝑦 =170

1 − 𝑥 − 𝑧 allows us to mathematically project the dynamics onto the reduced two-dimensional state space, formally171

defined as the simplex Δ𝑥𝑧 =
{
(𝑥, 𝑧) ∈ ℝ2≥0 ∣ 𝑥 + 𝑧 ≤ 1

}
. By substituting the previously derived selection gradients172
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from Eq. (8) into this framework, the continuous-time evolution on the reduced simplex can be explicitly expressed as173

the planar system:174

{
𝑥̇ = 𝑥 [(1 − 𝑥)𝐴(𝑥, 𝑧;𝜔) − 𝑧𝐵(𝑥, 𝑧;𝜔)] ,
𝑧̇ = 𝑧 [(1 − 𝑧)𝐵(𝑥, 𝑧;𝜔) − 𝑥𝐴(𝑥, 𝑧;𝜔)] .

(12)

Structurally, the boundaries of this simplex constitute invariant manifolds. Specifically, the coordinate edges 𝑥 = 0175

and 𝑧 = 0 remain strictly invariant because the evolutionary growth rate of any strategy is inherently scaled by its176

own frequency, thereby preventing an absent strategy from spontaneously emerging. Similarly, the diagonal boundary177

spanning 𝑥+ 𝑧 = 1 is dynamically invariant, as this condition corresponds to a population entirely devoid of defectors178

(𝑦 = 0), rendering 𝑦̇ = 0 within the original full system in Eq. (11). Together, Equations (9), (10), and (12) form the179

closed, rigorously defined planar dynamical system that serves as the analytical foundation for all subsequent stability180

and bifurcation analyses.181

2.7. Equilibria and local stability182

To facilitate a rigorous stability analysis of the dynamical system, we first rewrite the planar equations (12) in the183

generalized vector field form 𝑥̇ = 𝐹 (𝑥, 𝑧;𝜔) and 𝑧̇ = 𝐺(𝑥, 𝑧;𝜔), and correspondingly define the associated Jacobian184

matrix of the system as185

𝐽 (𝑥, 𝑧;𝜔) =
(

𝐹𝑥 𝐹𝑧
𝐺𝑥 𝐺𝑧

)
. (13)

The explicit analytical expressions for the general Jacobian, alongside its specific reductions evaluated at both boundary186

and interior equilibria, are systematically derived in Appendix C.1.187

Following standard nonlinear dynamical systems theory, an equilibrium point is classified as locally asymptotically188

stable if and only if both eigenvalues of its evaluated Jacobian matrix possess strictly negative real parts. Conversely,189

the presence of at least one eigenvalue with a positive real part renders the equilibrium unstable. In non-hyperbolic190

scenarios where the leading eigenvalue possesses a zero real part, first-order linearization becomes structurally191

inconclusive, thereby necessitating the examination of higher-order terms or center manifold reductions to rigorously192

ascertain the system’s local topological behavior.193

The homogeneous populations consisting entirely of defectors, ordinary cooperators, and protective cooperators194

are denoted by 𝐃 = (0, 1, 0), 𝐂 = (1, 0, 0), and 𝐒 = (0, 0, 1). They correspond to the vertices (0, 0), (1, 0), and (0, 1) of195

the reduced simplex, respectively.196

2.7.1. Homogeneous equilibria197

At the full-defection equilibrium 𝐃, we define the baseline boundary selection gradient as 𝐴𝐷 ∶= 𝐴(0, 0;𝜔) =198

𝑎 + 𝐿(1 − 𝜌)𝜌𝑛. Evaluating the Jacobian at this state yields the two transversal invasion eigenvalues:199

𝜆𝐷
𝐶 = 𝐴𝐷, 𝜆𝐷

𝑆 = 𝐴𝐷 − 𝑘. (14)
The first eigenvalue gives the initial growth rate of a rare ordinary cooperator in an otherwise defecting population,200

whereas the second gives the corresponding growth rate of a rare protective cooperator. Consequently, full defection201

is locally asymptotically stable if and only if 𝐴𝐷 < 0, is a saddle when 0 < 𝐴𝐷 < 𝑘, and is an unstable node when202

𝐴𝐷 > 𝑘. The boundary equality cases are nonhyperbolic and are analyzed in Appendix C.3.203

Neither eigenvalue in Eq. (14) depends on 𝜔. Because a single mutant protective cooperator cannot trigger the204

mechanism, the actual protection effectiveness has no bearing on the first-order invasion directions at full defection.205

However, the evolutionary consequence of this mathematical fact depends strictly on the baseline dynamics. When206

𝐴𝐷 < 0, the full-defection equilibrium is locally asymptotically stable, meaning this structural deficit translates into a207

permanent rare-invasion barrier across all admissible values of 𝜔.208

Similarly, at the full-cooperation equilibrium 𝐂, we define the analogous boundary gradient 𝐴𝐶 ∶= 𝐴(1, 0;𝜔) =209

𝑎+𝐿(1−𝜌). The corresponding invasion eigenvalues governing the introduction of alternative strategies are determined210

as211

𝜆𝐶
𝐷 = −𝐴𝐶 , 𝜆𝐶

𝑆 = −𝑘. (15)
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Thus, the full-cooperation state achieves local asymptotic stability precisely when 𝐴𝐶 > 0, and it degenerates into a212

saddle point when 𝐴𝐶 < 0. In the critical scenario where 𝐴𝐶 = 0, the state becomes nonhyperbolic; Appendix C.3213

formally establishes its instability by analyzing the flow dynamics strictly along the invariant 𝐶–𝐷 edge.214

Finally, at the full-protective-cooperation equilibrium 𝐒, the exact invasion eigenvalues are determined as215

𝜆𝑆
𝐶 = 𝑘, 𝜆𝑆

𝐷 = 𝑘 − 𝑎 − 𝐿(1 − 𝜌)(1 − 𝜔). (16)
Because 𝜆𝑆

𝐶 = 𝑘 > 0 for every 𝑘 > 0, the full-protective-cooperation equilibrium is locally unstable. It acts as a saddle216

when 𝜆𝑆
𝐷 < 0 and an unstable node when 𝜆𝑆

𝐷 > 0. When 𝜆𝑆
𝐷 = 0, the equilibrium becomes nonhyperbolic yet remains217

unstable since 𝜆𝑆
𝐶 > 0.218

2.7.2. Boundary equilibria219

Restricting the evolutionary dynamics to the invariant 𝐶–𝐷 edge where 𝑧 = 0, the differential equation governing220

the fraction of ordinary cooperators simplifies to 𝑥̇ = 𝑥(1 − 𝑥)𝐴(𝑥, 0;𝜔). As shown in Appendix C.4, the restricted221

gradient 𝐴(𝑥, 0;𝜔) is strictly increasing in 𝑥. Consequently, a unique nontrivial edge equilibrium, denoted by 𝐸𝐶𝐷 =222

(𝑥𝐶𝐷, 1 − 𝑥𝐶𝐷, 0), exists if and only if 𝐴𝐷 < 0 < 𝐴𝐶 . Its tangential eigenvalue is positive, whereas its transverse223

protective-cooperator invasion eigenvalue is −𝑘 < 0; hence, 𝐸𝐶𝐷 is a saddle. Along the invariant edge, this saddle224

separates the one-dimensional basins of full cooperation and full defection.225

Turning to the invariant 𝐶–𝑆 edge, the complete absence of defectors implies that the collective failure probability226

functionally vanishes (𝑝(0) = 0), which correspondingly nullifies the pivotal threshold probability (Ψ𝑀 = 0). Under227

these ideal conditions, the payoff differential identity in Eq. (7) tightly reduces to 𝑃𝑆 − 𝑃𝐶 = −𝑘 < 0. This structural228

asymmetry guarantees that no nontrivial 𝐶–𝑆 equilibrium can exist for any strictly positive operating cost (𝑘 > 0);229

thus, the evolutionary flow along this boundary is unidirectionally driven from 𝑆 toward 𝐶 . The degenerate, cost-free230

scenario where 𝑘 = 0 entails structural sensitivities and is separately addressed in Appendix C.5.231

Along the invariant 𝐷–𝑆 edge, any nontrivial coexistence equilibrium must take the generic form 𝐸𝐷𝑆 =232

(0, 1 − 𝑧𝐷𝑆 , 𝑧𝐷𝑆 ) for 0 < 𝑧𝐷𝑆 < 1, and must strictly satisfy the root condition 𝐵(0, 𝑧𝐷𝑆 ;𝜔) = 0. By linearizing233

the system around this boundary state, the transverse and tangential eigenvalues are respectively given by234

𝜆⟂ = 𝐴(0, 𝑧𝐷𝑆 ;𝜔), 𝜆∥ = 𝑧𝐷𝑆 (1 − 𝑧𝐷𝑆 )𝐵𝑧(0, 𝑧𝐷𝑆 ;𝜔). (17)
The transverse eigenvalue 𝜆⟂ gives the invasion growth rate of a rare ordinary cooperator, whereas the tangential235

eigenvalue 𝜆∥ governs perturbations along the invariant edge. Assuming hyperbolicity, the 𝐷–𝑆 equilibrium is locally236

asymptotically stable if and only if 𝐴(0, 𝑧𝐷𝑆 ;𝜔) < 0 and 𝐵𝑧(0, 𝑧𝐷𝑆 ;𝜔) < 0. It is a saddle when the two eigenvalues237

have opposite signs, while the vanishing of either eigenvalue makes first-order linearization inconclusive.238

A critical topological transition, characterized as a boundary saddle–node bifurcation, unfolds when two distinct239

nontrivial 𝐷–𝑆 equilibria mutually approach and coalesce. Analytically, this bifurcation is pinpointed by the240

simultaneous satisfaction of the equilibrium and tangency conditions:241

𝐵(0, 𝑧𝐷𝑆 ;𝜔) = 0, 𝐵𝑧(0, 𝑧𝐷𝑆 ;𝜔) = 0. (18)
To ensure that the tangential zero eigenvalue remains geometrically simple within the full two-dimensional planar242

system, the transverse non-degeneracy condition must hold:243

𝐴(0, 𝑧𝐷𝑆 ;𝜔) ≠ 0. (19)
With 𝜔 as the bifurcation parameter and all other parameters fixed, a nondegenerate codimension-one fold also requires244

