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Abstract

The p-ary code associated with the incidence structure of points and z-spaces in
a projective space PG(m, ¢), where ¢ = p", is the IF,-subspace generated by the
incidence vectors of the blocks of this design. The dual of this code consists of all
vectors orthogonal to every codeword of the original code. The minimum weight
of this dual code has been studied since the 1970s; the currently best known lower
bound is from 2002 by Bagchi and Inamdar. In this paper we provide a substantial
improvement of this bound in the case when 2 > 1 and m, p > 2. The main ingredient
of the proof is a lower bound on the size of multisets of AG(m, ¢) meeting each line
in 0 mod p points. We prove this, by generalising the polynomial argument in [S.
Ball, A. Blokhuis, A. Gics, P. Sziklai, Zs. Weiner: On linear codes whose weights
and length have a common divisor, Adv. Math., 211 (2007), 94—104] from (ordinary)
planar point sets to multisets in higher dimensional spaces. While the sharpness of the
planar result for point sets is in general not known, we can show that our result for
multisets is sharp for every i, m, p > 2.
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1 Introduction

Let X be either the projective space PG(m, g), or the affine space AG(m, q), where
g = p" for some prime p and integer & > 1. Let Dy (m, q) be the design of points
and lines of X, i.e. the 2 — (v, k, 1) design with

m+1_1
U=q—,k=q+1,
qg—1
or
v=g", k=gq,

respectively. The p-ary code Csx (m, g) associated with Dx (m, q) is the IF ,-subspace
generated by the incidence vectors of the blocks of the corresponding design. The dual
C' of a code C is the F p-subspace of vectors orthogonal to all vectors of C (under
the standard inner product). The weight w(v) of a vector v € ]F; is the number of
its non-zero coordinates w.r.t. the canonical basis of I',,. The minimum weight of a
code is the minimum of the weights of its non-zero elements. By Assmus and Key [3,
Theorem 5.7.9], Calkin, Key and De Resmini [10, Proposition 1] and Delsarte [12],
the lower bound

q+pq"? (1)

was known for the minimum weight of both Cag (m, ¢)* and Cpg (m, ¢)*. This bound
was improved in 2002 by Bagchi and Inamdar, see [4, Theorem 3], to

(= (-3) )
2 I—=)+-=).
qg—1 p P

By [13, Theorems 10 and 11], the minimum weight codewords of the dual of the
code arising from incidences between points and z-spaces of PG(m, ¢) are essentially

the same as the minimum weight codewords of Cpg (m —t+1, q)J-. In[11, Corollary
1.5] De Boeck and Van de Voorde increased the lower bound on the minimum weight
of Cp (2, p>)*, p = 5 prime, from 2g — 2p +2to 2g — 2p + 5.

If g is even, the lower bound in (1) is sharp; see [ 10, Corollary 1] by Calkin, Key and
De Resmini. In fact, if ¢ is even, then investigating the minimum weight of Cx, (m, ¢)*
is equivalent to finding the minimum size of a non-empty point set S of ¥ such that
each line meets S in an even number of points. These are the so called sets of even type.
The smallest sets of even type were characterised for ¢ = 2 in [4, Proposition 3], for
q € {4, 8} in [1]. Finally, in [2], Adriaensen proved for every even g and every integer
m > 2 that the smallest sets of even type in PG(m, q) are cones with a hyperoval
as base and with the vertex deleted. In the following, we recall the geometrical link
between the codewords of Cx; (m, ¢)* and certain multisets of . A multiset M of %
is a pair (S, ) where

(1) S anon-empty set of points of X, and
(2) p: S — Z* afunction that assigns a positive multiplicity to each element of S.

If T is a point set of X, then [T N M| = Y rns u(x). In particular, |M| =
ZXGS H’(x)
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Let P = {x1,x2,...,xy} be the point set of X, and consider M = (S, u), a
multiset of X. The vector s = (sq, ..., sy), such that

) i=1,2,...v, 2)
0 otherwise,

{u(xi) i x; € S,
§; =

is called the characteristic vector of M. Let o (s) be the sum of the coordinates of
the characteristic vector s. Then o (s) = |[M] and if u(x) = 1 for all x € S, then M
is an ordinary set. Moreover, for an ordinary set, the weight w(s) of its characteristic
vector s is the same as the sum o (s) of the coordinates of s. We will refer to S as the
support of M.

Let S denote a non-empty proper subset of the points of PG(2, ¢) meeting each line
in 0 mod r points. It follows from easy counting arguments that » has to be a power of
p and hence lines meet S in 0 mod p points. It follows that the characteristic vector s
of S is an element of Cpg (2, q)J-. In [6, Theorem 2.1], Ball et al. proved a lower bound
on the size of such point sets. In fact, they proved something more general: a lower
bound for the size of non-empty point sets meeting each line in 0 mod p* points. What
we will cite here is their result in the s = 1 case, in terms of characteristic vectors.

Result 1.1 Suppose s € Cpg(2, 9)- and g > p. If s has only coordinates 0 and 1,
then

w(s) = (p— (g + p). (3)

This bound is sharp when ¢ = p?, or when p = 2, see [6, Example 4.4]. Result
1.1 was obtained by first proving it for s € Cag(2, ¢)*. If S is an ordinary point set of
PG(2, g) of size less than p(q + 1) and meeting each line in 0 mod p points, then there
always exists a line disjoint from S. The existence of such a line allows to transfer the
problem from PG(2, ¢) to AG(2, ¢). We point out that for a multiset M of PG(m, ¢q),
m > 3, we cannot see how a similar restriction on | M| could ensure the existence of
a hyperplane disjoint from M.

From now on, a multiset of ¥ intersecting each line in 0 mod p points will be
called a (0 mod p)-multiset. Note that M is a (0 mod p)-multiset if and only if its
characteristic vector s = (sq, 52, ..., §y) belongs to C% (m, q). In Sect.2, following
the main ideas from [6, Theorem 2.1] we prove the following result.

Theorem 1.2 Suppose s € Cag(m,q)- and g > p > 2 withm > 2. If s has a
coordinate equal to 1, then

o(s) = (p— Dg" "+ pg" . “
Clearly, if no coordinate of s equals 1 and s # 0 then by (1) it follows that
a(s) = 24" +2pg" . )

Although Result 1.1 for the minimum size of planar 0 mod p sets is in general not
sharp, in Sect. 3, we prove that the lower bound stated in Theorem 1.2 is sharp for any
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q > p and m > 2, by showing a family of examples attaining it. When p = 2, then
our construction is the same as the recursive one presented by Calkin et al. in [10,
Section 3] starting from a translation hyperoval of PG (2, 2"*). Finally, using Theorem
1.2, in Sect.4 we prove a significant improvement of the Bagchi—-Inamdar bound in
the case & > 1 and m, p > 2. More precisely, we prove the following result:

Theorem 1.3 If's € Cpg(m, q)* and q > p, then

1u@)2;2<qm_1(l—-l>-+qm_2>.
p

The bound obtained by Bagchi and Inamdar and the one stated in the theorem above
both contain the term 2¢™~'(1 — 1/p). However, the latter also includes the term

2¢™~2, whereas the Bagchi—Inamdar bound contains 2¢” > (1 — %) This yields an
asymptotic improvement of order ® (‘]%2). We conclude the article with the investi-

gation of o (s), with s € Cpg (m, ¢), in characteristics 3, 5 and 7.

2 On the Size of an Affine (0 mod p)-Multiset

Let M = (S, 1) be a multiset of X. Since we are interested in a lower bound on the
size of multisets meeting lines in 0 mod p points, from now on we assume that the
multiplicities of the points of S are between 1 and p — 1. In fact, for each point z € S,
put 1£*(z) = u(z) mod p (the residue of ©(z) modulo p), and let S* denote the points
of S with multiplicity not divisible by p. Then M* = (§*, u*) is a multiset of size
at most | M|, and if M meets each line of ¥ in 0 mod p points, then the same holds
for M*. Let us suppose that there exists at least one point x € S such that p(x) = 1,
then by counting the lines of X through x, we have
g" -1

Ml >=1+(p—1)
qg—1

(6)

Now assume ¥ = AG(m, gq), then the points of ¥ can be identified with the
elements of Fym in a suitable way, so that every point set can also be regarded as a
subset of this field. This type of representation is used for AG(2, ¢) in [6, Sect. 2].

Note that in this correspondence, three pairwise distinct points a, b, ¢ € Fym are
collinear precisely when there is a nonzero scalar A € F; such that (a —b) = A(a—o),
equivalently (a — b4l =(a—c)? ! 1tis straightforward to see that the directions
of the lines in X are in a one-to-one correspondence with the %—th roots of unity
in Fym, see [5, Sect. 2].

In terms of multisets, Theorem 1.2 from Sect. 1 can be formulated as Theorem 2.1.
In the proof we will need the following well-known result. Let f(Y) € F,[Y], where
q= ph,letx € Fy,and 0 < k < p. Then

Y -0 ) = fo =) == fPwr) =0 (7)
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Theorem 2.1 Let M = (S, 1) be a non-empty (0 mod p)-multiset of points in
AG(m,q), m > 2, q = p" with p > 2 and h > 1. If there is at least one point
x € S with u(x) =1, then

IMI > (p— D(@" " +¢" ) +q" 2 )

Proof Firstly, note that for m = 2, the lower bound in the statement coincides with
that in (6). Hence, let us suppose m > 3. By counting points of M on lines incident
with a fixed point not in M, we obtain p | | M|. Let us identify M with a multiset of
Fym and define the polynomial