245

𝐵𝑧𝑧(0, 𝑧𝐷𝑆 ;𝜔) ≠ 0, 𝐵𝜔(0, 𝑧𝐷𝑆 ;𝜔) ≠ 0. (20)
The rigorous derivation of these bifurcation criteria, grounded in the scalar vector field properly restricted to the 𝐷–𝑆246

edge, is systematically detailed in Appendix C.7.247
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2.7.3. Interior equilibria248

By definition, a fully polymorphic (interior) equilibrium, denoted as 𝐸∗ = (𝑥∗, 𝑦∗, 𝑧∗), requires the strictly positive249

coexistence of all three strategies (𝑥∗, 𝑦∗, 𝑧∗ > 0). Within the replicator dynamics framework, this mutual coexistence250

necessitates the exact equalization of all three expected payoffs, which is algebraically equivalent to the simultaneous251

vanishing of the respective selection gradients:252

𝐴(𝑥∗, 𝑧∗;𝜔) = 0, 𝐵(𝑥∗, 𝑧∗;𝜔) = 0. (21)
As systematically detailed in Appendix C.8, the Jacobian matrix evaluated at such an interior state admits a253

mathematically tractable factorization. Specifically, it can be analytically shown that the determinant of this evaluated254

Jacobian, det 𝐽∗, simplifies to the exact form255

det 𝐽∗ = 𝑥∗𝑦∗𝑧∗
(
𝐴𝑥𝐵𝑧 − 𝐴𝑧𝐵𝑥

)|||𝐸∗
. (22)

Applying standard linear stability criteria, a hyperbolic interior equilibrium achieves local asymptotic stability if256

and only if its Jacobian simultaneously possesses a positive determinant (det 𝐽∗ > 0) and a negative trace (tr 𝐽∗ < 0).257

Conversely, the state structurally manifests as a saddle point whenever its determinant is strictly negative (det 𝐽∗ < 0),258

and acts as a locally unstable source (or unstable spiral) if both the determinant and the trace are positive (det 𝐽∗ > 0259

and tr 𝐽∗ > 0). In the critical event of a singular Jacobian matrix (det 𝐽∗ = 0), or a pure imaginary pair of eigenvalues260

(tr 𝐽∗ = 0 with det 𝐽∗ > 0), the equilibrium degenerates into a nonhyperbolic state, rendering first-order linearization261

dynamically inconclusive.262

A prospective topological transition involving an interior saddle–node bifurcation is mathematically pinpointed263

when an equilibrium candidate simultaneously satisfies the payoff equality in Eq. (21) and exhibits a singular Jacobian264

matrix. Because the strategy frequencies 𝑥∗, 𝑦∗, 𝑧∗ are strictly positive in the interior domain, this singularity condition265

is algebraically equivalent to the vanishing of the determinant of the underlying selection gradients:266

(
𝐴𝑥𝐵𝑧 − 𝐴𝑧𝐵𝑥

)|||𝐸∗
= 0. (23)

To ensure this zero eigenvalue remains geometrically simple within the planar system, the trace of the Jacobian must267

concurrently remain non-zero:268

tr 𝐽∗ ≠ 0. (24)
While these specific criteria successfully isolate an equilibrium with a simple zero eigenvalue, they are inherently269

insufficient to definitively prove the occurrence of a nondegenerate saddle–node bifurcation. To rigorously confirm this270

structural transition, the requisite parameter transversality and quadratic nondegeneracy conditions are independently271

formulated and computationally verified in Appendix D.3.272

Finally, Table 1 systematically catalogues the diverse equilibrium classes subsequently employed in the numerical273

bifurcation analysis. Unless explicitly stated otherwise, it should be understood that all stability classifications provided274

herein strictly pertain to local topological properties within the reduced two-dimensional strategy simplex.275

3. Numerical bifurcation results276

Unless stated otherwise, the numerical branch tracking and phase-space calculations use the baseline parameter set277

278

𝑁 = 5, 𝑀 = 2, 𝑟 = 2.3, 𝑐 = 1,
𝑘 = 0.4, 𝐿 = 4, 𝛾 = 1.4.

(25)

These baseline values serve strictly as an illustrative tool to map the bifurcation structures inherently admitted by the279

model, rather than reflecting a specific empirical calibration. It is important to emphasize the boundary between our280

analytical and numerical results. The equilibrium existence and local-stability conditions derived in Section 2 hold281

generally across the entire admissible parameter space. By contrast, the subsequent numerical outputsspecifically the282

reported equilibrium coordinates, fold locations, eigenvalues, phase portraits, and basin geometriesapply exclusively283

to this selected parameter set unless explicitly stated otherwise.284
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Table 1
Existence conditions and local classification of the equilibrium classes on the strategy simplex.

Equilibrium class Existence condition Local classification within the simplex

𝐃 = (0, 1, 0) All admissible parameters Locally asymptotically stable if 𝐴𝐷 < 0; a saddle if
0 < 𝐴𝐷 < 𝑘; an unstable node if 𝐴𝐷 > 𝑘; nonhyperbolic
and unstable if 𝐴𝐷 = 0 or 𝐴𝐷 = 𝑘.

𝐂 = (1, 0, 0) All admissible parameters Locally asymptotically stable if 𝐴𝐶 > 0; a saddle if
𝐴𝐶 < 0; nonhyperbolic and unstable if 𝐴𝐶 = 0.

𝐒 = (0, 0, 1) All admissible parameters Unstable because 𝜆𝑆
𝐶 = 𝑘 > 0; a saddle if 𝜆𝑆

𝐷 < 0; an
unstable node if 𝜆𝑆

𝐷 > 0; nonhyperbolic and unstable if
𝜆𝑆

𝐷 = 0.

𝐸𝐶𝐷 𝐴𝐷 < 0 < 𝐴𝐶 A saddle for 𝑘 > 0, with one positive tangential eigenvalue
and the negative transverse eigenvalue −𝑘.

Nontrivial 𝐶–𝑆
equilibrium

None for 𝑘 > 0; an equilibrium
continuum exists for 𝑘 = 0.

For 𝑘 > 0, the edge flow is directed from 𝑆 toward 𝐶. For
𝑘 = 0, the edge is neutral in the tangential direction and
its transverse stability is parameter dependent.

𝐸𝐷𝑆 = (0, 1−𝑧𝐷𝑆 , 𝑧𝐷𝑆 ) 𝐵(0, 𝑧𝐷𝑆 ;𝜔) = 0, with
0 < 𝑧𝐷𝑆 < 1

The transverse and tangential eigenvalues are
𝜆⟂ = 𝐴(0, 𝑧𝐷𝑆 ;𝜔) and 𝜆∥ = 𝑧𝐷𝑆 (1 − 𝑧𝐷𝑆 )𝐵𝑧(0, 𝑧𝐷𝑆 ;𝜔),
respectively. The equilibrium is locally asymptotically
stable if both eigenvalues are negative, an unstable node
if both are positive, and a saddle if they have opposite
signs. It is nonhyperbolic if either eigenvalue vanishes.

𝐸∗ = (𝑥∗, 𝑦∗, 𝑧∗) 𝐴(𝑥∗, 𝑧∗;𝜔) = 𝐵(𝑥∗, 𝑧∗;𝜔) = 0,
with 𝑥∗, 𝑦∗, 𝑧∗ > 0.

For a hyperbolic equilibrium, locally asymptotically stable
if tr 𝐽∗ < 0 and det 𝐽∗ > 0; locally unstable if tr 𝐽∗ > 0 and
det 𝐽∗ > 0; and a saddle if det 𝐽∗ < 0. The equilibrium is
nonhyperbolic if det 𝐽∗ = 0, or if tr 𝐽∗ = 0 with det 𝐽∗ > 0.

3.1. Two saddle–node bifurcations285

Figure 1 shows how the equilibrium set changes with 𝜔. Panel (a) reports the interior equilibria, and panel (b)286

reports equilibria on the invariant 𝐷–𝑆 edge (𝑥∗ = 0 and 𝑦∗ = 1−𝑧∗). The pure 𝐶 and 𝐷 vertices are omitted because287

their locations are independent of 𝜔 and both remain locally asymptotically stable under the baseline parameters. The288

branch search, stability classification, and fold tests are described in Appendix D.289

The first bifurcation, SN1, is a codimension-one saddle–node bifurcation in the interior of the simplex at290

(𝑥∗, 𝑦∗, 𝑧∗,𝜔SN1) = (0.2994, 0.4272, 0.2734, 0.2882).

Using our parameter-stepped root-search procedure, no interior equilibrium was detected below 𝜔SN1 within the291

searched parameter interval. Crossing SN1 creates a saddle and an unstable node. At the fold, the Jacobian has a292

simple zero eigenvalue and a positive second eigenvalue, while the numerical normal-form coefficients are nonzero.293

Since neither branch is locally attracting, the analytical fold calculation solely confirms that SN1 introduces no new294

attractor. Beyond this local analytical result, our numerical phase portraits demonstrate that this bifurcation globally295

reorganizes the stable-manifold and separatrix geometry.296

The second bifurcation, SN2, occurs on the invariant 𝐷–𝑆 edge at297

(𝑥∗, 𝑦∗, 𝑧∗,𝜔SN2) = (0, 0.7282, 0.2718, 0.5254).