IM|
RX.V)=[[x-@-pr")= Za,-(Y)X'M'*f. 9)
beM Jj=0

For j <Oand j > | M], we set o;(Y) to be the zero polynomial. Note that for y € S
with u(y) = t, it holds that

m

g -1 p=t
R(X,y) =X’ <X‘11—1> gy (X)P, (10)

where the leading coefficient of g,(X) is 1. This follows from the fact that any line
incident with the point y contains kp — ¢ points of M (counted with multiplicity) for
some positive integer k. The factor X occurs exactly ¢ times in R(X, y) because of
the multiplicity of y. The second factor is obtained by multiplying together factors of
R(X, y) corresponding to (p — t) points of M on each line incident with y. Finally,
the third factor is just the product of the remaining factors in R(X, y). On the other
hand, if y ¢ S, then

R(X,y) = hy(X)?, 1D

for some hy(X) € Fym[X]. Indeed, any line incident with the point y contains kp
points of M (counted with multiplicity) for some positive integer k. Consequently, as
b ranges in M, the factor (X — (y — b))?~! appears kp times in R(X, y). By (10), if

O<j<%,pfjandyeS,thenaj(y)=O.By(11),ifpfjandy¢S,then

0;j(y) = 0. It follows that for every y € Fym and every 0 < j < qqm%f’, p1j,itholds
that o (y) = 0.

Hence, for these j’s the polynomial Y4" — Y divides 0;(Y), which is of degree at
most j(qg — 1) < g™, and hence o0 (Y) is the zero polynomial when 0 < j < q;n%lq
and p 1 j. Then, we may write

RX,Y) =xM 4 6, ()XMI=P 4 6, (v) xMI72P
4+t qu_]+..‘+q(Y)X‘M‘_(qm71+--<+q)+
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The partial derivative of R(X, Y) with respect to Y, evaluated in y € Fym, is

IR _ (y=b)172
W(Xd’) = (Z m) R(X,y).

beM
q"-1
Since the above denominators are all divisors of X ¢-T — 1, we obtain
q" -1 oR
R(X,y)Gy(X) = (X -1 —DW(X, ») (12)

for some polynomial G,(X) € F,m[X], depending on y, whose degree is at most
qm—l

! 1\116xt, we prove some properties of the polynomial G (X). Note that at the right-
hand side of (12) the highest degree, which is not 1 mod p, is at most | M|. Assume
y ¢ &, if there was a non-constant term in G (X) of degree not 1 mod p then there
would be a term on the left-hand side of (12) of degree larger than | M| and of degree

not 1 mod p (cf. (11)). This would be a contradiction, which proves that
Gy(X)=cy+ XH,(X)?

for some polynomial Hy(X) € Fyn[X]. To find the constant ¢, € Fym, we compare
the coefficients of XM with (12). It follows that

Cy = O—;m_l (y)
q—1

Next, we prove some properties of the o;’s. For each i such that |[M]| — i is not
congruent to 0 or 1 modulo p (i.e., i is not congruent to 0 or —1 modulo p)and y ¢ S,
on the left-hand side of (12) the coefficients of terms of degree | M| — i are equal to
zZero.

For each y € F,m, on the right-hand side of (12) the coefficient of X IMI=i jg

_Ui/()’) +‘7i/+(qm_1)/(q_1)()’)- (13)

We can put
qm -1

Mli=(p-D@" " +q" H+kp=1+(p-1 a1

Clearly, kp > 0. To obtain a contradiction, from now on we assume kp < ¢ 2. Since

m > 3, we have
m

—1
1 +kp > M|, (14)
qg—1

(p—1
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and hence o (Y) is the zero polynomial by definition. Since (p — 2) 1_ _1

(p—D L= +kp
kp is not congruerqlt to 0 or —1 modulo p, on the left-hand side of (12) the coefﬁment

m_y
of XMI=(=2%=+kp) 4 equal to 0 and hence by (13):

o m, (M=o =ty )

(P—2) L +kp <p DTt +kp

Here, the right-hand side—and hence also the left-hand side — are equal to zero.

Iterating the same argument, we obtamo t) q _ (y) =0,foranyf € {1,..., p—

1}, in particular
1 ikp (y)=0.

q—1

It follows that a,g () is the coefficient of X IMI=kp on the right-hand side of (12). At

the left-hand side, this coefficient is o, (y)cy = okp(¥)0|, /(g—1) (y) and hence

(g™ —

Okp (y)a,;mf_l] ) = —op,(» (15)

foreachy ¢ S. Now, we examine oqm,l (Y):if y € S with multiplicity 1 <t < p—1,

then ogmn_ 1 (y) = —(p —1t) =t (cf (10)), in particular aqul (Y) is not the zero
—1 —
polynorlilial. !

Put f(Y) = HyEM(Y —¥). Then f(Y)ogm_1 (Y) is zero for each y € F,m, hence,
q—1

we may put it in the following form:

f(Y)qu%]:(Y)=(Y"m —NTX). (16)

Moreover, the degree of f(Y)(Tqm—l (Y) is at most [ M| + ¢ — 1. This implies that

T (Y) has degree at most |[M| — 1 For each y € S, if u(y) = t, then, after the
derivation of (16)

tf' (y) = =T (y).

Hence, if t = 1, then y is a root of (' + T)(Y). We generalise this observation and
prove that if 1 < 7 < p, then y is a ¢t-fold root of (f" + T)(Y). According to (7), it is
enough to prove:

f+D») =P +TH) =...= P+ TN =o0.

From the definition of f and T itis clear that y is a 7-fold root of f and a ( — 1)-fold
root of T, and hence

4T =P +TH) =...= (D + 1702\ (y) =0.
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The ¢-th derivative of (16) is

t t
> (f) FOW e =3" (f) (¥ —y)O 7D (),

i=0 a1 i=0

At the right hand side the first derivative of (Y4" — Y) is —1, and all the higher order
derivatives are 0, so we have

t

Z (t) f(i)(y) G;fn__l])(y) — (qu —Y) T(t)(y) —¢ T(tfl)(y)‘
l =1

i=0 a1

After substituting y € S with p(y) = ¢, and using that y is a 7-fold root of f(Y), we
obtain

SO () = =T ().

Substituting oym 1 (y) = t and rearranging yields the desired
q—1

(fO+T) =0

equation. Since ), g u(y) = | M|, we proved that f’ 4 T has | M| roots (counted

with multiplicitiesj. This is larger than deg(f’ + T) and hence f’ + T is the zero

polynomial, i.e. f'(Y) = —T(Y), and hence f'(y) = —T (y) holds foreach y € Fym.

Again, after differentiating (16), substituting y ¢ S and applying aqm;ll (y) =0,
=

we obtain

f(y)a,;m:ll M =-Ty) =f.

q

Then, combined with (15), we obtain

o f'(0) = =01, (M f ()
and hence (fakp)’(y) = 0, foreach y ¢ S. Since the degree of (foy,)(Y) is at most
kp(g — 1) 4+ | M|, which is divisible by p, the polynomial ( foy,)" has degree at most
kp(qg — 1) 4+ |[M| — 2. In order for (foy,)’ to be the zero polynomial, we need this
degree to be less than g™ — |S|. Equivalently, we need

kp(g—1) + M| +1|S]—2 < ¢™.

Because of |S| < [M| = (p — 1)(g"™ ' +¢" %) +kp and kp < g™ 2, this certainly
holds when

@" 2= D@ =D+2((p = D@ +q"H+q" 1) ~2 < ¢",

which is equivalent to ¢"™2(g> — 2p — 1)(g + 1)) > —(g + 3). This inequality
clearly holds and hence (foy,)" is the zero polynomial. This means that (foy,)(Y)
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is a p-th power of a polynomial in Fyn[Y]. We prove that f(Y) divides akp(Y)P’l.
Recall that f is a product of linear factors, each of them with multiplicity at most
p — 1. Assume (Y —¢) | f(Y) for some c. Then c is at least p-fold root of foyp, so
itis also a root of oy,. Hence, (¥ — c)P~! | akp(Y)”_l. Since this holds for each root
cof f, f(Y) | ak,,(Y)p_l. It follows that either deg f < (p — 1) deg 0%, and hence
IM] < (p — Dkp(g — 1), or oy, is the zero polynomial.

Recall kp < ¢™~2, and hence

M| =(p—D(@" " +¢" ) +kp > (p— Dkp(g — 1),

i.e.deg f > (p — 1) deg oy, and hence oy, is the zero polynomial.

Note that the coefficient of the term XP~D@"'+a" ) ykp(a=1) in R(X,Y) is
(—D)kp ('Q;”). According to Lucas’ theorem, recall kp < ¢" 2, ('Q;”) = 1 and hence
it is a non-zero term which appears also in oy, a contradiction.

Since the assumption kp < ¢” 2 led to a contradiction, the assertion follows. O

Theorem 2.1 assumes p > 2, while the analogous question for p = 2 asks for the
minimum size of a non-empty (ordinary) point set S in AG(m, ¢) such that lines meet
S in 0 mod p points. The sharp lower bound for the size of such point sets is given in
(1), and it coincides with the value that (8) yields when p = 2.