At this point, the boundary equilibrium and tangency conditions hold:298

𝐵(0, 𝑧∗;𝜔SN2) = 0, 𝐵𝑧(0, 𝑧∗;𝜔SN2) = 0.
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Figure 1: Only the boundary saddle–node creates a locally stable protective equilibrium at positive protective-
cooperator frequency, whereas the interior saddle–node adds no attractor. Equilibrium branches with respect to
protection effectiveness 𝜔 under the baseline parameters in Eq. (25). Panel (a) shows the protective-cooperator frequency
𝑧∗ of the interior equilibria, and panel (b) shows equilibria on the invariant 𝐷–𝑆 edge. Green, orange, and red curves denote
locally asymptotically stable, saddle, and unstable branches, respectively. The dashed vertical lines mark the interior saddle–
node SN1 at 𝜔SN1 ≈ 0.2882 and the boundary saddle–node SN2 at 𝜔SN2 ≈ 0.5254. The unstable 𝐷–𝑆 branch reaches an
edge transcritical bifurcation at 𝜔 ≈ 0.6881. The pure-𝐶 and pure-𝐷 equilibria are omitted because their locations and
local classifications do not change with 𝜔 under the baseline parameters.

The derivative tests in Appendix D.3 confirm that SN2 is nondegenerate. For 𝜔 > 𝜔SN2, the fold produces two 𝐷–𝑆299

equilibria. The lower-𝑧 branch is a saddle. On the upper-𝑧 branch, both the transverse eigenvalue 𝜆⟂ = 𝐴(0, 𝑧∗;𝜔) and300

the tangential eigenvalue 𝜆∥ = 𝑧∗(1−𝑧∗)𝐵𝑧(0, 𝑧∗;𝜔) are negative, so this branch is locally asymptotically stable within301

the simplex. Because the pure 𝐶 and 𝐷 vertices remain locally stable, the baseline system changes from bistability to302

tristability after SN2. A separate unstable 𝐷–𝑆 branch reaches the pure-𝑆 vertex at 𝜔 ≈ 0.6881. Because this vertex303

collision does not change the number of local attractors, it is not involved in the formation of the protective state.304

3.2. Phase-space reorganization and tristability305

Figure 2 shows the corresponding changes in the simplex flow. At 𝜔 = 0.20 [panel (a)], 𝐶 and 𝐷 are locally306

asymptotically stable, whereas 𝑆 is a saddle with eigenvalues −1.4709 and 0.4000. The observed trajectories approach307

either 𝐶 or 𝐷, with the stable manifold of the 𝐶–𝐷 edge saddle separating their basins. On the defector-free 𝐶–𝑆 edge,308

Eq. (7) reduces to 𝑃𝑆 − 𝑃𝐶 = −𝑘 < 0, so the edge flow points from 𝑆 toward 𝐶 .309

At 𝜔 = 0.40 [panel (b)], SN1 has created the interior saddle and unstable node, while SN2 has not yet occurred.310

The stable manifold of the interior saddle changes the numerically observed separatrix geometry, but the only local311

attractors remain 𝐶 and 𝐷.312

At 𝜔 = 0.70 [panel (c)], after SN2, the locally asymptotically stable upper 𝐷–𝑆 equilibrium is313

𝐸𝐷𝑆 (0.70) = (0, 0.5488, 0.4512).

Equation (17) gives 𝜆⟂ = −0.4229 and 𝜆∥ = −0.5349. Both are real and negative, so 𝐸𝐷𝑆 is a locally asymptotically314

stable node and the linearized relaxation near this equilibrium is non-oscillatory.315

Taken together, Figs. 1 and 2 establish the fundamental dynamical sequence under our baseline parameters.316

The system begins with full cooperation and full defection forming a simple bistable pair. An interior saddle-node317

bifurcation then generates a saddle and an unstable node. While this numerically alters the separatrix geometry, it318

adds no new attractor. As the parameter w increases, a subsequent boundary saddle-node bifurcation creates a saddle319

alongside a locally asymptotically stable equilibrium where defectors and protective cooperators coexist. Because the320

pure states of full cooperation and full defection both maintain their stability, this boundary emergence effectively321

S. Li et al.: Preprint submitted to Elsevier Page 10 of 26



Bifurcation and multistability under quorum protection

D C

S(a)

ω=0.20

D C

S(b)

ω=0.40

D C

S(c)

ω=0.70

Figure 2: The numerical phase portraits reveal that the interior saddle-node bifurcation reorganizes the separatrix
geometry without introducing a new attractor. In contrast, the boundary saddle-node bifurcation transitions the
system from bistability to tristability by generating a locally stable D-S equilibrium. Replicator phase portraits on
the equilateral strategy simplex under the baseline parameters at 𝜔 = 0.20 in panel (a), 𝜔 = 0.40 in panel (b), and
𝜔 = 0.70 in panel (c). The vertices 𝐶, 𝐷, and 𝑆 represent the three homogeneous states, and arrowed integral curves
indicate forward-time flow. Filled green circles, orange diamonds, and open red circles denote locally asymptotically stable
equilibria, saddles, and unstable equilibria, respectively.

0.0 0.2 0.4 0.6 0.8 1.0

protection effectiveness ω

0.2

0.3

0.4

0.5

0.6

0.7

op
er

at
in

g 
co

st
 k

(a)

0.0 0.2 0.4 0.6 0.8 1.0

protection effectiveness ω

2.5

3.0

3.5

4.0

4.5

5.0

5.5

6.0

co
ll

ec
ti

ve
 lo

ss
 L

(b)

0.0 0.2 0.4 0.6 0.8 1.0

protection effectiveness ω

0.50

0.75

1.00

1.25

1.50

1.75

2.00

2.25

2.50

ri
sk

 s
en

si
ti

vi
ty

 γ

(c)
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Figure 3: Pointwise classification of locally asymptotically stable, nontrivial 𝐷–𝑆 equilibria in three two-parameter
planes.Panel (a) shows the (𝜔, 𝑘) plane at 𝐿 = 4 and 𝛾 = 1.4, panel (b) shows the (𝜔,𝐿) plane at 𝑘 = 0.4 and 𝛾 = 1.4, and
panel (c) shows the (𝜔, 𝛾) plane at 𝑘 = 0.4 and 𝐿 = 4. Green points contain at least one boundary root satisfying 𝜆⟂ < 0
and 𝜆∥ < 0, whereas no such root is detected at gray points. Solid contours are numerically extracted boundaries between
these two classifications and need not represent a single saddle–node locus. Black points mark the parameter combinations
used for the phase portrait at 𝜔 = 0.70. The maps classify equilibrium existence and local stability, not basin size.

converts the system from bistability to tristability. This clear sequential progression establishes the structural baseline322

for the parameter comparisons that follow.323

3.3. Parameter dependence of locally stable boundary protection324

We next examine how operating cost, collective loss, and risk sensitivity modify the parameter region in which a325

locally asymptotically stable, nontrivial 𝐷–𝑆 equilibrium exists. For each sampled pair (𝜔, 𝜂), where 𝜂 ∈ {𝑘,𝐿, 𝛾},326

we computed all nontrivial roots of327

𝐵(0, 𝑧;𝜔, 𝜂) = 0, 0 < 𝑧 < 1,
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and evaluated their transverse and tangential eigenvalues,328

𝜆⟂ = 𝐴(0, 𝑧;𝜔, 𝜂), 𝜆∥ = 𝑧(1 − 𝑧)𝐵𝑧(0, 𝑧;𝜔, 𝜂).

A parameter pair is classified as “present” only when at least one boundary root satisfies 𝜆⟂ < 0 and 𝜆∥ < 0. The329

resulting regions therefore describe the existence of a locally asymptotically stable boundary equilibrium, not its basin330

size. The pointwise classification procedure is described in Appendix D.5.331

Figure 3(a) shows that increasing the operating cost 𝑘 shifts the lower boundary of the stable region toward greater332

protection effectiveness. The boundary is close to linear over the reported interval. This pattern is consistent with the333

affine dependence334

𝐵(0, 𝑧;𝜔, 𝑘) = 𝐵0(𝑧) − 𝑘 + 𝜔𝐵1(𝑧),

although the boundary is not exactly linear because the equilibrium frequency 𝑧 changes along it. At the baseline value335

𝑘 = 0.4, the lower boundary passes through 𝜔 ≈ 0.5254, in agreement with SN2 in Fig. 1.336

The stability region responds to collective loss in a more complex manner, as shown in Fig. 3(b). Over the lower337

and intermediate portions of the sampled 𝐿 interval, increasing 𝐿 extends the stable region toward smaller values of338

𝜔. At sufficiently large 𝐿, however, the boundary between the stable and absent regions can no longer be characterized339

by a single threshold curve. For example, at 𝐿 = 6, the sampled grid detects a locally stable boundary equilibrium for340

approximately341

0.3175 ≤ 𝜔 ≤ 0.3225 and 0.5925 ≤ 𝜔 ≤ 1,

with no such equilibrium detected between these intervals. Thus, larger collective loss can reorganize the boundary342

equilibrium structure rather than merely lower a unique effectiveness threshold. This pattern arises numerically because343

𝐿 changes all risk-dependent terms in the boundary payoff difference, not only the pivotal benefit 𝐿𝜔Ψ𝑀 . Because the344

classification in Figure 3(b) relies exclusively on pointwise root solving and stability evaluation rather than formal345

two-parameter branch continuation, it does not track the identity of individual equilibrium branches as 𝐿 varies.346