We conclude this section by noting that if s € Cag (1, ¢)*, then we can extend s with
(g™ — 1)/(g — 1) zeroes (corresponding to points of the hyperplane at infinity) to
obtain a codeword § in Cpg (m, ¢)*. Clearly, w(s) = w(s) and o (s) = o (s); hence,
the minimum weight of Cag(m, q)L is at least the minimum weight of Cpg (m, q)L.
Similarly, we can conclude that the minimum size of a (O mod p)-multisetin AG(m, q)
is at least the minimum size of a (0 mod p)-multiset in PG(m, q).

3 Examples Attaining the Lower Bound

In this section, we construct a family of multisets in AG(m, ¢) that attain the bound
given in (8), contain at least one point of multiplicity 1, and intersect every affine line
in a number of points divisible by p.

Let V denote the (m + 1)-dimensional [F,-vector space underlying ¥ = PG(m, q).
If ¢ = p", then we can view V as an h(m + 1)-dimensional [ ,-vector space. If W
is an r-dimensional IF ,-subspace of V, then the set of points Ly of X defined by
non zero vectors of W is called an [ -linear set of rank r. It is straightforward to

see that [Lwy| < L__ll. Lines of X correspond to sets of points defined by non-zero
vectors of 2-dimensional I, -subspaces of V', which can be viewed as 2/-dimensional
IF,-subspaces. By Grassmann’s Identity, if U is an (h(m — 1) + 1)-dimensional I -
subspace of V, then it meets every 2-dimensional IF,;-subspace non-trivially. If T is
any 2-dimensional F,-subspace and £ is the line of X defined by non-zero vectors
of T, then it follows that £ N Ly # . Moreover, it can be seen that [£ N Ly| = 1
(mod p), see [9] and [17, Proposition 2.2].
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The subsequent results are crucial for achieving our goal. We state the next propo-
sition in its general form, however, in our applications the IF,-linear set W of rank
h(m — 1) 4+ 1 will always be just a hyperplane of PG(m, ¢). (It is again an easy con-
sequence of Grassmann’s Identity that the point set of a hyperplane can be defined by
non-zero vectors of an (A(m — 1) + 1)-dimensional I ,-subspace.)

Proposition 3.1 Let Ly and Lw be any two F-linear sets of rank h(m — 1) + 1 in
PG(m,q), ¢ = p", h > 1. Put S = Ly ALy (the symmetric difference of Ly and
Lw) and define  as follows:
t ifx e Ly \ Lw
p(x) = . a7
p—t ifxeLw)\ Ly,

where 1 <t < p — 1is fixed. Then M = (S, n) is a multiset meeting each line of
PG(m, q) in O mod p points.

Proof Let ¢ be any line of PG(m, g) and puta = |[£N(Ly \Lw)|,b = [€N(LyNLwy)|
and ¢ = |£ N (Lw \ Ly)|. From above it holds thata + b =1 = b 4+ ¢ (mod p).
Moreover, we also have the following:

IMNLll=ta+(p—t)c=0 (mod p).

m}

An [F,-subspace U of H = IF:I" is said to be a (u, v) y-evasive subspace if the IF,-
subspace (U)r, has dimension at least u over Iy and the u-dimensional IF4-subspaces
of H meet U in [ ,-subspaces of dimension at most v. For more details see [7]. We
will need the following result on (;m — 1, (m — 2)h) ,-evasive subspaces:

Result 3.2 ([7, Special case of Corollary 4.4]) Let U be an T ,-subspace of H = F7,
g = p", and assume that U meets every (m — 1)-dimensional Fy-subspace of H in
an I ,-subspace of dimension at most (im — 2)h. Then dim,(U) < (m — 1)h — 1.

Proposition 3.3 Ler f: FZ‘_I — Fy be an ¥ ,-linear map, m > 2. In V = IFZ"“ put
U = {(X(),.XI, o 7xm—2» f(x()v-xla o 7-xm—2)7 y) xOv-xlv o 7xm—2 e an y e IE‘p}

and let 'H denote the hyperplane of equation X,, = 0. Define M = (LyAH, ), a
multiset of PG(m, q), where  is defined as in Proposition 3.1 with the choice t = 1.

(1) There is a hyperplane disjoint from M.
(2) M is of size at least
(P=D@" " +q" ) +q"

and as |Ly N H| increases, | M| decreases. Equality is reached if and only if

—1 m—2_1
LynH =¢" 21— 11
p—1 qg—1
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Proof (1) Put H = {(xo, X1, ..., Xm—1,0) : x0, X1, ..., Xu—1 € Fy}, i.e. H is the m-
dimensional IF;-subspace of V corresponding to H. Note that Ly N'H = Lyng is an
[ ,-linear set of rank (m — 1)h. By Grassmann’s Identity, L yny meets the hyperplanes
of H in linear sets of rank at least (m —2)h. By Result 3.2, it follows that L~y cannot
meet every hyperplane of H in an I ,-linear set of rank exactly (m — 2)h.