Consequently, the two intervals observed at 𝐿 = 6 must simply be interpreted as disconnected parameter regions347

where at least one locally stable boundary equilibrium is detected. They do not by themselves establish that both348

intervals belong to the identical branch, nor do they prove a re-entrant stability transition along a single continuous349

curve. Nevertheless, this topological feature highlights an important practical insight: increasing the collective loss350

does not merely shift a single, unique protection-effectiveness threshold.351

The minimum protection effectiveness associated with the lower stability boundary varies non-monotonically with352

risk sensitivity, as shown in Fig. 3(c). As 𝛾 increases, this boundary first shifts toward smaller values of 𝜔, reaches its353

minimum near 𝛾 ≈ 0.61, and then moves back toward larger values of 𝜔. This reversal is consistent with the saturation354

of the risk function 𝑝(𝑑) = 1−𝑒−𝛾𝑑 . Once failure is already likely for the relevant group compositions, further increases355

in 𝛾 produce progressively smaller changes in the risk differences governing selection. The numerical map documents356

this non-monotonic pattern over the reported parameter interval, although the proposed saturation-based explanation357

is not an analytical proof of its cause.358

3.4. Quorum size shifts the stability threshold359

The quorum size 𝑀 is discrete, so we compare separate boundary calculations rather than vary it as a continuous360

parameter. For 𝑁 = 5 and the remaining baseline parameters, Table 2 shows that the critical effectiveness increases361

from 0.5254 at 𝑀 = 2 to 0.8321 at 𝑀 = 4. The route to stability also changes. At 𝑀 = 2, the stable branch is362

created directly at the boundary fold SN2. At 𝑀 = 3 and 𝑀 = 4, a 𝐷–𝑆 branch exists before it becomes stable; local363

asymptotic stability is acquired when the transverse 𝐶-invasion eigenvalue 𝜆⟂ = 𝐴(0, 𝑧) crosses zero.364

Changing 𝑀 replaces Ψ𝑀 by the risk-weighted probability of encountering exactly 𝑀 − 1 protective co-players.365

It therefore changes both the location and magnitude of the pivotality term in the simplex. For the examined values,366

a stricter quorum requires greater protection effectiveness and can change the bifurcation mechanism by which the367

boundary equilibrium becomes stable. This comparison does not establish monotonicity for other group sizes or368

parameter sets.369
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Table 2
Critical protection effectiveness 𝜔𝑐 and the dynamical route to local asymptotic stability across discrete quorum sizes 𝑀 .

𝑀 𝜔𝑐 𝑧𝑐 Local transition

2 0.5254 0.2718 Boundary saddle–node
3 0.6608 0.7935 Transverse invasion crossing
4 0.8321 0.9541 Transverse invasion crossing

D C

S

ω = 0.90

D basin C basin D--S basin

Figure 4: Numerically observed basins at 𝜔 = 0.90 under the baseline parameters. Red, blue, and green initial states
approach full defection, full cooperation, and the locally asymptotically stable 𝐷–𝑆 boundary equilibrium, respectively.
Filled green circles, orange diamonds, and open red circles denote locally asymptotically stable equilibria, saddles, and
unstable equilibria. Terminal states were assigned only when their Euclidean distance from a candidate attractor previously
identified by the equilibrium and stability analysis was below 10−6. The exact pure-𝑆 state remains unclassified. The colored
regions are finite-grid numerical basin estimates rather than a global basin classification.

3.5. Numerically observed basin geometry after SN2370

Local asymptotic stability does not determine which equilibrium is approached from a given initial composition.371

We therefore integrated the replicator system from a uniform barycentric grid at 𝜔 = 0.90. At this parameter value,372

the locally asymptotically stable boundary equilibrium is 𝐸𝐷𝑆 (0.90) = (0, 0.4992, 0.5008), with eigenvalues −0.8428373

and −0.4836.374

Figure 4 shows the numerically observed basins of full defection, full cooperation, and 𝐸𝐷𝑆 (0.90). The sampled375

basin boundaries pass through the reported saddles and are consistent with their stable manifolds. The protective376

boundary equilibrium attracts a positive fraction of the sampled initial conditions, but its basin does not contain the377

full-defection vertex. Under the reported parameters, initial compositions on the defector-heavy side of the observed378

separatrix approach full defection rather than the protective boundary state.379

The basin calculation classified 45 450 of the 45 451 initial states. The only unclassified state was the exact pure-𝑆380

equilibrium, which remains at that unstable equilibrium and does not approach any of the three attractors used in the381
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basin assignment. Repeating the calculation with half the integration step and, separately, with a longer integration382

horizon produced no classification changes among the resolved grid points. These results support the displayed383

numerical partition for the stated parameters, but they do not constitute a global convergence theorem.384

4. Discussion and conclusion385

This study is concerned not with whether protection can reduce collective risk after activation, but with386

how a threshold-dependent and non-excludable protective activity enters the evolutionary process. Analysis of the387

endogenous-risk public-goods game shows that threshold activation generates qualitatively different selection effects388

across population compositions. The payoff advantage of protective over ordinary cooperation does not increase389

continuously with the abundance of protective cooperators. Instead, it is concentrated in pivotal configurations390

where the focal individual completes the activation threshold. This composition dependence creates a dynamical391

separation between the rare-strategy stage and the established protective state. Near full defection, rare protective392

cooperators cannot activate the mechanism, so protection effectiveness does not alter their local invasion direction.393

Once protective cooperators have an established presence, however, the same protection effectiveness can substantially394

reshape the nonlinear selection gradient and create a locally asymptotically stable coexistence state of defectors395

and protective cooperators through a boundary saddle–node bifurcation. The emergence of this new attractor occurs396

without destabilizing the full-defection state. Consequently, under our reported baseline parameters, both the protective397

coexistence equilibrium and full defection operate as local attractors. Because full cooperation also retains its local398

asymptotic stability, the strategy simplex effectively harbors three distinct local attractors. As demonstrated by our399

numerical basin partition, the system’s terminal state for these parameters is highly sensitive to the initial population400

composition. It is important to emphasize that this finite-grid basin geometry reflects a numerical observation rather401

than a generalized global convergence theorem spanning the entire admissible parameter space.402

The dynamical results can be understood through a mechanism that links individual payoff differences to403

population-level bifurcation structure. Ordinary and protective cooperators make the same public-good contribution,404

so selection between them depends only on the operating cost continuously paid by protective cooperators and the405

expected loss avoided when they complete the activation threshold. Their payoff difference is therefore406

𝑃𝑆 − 𝑃𝐶 = −𝑘 + 𝐿𝜔Ψ𝑀 ,

where407

Ψ𝑀 = 𝔼
[
𝑝(𝑗)𝕀𝑚=𝑀−1

]

is not the unconditional probability that the group reaches the activation threshold. Instead, it is the risk-weighted408

probability that the focal protective cooperator becomes the 𝑀 th participant and thereby activates protection. The409

condition 𝑚 = 𝑀 − 1 ensures that the focal individual is indispensable for activation, while the risk weight 𝑝(𝑗)410

ensures that this pivotal role produces a benefit only when defectors generate a positive failure risk. This definition first411

explains why the advantage of protective cooperation depends on group composition. When protective cooperators412

are rare, the focal individual is unlikely to encounter 𝑀 − 1 protective co-players. As the population approaches the413

pure-protection state, the threshold is usually satisfied without the focal individual, while the declining number of414

defectors also drives 𝑝(𝑗) toward zero. The protective benefit therefore does not increase continuously with protective-415

cooperator frequency. Instead, it is concentrated in intermediate group compositions where failure risk and pivotality416

are simultaneously substantial. The same structure explains why protection effectiveness does not enter the first-order417

invasion dynamics at full defection. For 𝑀 ≥ 2, Ψ𝑀 scales with 𝑧𝑀−1 near full defection, and the replicator equation418

for the protective strategy contains an additional multiplicative frequency factor 𝑧. The growth effect generated by419

protection effectiveness therefore enters the dynamical system at order 𝑧𝑀 or higher and does not appear in the first-420

order Jacobian at full defection. Increasing 𝜔 can amplify the benefit of protection after activation, but it cannot change421

the local invasion direction of a rare protective cooperator near full defection. This structural deficit implies that when422

full defection is locally stable (𝐴𝐷 < 0), the absence of a first-order activation benefit creates a formidable rare-invasion423

barrier. An otherwise highly effective protective technology can remain permanently out of reach if the population424

cannot overcome the initial participation deficit. Once 𝑧 moves away from zero, pivotal configurations occur with425

non-negligible probability, allowing 𝐿𝜔Ψ𝑀 to compete with the fixed cost 𝑘. On the defector–protective-cooperator426

boundary, this competition enters the zero-growth condition 𝐵(0, 𝑧;𝜔) = 0. As 𝜔 increases, the protective benefit427
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changes the nonlinear dependence of this condition on 𝑧. When the additional tangency condition 𝐵𝑧(0, 𝑧;𝜔) = 0428

is satisfied, the boundary equilibria undergo a saddle–node bifurcation. The resulting stable coexistence reflects the429

feedback between risk generation and risk mitigation. More defectors raise the failure probability and thereby increase430

the potential value of protection. More protective cooperators suppress the failure probability, but their operating cost431

does not disappear as risk declines. If defectors vanish completely, then 𝑝(0) = 0 and protection produces no additional432

benefit, allowing ordinary cooperators to replace protective cooperators through their cost advantage. This feedback433

explains why protective cooperation may fail to become established from rarity yet remain stable in coexistence with434

defection in population compositions that retain sufficient exposure to collective risk.435

Existing studies have generally approached cooperation under collective risk along two broad lines. Collective-436

risk models link public-good contributions directly to risk mitigation, so that reaching an aggregate contribution target437

prevents a shared loss that otherwise occurs with an exogenously specified probability [33, 36–38]. Related cooperation438

models alter strategy-specific payoffs or redistribute exposure to collective losses through punishment [17, 18],439

social exclusion [26], or insurance [43]. Recent research has extended these approaches by considering centralized440

monitoring and reporting, competing risk-sharing arrangements, adaptive governance, and coevolutionary feedback441

among cooperation, risk, and cost [48–52]. These approaches emphasize aggregate contributions, targeted incentives,442

institutional adaptation, or continuously changing risk environments, but they do not separate ordinary public-good443

provision from a distinct non-excludable protective activity activated by its own participation quorum.444

The present model separates failure-risk generation, public-good contribution, and collective protection into three445

related but distinct processes. Defection endogenously raises the failure probability, protective cooperators bear an446

additional cost beyond their public-good contribution, and activated protection benefits all group members, including447

defectors. Risk mitigation therefore enters evolutionary selection through pivotality in risk-bearing groups rather than448

directly through aggregate contributions or targeted transfers. Protective cooperation may consequently fail to invade449

because it cannot activate the mechanism when rare, yet form a locally asymptotically stable coexistence state through450

the creation of a new attractor at a positive frequency without requiring full defection to lose its local stability. This451

result extends the analysis of threshold-dependent protection beyond the rare-invasion criterion to local bifurcations452

and basin geometry. It also distinguishes the effectiveness of protection after activation, its capacity to form from453

a small number of participants, and its stable maintenance after establishment. Cross-border epidemic surveillance454

provides a relevant example because its effectiveness depends on shared national surveillance and reporting capacities.455

Improving monitoring or early-warning technology can increase the protective value of an established system, while456

its initial formation still depends on the operating cost, activation threshold, and initial participation structure.457

The preceding analysis clarifies when collective protection can emerge and persist, but the dynamical stability of a458

protective state does not imply that it maximizes social welfare. Evolutionary prevalence and social welfare need not459

coincide when cooperative behavior entails additional costs [55]. In the present model, a higher frequency of protective460

cooperators may increase the probability of activation and reduce expected collective losses, but it also raises the461

operating costs borne by the population. Moreover, if defectors disappear, the failure risk vanishes because 𝑝(0) = 0,462

while protective cooperators continue to pay the operating cost 𝑘. Strategy frequencies, protection activation, local463

stability, and basin size therefore characterize different aspects of the evolutionary dynamics and do not by themselves464

identify the welfare-maximizing outcome. A formal welfare assessment would require comparing the mean population465

payoff across feasible states, which lies beyond the local-stability analysis undertaken here.466

Some of the model assumptions naturally limit the broader validity of our conclusions. The infinite well-mixed467

population excludes spatial clustering and network heterogeneity. Local assortment may allow protective cooperators468

that are globally rare to satisfy the activation threshold within particular groups, but it may also produce spatial lock-469

in between protected and unprotected regions. The deterministic replicator dynamics do not capture demographic470

drift, mutation, or noise-induced transitions across basin boundaries in finite populations. Players are also assumed471

to have homogeneous contribution costs, operating costs, and protective capacities, while participation recognition472

and threshold activation are error free. Cost heterogeneity, recognition errors, and activation failure may alter both473

pivotality and local stability. In addition, the numerical branch tracking and bifurcation diagnostics identify local474

bifurcations, and the numerically observed basins apply only to the reported parameter ranges rather than constituting475

a global convergence result. Future research can extend the mechanism to complex networks, spatial lattices, and finite476

populations, examine how stochasticity, heterogeneity, and local assortment reshape the invasion barrier and basin477

structure, and allow the activation threshold, operating cost, and protection effectiveness to coevolve with population478

composition and environmental risk.479
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Appendix A. Derivation of the expected payoffs480

This appendix derives the expected payoffs from the composition-dependent payoffs in Eq. (2). We first evaluate481

the risk-weighted activation terms and then assemble the public-good and collective-loss components.482

A.1. Random matching483

Among the 𝑛 = 𝑁 − 1 co-players of a focal individual, the numbers (𝑖, 𝑗,𝑚) of ordinary cooperators, defectors,484

and protective cooperators follow the multinomial distribution485

Pr(𝑖, 𝑗,𝑚) = 𝑛!
𝑖!𝑗!𝑚!

𝑥𝑖𝑦𝑗𝑧𝑚,

subject to the strict composition constraint 𝑖 + 𝑗 + 𝑚 = 𝑛. Hence, for any focal strategy 𝓁 ∈ {𝐶 ,𝐷,𝑆}, the expected486

population-level payoff is formulated as487

𝑃𝓁 =
∑

𝑖,𝑗,𝑚≥0
𝑖+𝑗+𝑚=𝑛

Pr(𝑖, 𝑗,𝑚)𝜋𝓁(𝑖, 𝑗,𝑚). (26)

All expressions below are exact analytical evaluations of this finite multinomial sum.488

A.2. Risk-weighted activation terms489

Starting from Eq. (3), the risk-weighted activation term for a focal contributor unfolds as490

𝑇ℎ =
𝑛∑

𝑚=ℎ

𝑛−𝑚∑
𝑗=0

𝑛!
(𝑛 − 𝑚 − 𝑗)!𝑗!𝑚!

𝑥𝑛−𝑚−𝑗𝑦𝑗𝑧𝑚𝑝(𝑗).

Conversely, for a focal defector, its own strategy intrinsically changes the total defector count from 𝑗 to 𝑗 + 1, yielding491

𝑇 𝐷
ℎ =

𝑛∑
𝑚=ℎ

𝑛−𝑚∑
𝑗=0

𝑛!
(𝑛 − 𝑚 − 𝑗)!𝑗!𝑚!

𝑥𝑛−𝑚−𝑗𝑦𝑗𝑧𝑚𝑝(𝑗 + 1).

Fixing 𝑚 leaves 𝑛 − 𝑚 positions occupied by ordinary cooperators and defectors. Summing the corresponding492

multinomial weights over these remaining positions gives493

𝑛−𝑚∑
𝑗=0

𝑛!
(𝑛 − 𝑚 − 𝑗)!𝑗!𝑚!

𝑥𝑛−𝑚−𝑗𝑦𝑗𝑧𝑚 =
(

𝑛
𝑚

)
𝑧𝑚(1 − 𝑧)𝑛−𝑚. (27)

If we include the failure-survival factor 𝜌𝑗 in the summation instead, we obtain494

𝑛−𝑚∑
𝑗=0

𝑛!
(𝑛 − 𝑚 − 𝑗)!𝑗!𝑚!

𝑥𝑛−𝑚−𝑗𝑦𝑗𝑧𝑚𝜌𝑗 =
(

𝑛
𝑚

)
𝑧𝑚(𝑥 + 𝜌𝑦)𝑛−𝑚. (28)

Because the failure probability is defined as 𝑝(𝑗) = 1 − 𝜌𝑗 , subtracting Eq. (28) from Eq. (27) and summing over all495

states satisfying the threshold 𝑚 ≥ ℎ explicitly yields496

𝑇ℎ(𝑥, 𝑦, 𝑧) =
𝑛∑

𝑚=ℎ

(
𝑛
𝑚

)
𝑧𝑚 [

(1 − 𝑧)𝑛−𝑚 − (𝑥 + 𝜌𝑦)𝑛−𝑚] . (29)

Similarly, for a focal defector, the incremented risk follows 𝑝(𝑗 + 1) = 1 − 𝜌𝑗+1 = 1 − 𝜌𝜌𝑗 . Applying the identical497

algebraic calculation gives498

𝑇 𝐷
ℎ (𝑥, 𝑦, 𝑧) =

𝑛∑
𝑚=ℎ

(
𝑛
𝑚

)
𝑧𝑚 [

(1 − 𝑧)𝑛−𝑚 − 𝜌(𝑥 + 𝜌𝑦)𝑛−𝑚] . (30)

Equations (29) and (30) serve as the finite-sum representations of the expectations previously defined in Eq. (3).499
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A.3. Unprotected failure probabilities500

Setting ℎ = 0 effectively removes the activation filter. By applying the binomial theorem to Eq. (29), the baseline501

unprotected risk simplifies to502

𝑇0 =
𝑛∑

𝑚=0

(
𝑛
𝑚

)
𝑧𝑚(1 − 𝑧)𝑛−𝑚 −

𝑛∑
𝑚=0

(
𝑛
𝑚

)
𝑧𝑚(𝑥 + 𝜌𝑦)𝑛−𝑚

= 1 − (𝑧 + 𝑥 + 𝜌𝑦)𝑛 = 1 − 𝑞𝑛.

The corresponding expression for a focal defector is straightforwardly evaluated as 𝑇 𝐷
0 = 1 − 𝜌𝑞𝑛. Equivalently, by503

substituting 𝑗 ∼ Binomial(𝑛, 𝑦), we can confirm that the expectation evaluates to 𝔼[𝜌𝑗] = (1−𝑦+𝜌𝑦)𝑛 = 𝑞𝑛. It naturally504

follows that the additional expected failure probability generated by the focal defector is exactly 𝑇 𝐷
0 −𝑇0 = (1−𝜌)𝑞𝑛 > 0.505

A.4. Assembly of the expected payoffs506

In a realized group, the expected number of contributing co-players is 𝔼[𝑖 + 𝑚] = 𝑛(𝑥 + 𝑧). Because a focal 𝐶- or507

𝑆-player also contributes to the public good, their inclusion raises this expectation to 𝔼[𝑖 + 𝑚 + 1] = 1 + 𝑛(𝑥 + 𝑧).508

For a focal contributor subject to a generic co-player threshold ℎ, the expected residual failure probability509

decomposes as510

𝔼
[
𝑝(𝑗)

(
1 − 𝜔𝕀𝑚≥ℎ

)]
= 𝔼[𝑝(𝑗)] − 𝜔𝔼

[
𝑝(𝑗)𝕀𝑚≥ℎ

]

= 𝑇0 − 𝜔𝑇ℎ.
(31)

For a focal defector, the corresponding residual risk expression is analogous, yielding 𝑇 𝐷
0 − 𝜔𝑇 𝐷

ℎ .511

A focal ordinary cooperator explicitly requires 𝑚 ≥ 𝑀 for activation. Combining the expected public-good return512

with the residual risk derived in Eq. (31) gives513

𝑃𝐶 = 𝑟𝑐[1 + 𝑛(𝑥 + 𝑧)]
𝑁

− 𝑐 − 𝐿[𝑇0 − 𝜔𝑇𝑀 ].