Hence, Lyng meets at least one hyperplane, say IT of H, in an IF),-linear set of
rank at least (m — 2)h + 1. Then, again by Grassmann’s Identity, IT must be fully
contained in Lyny. To prove (1), it is enough to find a hyperplane of PG(m, q)
through IT which does not meet M. Assume, to the contrary, that each hyperplane '’
of PG(m, q) through IT and distinct from H meets M. Since M NH’ is a multiset of
H'\TT1 = AG(m — 1, q) meeting every line in 0 mod p points and having only points
of multiplicity 1, by applying Theorem 2.1, for m > 3 we have that

"' =ILo\HI= Y IMAH| = q((p— D@ > +q" ) +4" ),

ncH’
H'#H

a contradiction. For m = 2, |M NH'| > p for each line H’ incident with the point IT
and distinct from the line H, thus |Ly \ H| > gp, which again yields a contradiction.

Then the lower bound of part (2) follows from Theorem 2.1. The remainder of the
statement follows from

M| = (p — DIR\(Ly N'H)| + [Lu\H],

where |[Ly \ H| = ¢" .
O

By Proposition 3.3, we can get an upper bound on the size of an F ,-linear set of
rank Aim in PG(m, g),m > 2,q = ph, and & > 1. Indeed, the following holds.

Theorem 3.4 Let L be an I ,-linear set of rank hm in PG(m, q), q = p". Then,

-1 m—l_l
m—14 +q

p—1 qg—1

L] <q

Proof After a suitable collineation, for any F ,-linear set L of rank am in PG(m, q)
we may assume that (0:0:...:0:1) ¢ L and hence L can be written as L = Ly,
where

U={(xo0,x1,....%m—1, f(x0, ..., Xm—1) : x; € Fy}

is an I ,-subspace of dimension im, and hence f: Fj' — Fy is additive. The hyper-

plane H of PG(m + 1, g) with equation X,, | = Ois an [ ,-linear set of rank hm + 1.
Now, consider the T ,-linear set Ly of rank hm + 1, where

ﬁ:{(x()?x]""?xmf]’ f(x()y""xm*l)ay):x()?"‘yxn’Ifl E]FQ7y G]Fp}'
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Then, by Proposition 3.1 with # = 1, the multiset M = (LﬁAﬁ, w) with p as in
(17) meets any line of PG(m + 1, ¢) in 0 mod p points. By Proposition 3.3 (2),
-1 g" -1
mo 4= 9 ,
p—1 qg—1
hence the result follows. O

Lyl =Ly NH|I <gq

The trivial upper bound for the size of an IF ,-linear set of rank 2m in PG(m, q),

hm m
q = ph, is pp—__]l = "p%ll. It is easy to see that our bound is stronger; indeed, we
have that
qm_l_ m—lq_l_’_qmil_l :qul_l_qul_l
p—1 p—1 q—1 p—1 g—1"~

which is positive for 4 > 1.

In the remainder, we apply Propositions 3.1 and 3.3 to construct (0 mod p)-
multisets in AG(m, q) of size (p — 1)(¢"™ ! + qm_z) + q’"_2 that contain at least one
point of multiplicity 1.

To this aim we first recall that an I ,-linearized polynomial f(x) = f’;ol aix”i €

IF,[x] is called scattered if

‘{f@y q—1

xeFr =1
x 7 A‘ p—1

For a survey on scattered polynomials, see [15].
Now, assume Ly C PG(m, q) to be an IF ,-linear set whose underlying I ,-vector
space is

U = {('x()v-xla s Xm—2, f(XO)a y): X0y X1 v vy Xm—2 qua y € ]Fp}v

where f is any scattered [ ,-linearized polynomial. Also, consider the hyperplane H
of PG(m, g) with equation X,, = 0.

Itis easy to see that Ly N'H is an IF ,-linear set, and it is a cone with basis a maximum
scattered I ,-linear set on the line with equations X1 = X, = ... =X, 2 =X,;, =0
and vertex an (m — 3)-dimensional subspace with equations Xo = X,,,—1 = X;, = 0.

Then,
m—2 __ 1

|LUOH| :qm—Zq —1 + q

p—1 q—1

and M = (LyAH, ) defined as in (17) with + = 1 is a multiset of AG(m, q)

whose size attains the bound in (8). The fact that this construction can be embedded
in AG(m, q) follows from Proposition 3.3 (1).

We note that the characteristic vector of the construction above has the same weight

as the one associated with the point set constructed by Lavrauw, Storme and Van de

Voorde in [14, Theorem 4.14]. In particular, if f(X) = X7, then our construction has

s
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the same support as the one in [14, Theorem 4.14]. Moreover, if p = 2 the example
falls into the family exhibited by Calkin, Key and De Resmini in [IQ]. Indeed, in such a
case Ly is equivalent to a cone with base the [F»>-linear set {{(x, xZ ))ﬂ?zh X E IF;,,} -

PG(1, 2"), with ged(s, h) = 1, which is the set of directions determined by the points
of a translation hyperoval of PG(2, 2h) (see [16]). In such a case, our construction
provides a set which is equivalent to the one constructed by induction in [10, Note 1].