Conversely, a focal defector faces the same activation condition but strictly alters both the contribution count and the514

failure probability:515

𝑃𝐷 = 𝑟𝑐𝑛(𝑥 + 𝑧)
𝑁

− 𝐿[𝑇 𝐷
0 − 𝜔𝑇 𝐷

𝑀 ].

Finally, a focal protective cooperator intrinsically counts toward the required threshold, therefore needing only 𝑀 − 1516

protective co-players to trigger the mechanism:517

𝑃𝑆 = 𝑟𝑐[1 + 𝑛(𝑥 + 𝑧)]
𝑁

− 𝑐 − 𝑘 − 𝐿[𝑇0 − 𝜔𝑇𝑀−1].

These derivations successfully reproduce the expected payoffs in Eq. (5) presented in the main text.518

Appendix B. Pivotality identity and closed payoff differences519

B.1. Risk-weighted pivotality520

The terms 𝑇𝑀−1 and 𝑇𝑀 differ only in the specific configuration where 𝑚 = 𝑀 − 1. Therefore, their difference521

directly isolates the pivotal probability:522

𝑇𝑀−1 − 𝑇𝑀 = 𝔼
[
𝑝(𝑗)𝕀𝑚=𝑀−1

]

=
(

𝑛
𝑀 − 1

)
𝑧𝑀−1 [(1 − 𝑧)𝑛−𝑀+1 − (𝑥 + 𝜌𝑦)𝑛−𝑀+1]

= Ψ𝑀 .

(32)

This formally proves the expansion of Ψ𝑀 in Eq. (6). Furthermore, subtracting the expected payoff of ordinary523

cooperation from that of protective cooperation yields524

𝑃𝑆 − 𝑃𝐶 = −𝑘 + 𝐿𝜔(𝑇𝑀−1 − 𝑇𝑀 ) = −𝑘 + 𝐿𝜔Ψ𝑀 , (33)
which proves Eq. (7).525
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B.2. Closed payoff differences526

The survival-weighted activation term 𝑅𝑀 initially defined in Section 2.5 admits the finite-sum representation527

𝑅𝑀 (𝑥, 𝑦, 𝑧) =
𝑛∑

𝑚=𝑀

(
𝑛
𝑚

)
𝑧𝑚(𝑥 + 𝜌𝑦)𝑛−𝑚.

Indeed, fixing 𝑚 and summing the survival factor 𝜌𝑗 over the remaining positions occupied by ordinary cooperators528

and defectors directly gives (𝑥+ 𝜌𝑦)𝑛−𝑚. By subtracting Eq. (29) from Eq. (30) evaluated at ℎ = 𝑀 , we obtain the risk529

difference530

𝑇 𝐷
𝑀 − 𝑇𝑀 = (1 − 𝜌)

𝑛∑
𝑚=𝑀

(
𝑛
𝑚

)
𝑧𝑚(𝑥 + 𝜌𝑦)𝑛−𝑚

= (1 − 𝜌)𝑅𝑀 .

For the gradient 𝐴 = 𝑃𝐶 −𝑃𝐷, the public-good terms naturally reduce to the baseline margin 𝑎 = 𝑟𝑐∕𝑁 − 𝑐, while the531

collective-loss terms expand to532

𝐴 = 𝑎 − 𝐿
[
(𝑇0 − 𝜔𝑇𝑀 ) − (𝑇 𝐷

0 − 𝜔𝑇 𝐷
𝑀 )

]

= 𝑎 + 𝐿(1 − 𝜌)
[
𝑞𝑛 − 𝜔𝑅𝑀

]
.

After explicitly substituting the simplex constraint 𝑦 = 1− 𝑥− 𝑧, this derivation yields Eq. (9). Finally, the gradient 𝐵533

is recovered via534

𝐵 = 𝑃𝑆 − 𝑃𝐷 = (𝑃𝐶 − 𝑃𝐷) + (𝑃𝑆 − 𝑃𝐶 )
= 𝐴 − 𝑘 + 𝐿𝜔Ψ𝑀 ,

which proves Eq. (10).535

Appendix C. Boundary algebra and Jacobian calculations536

C.1. General Jacobian537

For notational readability, the explicit dependence of the functions 𝐴, 𝐵, 𝐹 , and 𝐺 on the protection-effectiveness538

parameter 𝜔 is suppressed in this section. We write the planar system in Eq. (12) as the vector field539

𝐹 (𝑥, 𝑧) = 𝑥 [(1 − 𝑥)𝐴(𝑥, 𝑧) − 𝑧𝐵(𝑥, 𝑧)] ,
𝐺(𝑥, 𝑧) = 𝑧 [(1 − 𝑧)𝐵(𝑥, 𝑧) − 𝑥𝐴(𝑥, 𝑧)] .

Direct partial differentiation of these components yields540

𝐹𝑥 = (1 − 2𝑥)𝐴 + 𝑥(1 − 𝑥)𝐴𝑥 − 𝑧𝐵 − 𝑥𝑧𝐵𝑥,

𝐹𝑧 = 𝑥
[
(1 − 𝑥)𝐴𝑧 − 𝐵 − 𝑧𝐵𝑧

]
,

𝐺𝑥 = 𝑧
[
(1 − 𝑧)𝐵𝑥 − 𝐴 − 𝑥𝐴𝑥

]
,

𝐺𝑧 = (1 − 2𝑧)𝐵 − 𝑥𝐴 + 𝑧(1 − 𝑧)𝐵𝑧 − 𝑥𝑧𝐴𝑧.

(34)

Thus, the continuous-time Jacobian matrix is defined as541

𝐽 (𝑥, 𝑧) =
(

𝐹𝑥 𝐹𝑧
𝐺𝑥 𝐺𝑧

)
. (35)

C.2. Jacobians at the homogeneous equilibria542

At the full-defection state, the reduced coordinates reside at (𝑥, 𝑧) = (0, 0), yielding the base selection gradients543

𝐴(0, 0) = 𝐴𝐷 and 𝐵(0, 0) = 𝐴𝐷 −𝑘. Substitution into the general components constructs the diagonal Jacobian matrix544

545

𝐽 (0, 0) =
(

𝐴𝐷 0
0 𝐴𝐷 − 𝑘

)
, (36)
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whose diagonal entries inherently provide the invasion eigenvalues reported in Eq. (14).546

Similarly, at the full-cooperation state, the coordinates shift to (𝑥, 𝑧) = (1, 0) with 𝐴(1, 0) = 𝐴𝐶 and 𝐵(1, 0) =547

𝐴𝐶 − 𝑘. Hence, the corresponding Jacobian evaluates to548

𝐽 (1, 0) =
(
−𝐴𝐶 𝑘 − 𝐴𝐶
0 −𝑘

)
, (37)

whose structural diagonal entries reproduce Eq. (15).549

Finally, at full protective cooperation, (𝑥, 𝑧) = (0, 1). Defining 𝐴𝑆 = 𝑎 + 𝐿(1 − 𝜌)(1 − 𝜔), and observing that550

Ψ𝑀 = 0 in the total absence of defectors, yields 𝐵(0, 1) = 𝐴𝑆 − 𝑘. The resultant Jacobian becomes551

𝐽 (0, 1) =
(

𝑘 0
−𝐴𝑆 𝑘 − 𝐴𝑆

)
. (38)

Its exact eigenvalues are determined to be 𝑘 and 𝑘 − 𝑎 − 𝐿(1 − 𝜌)(1 − 𝜔), strictly aligning with Eq. (16).552

C.3. Nonhyperbolic homogeneous states553

The zero-eigenvalue cases at the homogeneous states fundamentally require a boundary-flow argument to554

rigorously ascertain their stability.555

On the invariant 𝐶–𝐷 edge, the restricted gradient defined as556

𝐴𝐶𝐷(𝑥) = 𝑎 + 𝐿(1 − 𝜌) [𝜌 + (1 − 𝜌)𝑥]𝑛

is a strictly increasing function of 𝑥. If 𝐴𝐷 = 𝐴𝐶𝐷(0) = 0, then 𝐴𝐶𝐷(𝑥) > 0 for every sufficiently small perturbation557

𝑥 > 0. Since the local dynamic flow satisfies 𝑥̇ = 𝑥(1 − 𝑥)𝐴𝐶𝐷(𝑥) > 0, nearby states strictly move away from558

full defection. Thus, the full-defection state is classified as nonhyperbolic and structurally unstable when 𝐴𝐷 = 0.559

Conversely, when 𝐴𝐷 = 𝑘, the complementary eigenvalue is strictly positive (𝜆𝐷
𝐶 = 𝑘 > 0), rendering the state560

unstable regardless of the zero eigenvalue.561

If 𝐴𝐶 = 𝐴𝐶𝐷(1) = 0, the strict monotonicity implies 𝐴𝐶𝐷(𝑥) < 0 for any 𝑥 < 1 sufficiently close to unity.562

Consequently, 𝑥̇ = 𝑥(1 − 𝑥)𝐴𝐶𝐷(𝑥) < 0, forcing nearby edge states to move away from full cooperation. The state is563

therefore topologically nonhyperbolic and unstable when 𝐴𝐶 = 0.564

At full protective cooperation, the invasion eigenvalue of an ordinary cooperator is 𝜆𝑆
𝐶 = 𝑘 > 0 across every565

maintained parameter regime. Hence, this state fundamentally remains unstable even when its second eigenvalue566

vanishes.567

C.4. The 𝐶–𝐷 edge568

On the boundary 𝑧 = 0, we have 𝑦 = 1−𝑥, and the activation terms structurally vanish because 𝑀 ≥ 2. Equation (9)569

therefore reduces to570

𝐴𝐶𝐷(𝑥) ∶= 𝐴(𝑥, 0) = 𝑎 + 𝐿(1 − 𝜌) [𝜌 + (1 − 𝜌)𝑥]𝑛 .