4 A Lower Bound on the Minimum Weight of Cpg(m, q)*

In this section, we will show a new lower bound for the minimum weight of a codeword
s of Cpg (m, ¢)* and for the minimum size of (0 mod p)-multisets of PG(m, q).

In the remainder of this article, we will use w,, (¢) and o,, (¢) to denote, respectively,
the minimum weight of the code CﬁG (m, q¢) and the minimum size of a non-empty
(0 mod p)-multiset in PG(m, q).

First, we extend [10, Proposition 1] to multisets.

Lemma4.1 If M = (S, ) is a (0 mod p)-multiset of PG(m, q), ¢ = p", and M
meets every hyperplane, then

S| > qwp-1(q) and |M]| > gou_1(q).

Proof Let M = (S, n)bea (0 mod p)-multiset of PG(m, ¢) such that the hyperplanes
of PG(m, g) meetSin0 < n| < ny < --- < nyg points, and there are z; such subspaces
meeting S in n; points. Clearly,

m+1_]

Azt =L (18)
q—1

By double counting the pairs (x, H) where x € S and H is a hyperplane incident with
X, we obtain:

. (19)

qg" —1
niz1 +n2z2 + - +neze = |S| —

qg—1
Multiplying (18) by n1 and subtracting (19) we get

m+1 _ 1

S|l>nj—— .

IS| = ny P UL
Since n is at least w;,,—1(q), the first part of the statement is proved. To prove the
second part, assume that the (m — 1)-dimensional subspaces of PG(m, g) meet M in
0 < n1 < ... < nyg points (counting the points with their multiplicities) and that there
are z; of those meeting M in n; points. Clearly (18) holds and by double counting the
(x, H) pairs (counting each of them p(x) times), we obtain (19) with | M| on its right
side (instead of |S|). Similarly to the arguments above, now we obtain |M| > ngq
and the result follows noting that n; > o0,,—-1(q). O
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In [4, Lemma 6] the authors proved that w,,(¢) < g w;;,—1(g). Combining this
with Lemma 4.1, we see that the minimum weight of Cpg (m, q)l is at least that of
Cag(m, ¢)*. Indeed, if s € Cpg(m, ¢)* has weight w(s) = w,,(¢) and the point set
S, consisting of points corresponding to the support of s, meets every hyperplane of
PG(m, q), then

g Wm—1(q) < wn(q) < qwn-1(q),

a contradiction. It follows that there is a hyperplane disjoint from &, hence the
minimum weight of a codeword in Cag(m, ¢)* is at most the minimum weight of
Cpg(m, ¢)*. This observation together with the last paragraph of Sect.?2 yields the
following.

Proposition 4.2 For any minimum weight codeword of Cpg(m, q)*, one can find a
hyperplane of PG(m, q), which is disjoint from the corresponding multiset. As a con-
sequence, the codes Cag(m, q)J‘ and Cpg(m, q)J‘ have the same minimum weight. 0O

Using the same techniques as in [4, Lemma 6], we shall prove a similar inequality
relating o0, (¢) and o,,—1(q).

Proposition 4.3 For any m > 2 and g = p" it holds that

om(q) < qom-1(q).

Proof Let M = (S, ) be a (Omod p)-multiset of PG(m — 1, ¢) embedded into a
hyperplane H of PG(m, g). Take a point P ¢ H and consider the cone C with vertex
P and base S. Define the multiset M’ = (8, /), where &’ = C \ {P} and u’ is
defined as follows: If Q € &’ and Q' is the projection of Q from P onto H, then
w(Q) == pu(Q"). Clearly, IM'| = g|M|.

If ¢ is a line incident with P, then it is either exterior to M’, or |[£ N M| equals ¢
times w (£ N H), which is divisible by p.

If ¢ is not incident with P, then let £’ denote the projection of £ from P onto H.
Then [£ N M| = |£/ N M|, which is divisible by p because of the choice of M.

If we choose M to be a (O mod p)-multiset of size 0,,—1(g) in PG(m — 1, g), then
M’ isa (0mod p)-multiset of PG(m, q) of size go,—1(g), which proves the claim. O

As for the minimum weight of Cpg (m, ¢)*, by Lemma 4.1 and Proposition 4.3, we
obtain the following result.

Proposition 4.4 There is a hyperplane disjoint from any (0 mod p)-multiset of size
om(q) in PG(m, q). As a consequence, the minimum size of a non-empty (0 mod p)-
multiset is the same in AG(m, q) as in PG(m, q). O

In the next proof we will need the following definition.