Its derivative with respect to 𝑥 is strictly positive, explicitly evaluating to571

𝐴′
𝐶𝐷(𝑥) = 𝑛𝐿(1 − 𝜌)2 [𝜌 + (1 − 𝜌)𝑥]𝑛−1 > 0.

Because the endpoints naturally satisfy 𝐴𝐶𝐷(0) = 𝐴𝐷 and 𝐴𝐶𝐷(1) = 𝐴𝐶 , a unique nontrivial edge equilibrium emerges572

precisely when 𝐴𝐷 < 0 < 𝐴𝐶 . Analytically solving the condition 𝐴𝐶𝐷(𝑥) = 0 yields the coordinate573

𝑥𝐶𝐷 =
[
−𝑎∕

(
𝐿(1 − 𝜌)

)]1∕𝑛 − 𝜌
1 − 𝜌

.

At this equilibrium, 𝐴(𝑥𝐶𝐷, 0) = 0 and 𝐵(𝑥𝐶𝐷, 0) = −𝑘, and the Jacobian is upper triangular:574

𝐽 (𝑥𝐶𝐷, 0) =
(

𝑥𝐶𝐷(1 − 𝑥𝐶𝐷)𝐴𝑥(𝑥𝐶𝐷, 0) ∗
0 −𝑘

)
. (39)

The tangential eigenvalue is strictly positive while the transverse eigenvalue is negative, verifying that the interior edge575

equilibrium 𝐸𝐶𝐷 constitutes a topological saddle.576
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C.5. The excluded zero-cost limit577

The standard formulation of the model assumes a strictly positive operating cost (𝑘 > 0). In the hypothetical limit578

where 𝑘 = 0, the system constrained to the 𝐶–𝑆 edge features 𝑦 = 0, 𝑝(0) = 0, and Ψ𝑀 = 0. Therefore, the payoff gap579

closes (𝑃𝑆 − 𝑃𝐶 = 0), implying 𝐵 = 𝐴. Given the simplex identity 𝑥 + 𝑧 = 1 along this boundary, the planar vector580

field completely vanishes:581

𝐹 (𝑥, 𝑧) = 𝑥(1 − 𝑥 − 𝑧)𝐴 = 0,
𝐺(𝑥, 𝑧) = 𝑧(1 − 𝑥 − 𝑧)𝐴 = 0.

Hence, every point on the 𝐶–𝑆 edge is an equilibrium when 𝑘 = 0. This gives a nonhyperbolic continuum whose582

transverse stability to defector invasion may vary along the edge.583

C.6. The 𝐷–𝑆 edge584

At any nontrivial equilibrium satisfying the root condition 𝐵(0, 𝑧𝐷𝑆 ;𝜔) = 0, the general Jacobian matrix derived585

in Eq. (34) simplifies to586

𝐽 (0, 𝑧𝐷𝑆 ;𝜔) =
(

𝐴(0, 𝑧𝐷𝑆 ;𝜔) 0
∗ 𝑧𝐷𝑆 (1 − 𝑧𝐷𝑆 )𝐵𝑧(0, 𝑧𝐷𝑆 ;𝜔)

)
. (40)

Its diagonal entries are the transverse and tangential eigenvalues in Eq. (17).587

C.7. Boundary saddle–node reduction588

Holding all parameters other than 𝜔 fixed, the dynamics on the 𝐷–𝑆 edge are governed by the scalar field589

𝑧̇ = (𝑧,𝜔) ∶= 𝑧(1 − 𝑧)𝐵(0, 𝑧;𝜔). (41)
At a nontrivial boundary equilibrium satisfying 𝐵(0, 𝑧;𝜔) = 0, the first derivative reduces to 𝑧 = 𝑧(1−𝑧)𝐵𝑧(0, 𝑧;𝜔).590

Because 0 < 𝑧 < 1, the fold condition 𝑧 = 0 is equivalent to 𝐵𝑧 = 0.591

Evaluating a candidate fold that simultaneously satisfies 𝐵 = 𝐵𝑧 = 0, the parametric and higher-order spatial592

derivatives expand as593

𝜔 = 𝑧(1 − 𝑧)𝐵𝜔(0, 𝑧;𝜔),𝑧𝑧 = 𝑧(1 − 𝑧)𝐵𝑧𝑧(0, 𝑧;𝜔).
Since 𝑧(1 − 𝑧) > 0 for 0 < 𝑧 < 1, the conditions 𝜔 ≠ 0 and 𝑧𝑧 ≠ 0 are equivalent to 𝐵𝜔(0, 𝑧;𝜔) ≠ 0 and594

𝐵𝑧𝑧(0, 𝑧;𝜔) ≠ 0.595

The second eigenvalue of the planar system is 𝜆⟂ = 𝐴(0, 𝑧;𝜔). The condition 𝜆⟂ ≠ 0 ensures that the tangential596

zero eigenvalue is simple; if 𝜆⟂ < 0, perturbations transverse to the invariant edge decay locally.597

C.8. Interior equilibria598

At a fully polymorphic interior equilibrium, the selection gradients vanish (𝐴 = 𝐵 = 0). Substituting these599

conditions directly into Eq. (34) gives the specific Jacobian600

𝐽∗ =
(

𝑥∗[(1 − 𝑥∗)𝐴𝑥 − 𝑧∗𝐵𝑥] 𝑥∗[(1 − 𝑥∗)𝐴𝑧 − 𝑧∗𝐵𝑧]
𝑧∗[(1 − 𝑧∗)𝐵𝑥 − 𝑥∗𝐴𝑥] 𝑧∗[(1 − 𝑧∗)𝐵𝑧 − 𝑥∗𝐴𝑧]

)

𝐸∗

. (42)

This matrix factorizes as601

𝐽∗ =
(

𝑥∗ 0
0 𝑧∗

)(
1 − 𝑥∗ −𝑧∗
−𝑥∗ 1 − 𝑧∗

)(
𝐴𝑥 𝐴𝑧
𝐵𝑥 𝐵𝑧

)

𝐸∗

. (43)

The determinant of the central matrix is (1 − 𝑥∗)(1 − 𝑧∗) − 𝑥∗𝑧∗ = 1 − 𝑥∗ − 𝑧∗ = 𝑦∗. Hence,602

det 𝐽∗ = 𝑥∗𝑦∗𝑧∗
(
𝐴𝑥𝐵𝑧 − 𝐴𝑧𝐵𝑥

)
𝐸∗

, (44)
which proves Eq. (22). The trace is603

tr 𝐽∗ = 𝑥∗ [(1 − 𝑥∗)𝐴𝑥 − 𝑧∗𝐵𝑥
]
𝐸∗

+ 𝑧∗
[
(1 − 𝑧∗)𝐵𝑧 − 𝑥∗𝐴𝑧

]
𝐸∗

.
(45)

By the Routh–Hurwitz criteria, a hyperbolic planar equilibrium is locally asymptotically stable if and only if det 𝐽∗ > 0604

and tr 𝐽∗ < 0. If det 𝐽∗ < 0, the two real eigenvalues have opposite signs and the equilibrium is a saddle.605
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Appendix D. Numerical branch tracking and bifurcation diagnostics606

All numerical calculations were performed in Python using NumPy and SciPy for root finding and linear algebra,607

pandas for tabular output, and Matplotlib for visualization. Equilibria were computed directly from the closed payoff608

differences in Eqs. (9) and (10); no Monte Carlo approximation of random group composition was used.609

D.1. Parameter-stepped equilibrium searches610

For each fixed value of 𝜔, interior equilibria were obtained by solving611

𝐴(𝑥, 𝑧;𝜔) = 0,
𝐵(𝑥, 𝑧;𝜔) = 0,

subject to 𝑥 > 0, 𝑧 > 0, and 𝑥 + 𝑧 < 1. We used the Powell hybrid method with solver tolerance 10−11 and initial612

guesses from the admissible points of a 13 × 13 grid with coordinates from 0.025 to 0.925. A solution was retained613

when all three strategy frequencies exceeded 10−8 and the residual norm was below 10−8. Roots separated by less than614

10−6 in Euclidean distance were merged.615

Nontrivial equilibria on the invariant 𝐷–𝑆 edge satisfy616

𝐵(0, 𝑧;𝜔) = 0, 0 < 𝑧 < 1. (46)
For the one-parameter branch diagram, the interval (10−7, 1−10−7)was sampled at 1800 uniformly spaced points. Each617

sign-changing bracket was refined with Brent’s method, and roots separated by less than 10−5 were merged. Because618

a sign-change search may miss a double root at a fold, saddle–node coordinates were computed separately from the619

augmented equations given below.620

Figure 1 uses 𝜔 = 0, 0.002,… , 1 together with the independently refined bifurcation values. At each value of621

𝜔, we applied both the interior seed grid and the boundary scan. The procedure relies on a parameter-stepped root622

search combined with numerical branch matching, rather than formal pseudo-arclength continuation. Consequently,623

the reported branch set remains strictly conditional on the predefined grids and tolerances; it represents a comprehensive624

numerical detection rather than an analytical guarantee of global nonexistence.625

The reduced planar Jacobian was evaluated by centered finite differences with step size 2 ⋅ 10−6. An equilibrium626

was classified as locally asymptotically stable when both eigenvalues had real parts below −10−7 and as unstable627

when both real parts exceeded 10−7. It was classified as a saddle when the product of the two eigenvalue real parts was628

below −10−10. Cases with a near-zero eigenvalue were treated as nonhyperbolic and examined using the augmented629

bifurcation conditions.630

D.2. Interior saddle–node diagnostics631

At a verified interior equilibrium, the determinant factorization previously detailed in Eq. (22) provides the compact632

representation det 𝐽 = 𝑥𝑦𝑧 det 𝐷(𝐴,𝐵), where the structural submatrix is defined as633

𝐷(𝐴,𝐵) =
(

𝐴𝑥 𝐴𝑧
𝐵𝑥 𝐵𝑧

)
.

Because 𝑥, 𝑦, 𝑧 > 0 at an interior equilibrium, det 𝐽 = 0 is equivalent to det 𝐷(𝐴,𝐵) = 0. We therefore located SN1634

by solving635

𝐴(𝑥, 𝑧;𝜔) = 0,
𝐵(𝑥, 𝑧;𝜔) = 0,

det 𝐷(𝐴,𝐵) = 0.
(47)

The derivatives in 𝐷(𝐴,𝐵) were evaluated by centered finite differences with step size 2 ⋅ 10−5.636

The solution is637

(𝑥∗, 𝑦∗, 𝑧∗,𝜔SN1) = (0.2994, 0.4272, 0.2734, 0.2882).

At this point, the planar Jacobian has one simple zero eigenvalue and one positive nonzero eigenvalue, 𝜆nz = 0.5299.638
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Let 𝑣0 and 𝑤0 denote the right and left null vectors of the Jacobian at SN1, normalized by 𝑤𝖳
0𝑣0 = 1. For the planar639

vector field 𝑓 (𝑋,𝜔) with 𝑋 = (𝑥, 𝑧)𝖳, the saddle–node coefficients are640

𝛼 = 𝑤𝖳
0𝑓𝜔, 𝛽 = 1

2
𝑤𝖳

0𝐷2
𝑋𝑓 [𝑣0, 𝑣0].

Centered finite differences with step size 10−4 give641

𝛼SN1 = −0.2871, 𝛽SN1 = 0.4826. (48)
Both coefficients are nonzero, confirming that SN1 is a nondegenerate saddle–node bifurcation. Since−𝛼SN1∕𝛽SN1 > 0,642

the two local branches exist for 𝜔 > 𝜔SN1. The positive nonzero eigenvalue implies that the pair consists of a saddle643

and an unstable node.644

Repeating the calculation with finite-difference steps 4 ⋅ 10−4, 2 ⋅ 10−4, 5 ⋅ 10−5, and 2.5 ⋅ 10−5 preserved the645

four-decimal values in Eq. (48).646

D.3. Boundary saddle–node and edge-transcritical diagnostics647

The boundary saddle–node SN2 was located by solving648

𝐵(0, 𝑧;𝜔) = 0, 𝐵𝑧(0, 𝑧;𝜔) = 0. (49)
We approximated 𝐵𝑧 by centered finite differences with step size 2 ⋅ 10−5. The resulting fold is649

(𝑧∗,𝜔SN2) = (0.2718, 0.5254).

At this point, the boundary diagnostics are650

𝐵(0, 𝑧∗;𝜔SN2) = 0,
𝐵𝑧(0, 𝑧∗;𝜔SN2) = 0,
𝐴(0, 𝑧∗;𝜔SN2) = −0.469,

𝐵𝜔(0, 𝑧∗;𝜔SN2) = 1.5511,
𝐵𝑧𝑧(0, 𝑧∗;𝜔SN2) = −14.6775.

The nonzero value of 𝐴 shows that the transverse eigenvalue does not vanish at SN2, while 𝐵𝜔 ≠ 0 and 𝐵𝑧𝑧 ≠ 0651

establish the nondegeneracy of the boundary fold.652

For the scalar edge field (𝑧,𝜔) = 𝑧(1 − 𝑧)𝐵(0, 𝑧;𝜔), centered differences with step size 10−4 give653

𝛼SN2 = 𝜔 = 0.307, 𝛽SN2 =
1
2
𝑧𝑧 = −1.4525.

Since −𝛼SN2∕𝛽SN2 > 0, the two boundary branches exist for 𝜔 > 𝜔SN2. Their stability follows from 𝜆⟂ = 𝐴(0, 𝑧;𝜔)654

and 𝜆∥ = 𝑧(1 − 𝑧)𝐵𝑧(0, 𝑧;𝜔). The lower-𝑧 branch has 𝜆∥ > 0 and 𝜆⟂ < 0 and is therefore a saddle. Both eigenvalues655

are negative on the upper-𝑧 branch, which is locally asymptotically stable within the simplex.656

The unstable nontrivial boundary branch intersects the pure-𝑆 branch at 𝜔TC = 0.6880820, where657

𝐵(0, 1;𝜔TC) = 0,
𝐵𝑧(0, 1;𝜔TC) = 2.8328,
𝐵𝜔(0, 1;𝜔TC) = −3.0136.

The pure-𝑆 equilibrium exists for every 𝜔, and the nontrivial boundary branch crosses it transversely. The collision is658

therefore an edge transcritical bifurcation. Because the second planar eigenvalue is 0.4000 > 0, this bifurcation does659

not create a locally attracting equilibrium in the full simplex.660
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D.4. Discrete activation-threshold comparison661

Because 𝑀 is discrete, we examined each value in a separate boundary calculation. For 𝑀 = 2, the locally662

asymptotically stable boundary branch is created at the saddle–node defined by Eq. (49). For 𝑀 = 3 and 𝑀 = 4,663

a nontrivial boundary branch exists before it becomes locally asymptotically stable. The corresponding stability664

thresholds were obtained from665

𝐵(0, 𝑧;𝜔) = 0,
𝐴(0, 𝑧;𝜔) = 0.

These equations locate a zero transverse ordinary-cooperator invasion eigenvalue on an existing 𝐷–𝑆 branch.666

For 𝑀 = 3, the threshold is (𝑧𝑐 ,𝜔𝑐) = (0.7935, 0.6608) and the tangential eigenvalue is −0.1904. For 𝑀 = 4, the667

threshold is (𝑧𝑐 ,𝜔𝑐) = (0.9541, 0.8321) and the tangential eigenvalue is −0.3502. Only the transverse eigenvalue668

vanishes at these points, so we classify them as transverse stability crossings rather than boundary saddle–node669

bifurcations. A more specific codimension-one classification would require an additional normal-form calculation and670

tracking of the associated interior branch.671

D.5. Pointwise classification of two-parameter maps672

The two-parameter maps in Fig. 3 were constructed by classifying each sampled parameter pair. We used 401673

equally spaced values of 𝜔 on [0, 1] and 241 equally spaced values of the secondary parameter over 0.15 ≤ 𝑘 ≤ 0.75,674

2.5 ≤ 𝐿 ≤ 6, or 0.35 ≤ 𝛾 ≤ 2.5.675

On the 𝐷–𝑆 edge, the closed payoff differences are polynomials in 𝑧 and affine in 𝜔. For each fixed value of the676

secondary parameter 𝜂 ∈ {𝑘,𝐿, 𝛾}, we wrote them as677

𝐴(0, 𝑧;𝜔, 𝜂) = 𝐴0(𝑧; 𝜂) + 𝜔𝐴1(𝑧; 𝜂),
𝐵(0, 𝑧;𝜔, 𝜂) = 𝐵0(𝑧; 𝜂) + 𝜔𝐵1(𝑧; 𝜂).

At each sampled parameter pair, we computed all roots of the degree-(𝑁 − 1) polynomial 𝐵(0, 𝑧;𝜔, 𝜂). A root was678

retained when the magnitude of its imaginary part was below 10−8, 10−9 < 𝑧 < 1 − 10−9, and the scaled polynomial679

residual was below 10−7.680

For each retained boundary root, local stability in the full simplex was evaluated from 𝜆⟂ = 𝐴(0, 𝑧;𝜔, 𝜂) and681

𝜆∥ = 𝑧(1 − 𝑧)𝐵𝑧(0, 𝑧;𝜔, 𝜂). A parameter pair was classified as “present” when at least one nontrivial boundary root682

satisfied 𝜆⟂ < −10−7 and 𝜆∥ < −10−7; otherwise it was classified as “absent”. This pointwise procedure permits683

multiple stable intervals at the same secondary-parameter value and does not assume that the stable region occupies684

one side of a single fold.685

The solid contours in Fig. 3 were extracted from changes in the binary pointwise classifications. They are grid-686

resolved numerical stability boundaries, not analytically continued saddle–node loci. The complete classification grids,687

including the locally stable roots, their eigenvalues, and disconnected contour segments, were exported as CSV files.688

D.6. Basin computation and convergence checks689

The basin map in Fig. 4 was computed at 𝜔 = 0.90 on a uniform barycentric grid with scale factor 300, giving 45 451690

initial states. The planar system was integrated by the classical fourth-order Runge–Kutta method with Δ𝑡 = 0.10, 1800691

steps, and 𝑡max = 180.692

To classify the terminal states, we exclusively relied on the candidate attractors established during the preceding693

equilibrium and local-stability analysis. Rather than identifying new attractors independently during the grid simula-694

tion, we utilized these pre-calculated states as fixed reference points for the basin assignment. Specifically at 𝜔 = 0.90,695

their reduced (𝑥, 𝑧) coordinates are696

𝐃 = (0, 0), 𝐂 = (1, 0), 𝐸𝐷𝑆 (0.90) = (0, 0.5008).

For a terminal state (𝑥𝑓 , 𝑧𝑓 ), we defined697

𝑑min = min
𝐸∈{𝐃,𝐂,𝐸𝐷𝑆}

‖‖‖(𝑥𝑓 , 𝑧𝑓 ) − 𝐸‖‖‖2 .
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The initial condition was assigned to the nearest candidate attractor only when 𝑑min < 10−6; otherwise it was recorded698

as unclassified. The exact pure-𝑆 initial state was retained as unclassified because it remains at the unstable pure-𝑆699

equilibrium and does not approach any of the three attractors used in the basin classification.700

We checked convergence on the same grid using Δ𝑡 = 0.05 with 3600 steps and 𝑡max = 180, and Δ𝑡 = 0.10701

with 3000 steps and 𝑡max = 300. All three integration protocols assigned the same 45 450 initial states, with only702

the exact pure-𝑆 state unclassified. No grid point changed basin assignment under either refinement. This finite-grid703

agreement supports the numerical robustness of Fig. 4 for the reported parameters but does not constitute a global704

basin or convergence theorem.705
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