For a multiset M = (S, u) of X we define (p — 1) M to be the multiset (S, i) of
3, where foreach x € S, u(x) € {1,2,..., p — 1} such that gu(x) = (p — DHu(x)
(mod p).

Theorem 4.5 If's € Cpg(m, q)- and q > p, then

w(s) = 2(¢" (1 —1/p) +¢" 7).
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Proof For p = 2, the assertion follows from (1). Hence,assume p > 2. First, take a
codeword s € Cag(m, q)L and let M be the multiset associated with s. Scaling the
codeword s does not alter its weight. Thus we may assume the existence of a point x
of M with multiplicity 1. If there are no points with multiplicity p — 1, then counting
the points on lines through x gives

w(s) > 1+2(¢" " +¢" 2+ .. +g+ D),

and hence the assertion follows. If there is a point with multiplicity p — 1, the multiset
(p — 1) M has a point of multiplicity 1. Since M|+ |(p — 1) M| is p times the weight
of s, by (4) (applied twice) we obtain

2((p = Dg" ™ + pg" ) < IMI+I(p — DM| = pw(s), (20)

from which the result follows. For the origin of the trick applied in (20) see [1, Result
3.2 and Remark 3.4]. By Proposition 4.2, the result follows. O

Let C}()lg (m, g) be the p-ary code associated with the design Dgg (m, q) of points
and k-spaces of PG(m, q), i.e. the IF,-subspace generated by the incidence vectors
of the blocks of the corresponding design. As said before, the minimum weight of
Cl(,lg (m, )" is equal to the minimum weight of Cpg (m —k + 1, ¢)*, see [13, Theorem
10]. Then, as a corollary of Theorem 4.5, we get the following result.

Corollary 4.6 Ifs € Cl(,kG) (m,q)*+ and g > p, then

w(s) = 2(¢" (1= 1/p) +¢" .
We remark that Corollary 4.6 improves the bounds proved in [13, Theorems 14 and
15].

At last, for small characteristics we are able to extend Theorem 2.1 to multisets of
projective spaces, and without the assumption of the existence of at least one point of
multiplicity one.

With a slight abuse of notation, we identify the integers 0, 1, ..., p — 1 with their
residue classes in I, and we prove the following elementary scaling lemma.

Lemma4.7 Lets € IF}’, be non-zero. Assume that at least one of the following condi-
tions holds:

(1) there exists an integert € {1,2, ..., p — 1}, such that every non-zero coordinate
of s is equal to either t or p — t,
(2) the prime pisin{3,5,7}.

Then there exists A € IE“;, such that \s has a coordinate equal to 1 and

o(As) < o (s).
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Proof Let x; denote the number of coordinates of s equal to i, fori € {1, ..., p —1}.
If x; > 0, then we can take . = 1, so assume x| = 0. Fori € {2,..., p — 1}, put

D; =o(@i~'s) —o(s),

where i ~! is taken in IF’;. It is enough to prove that D; < 0 for some i with x; > 0.
Clearly, if x; > 0 and D; < 0, then i ~Is has a coordinate equal to 1 and

o 's) < o(s).

(1) We may assume that x; x,—; # 0 since otherwise all non-zero coordinates are
equal and the assertion follows by taking A to be the inverse of that non-zero element.
In particular, because of x; = 0, we may also assume ¢ ¢ {1, p — 1}. Note that

o(s) =tx;+(p—Dxp—y

and hence,
a(t_ls) =x+(p—Dxp—.
Therefore,
Dy =o0(t""s) —o(s) = (t = D(xp—r — x1). 1)

Similarly, we have that
Dpy=a((p—17""'s)—0@) =(p—1-00 —xp_). (22)

Suppose by contradiction that both D; > 0 and D, ; > 0. Then x,_, > x; and
X; > Xp—, a contradiction.
(2) For p = 3 the claim follows from part (1).
For p = 5, we have

Dy = —x3 + x3 — 2x4,

Dy = xo — x3 — 3x4.
Suppose, to the contrary, that D; > 0 for every i with x; > 0. If x4 > 0, then D4 > 0
and hence xp > 0, so Dy + D4 = —5x4 > 0, which is a contradiction. It follows that

x4 = 0 and hence the claim follows from (1).
It remains to consider p = 7. In this case

Dy = —xo + 2x3 — 2x4 + x5 — 3x6,
D3 = xp — 2x3 + 2x4 — x5 — 4xg,
D4 = 2x3 + 3x3 — 3x4 — 2x5 — Xg,
Ds = 4xy — x3 + x4 — 4x5 — 2x¢,
Dg = 3x3 + x3 — x4 — 3x5 — Sx¢.
Again, suppose that D; > 0 for every i with x; > 0. First, xo and x3 cannot both be

positive, since otherwise
Dy + D3 = —T7x¢ < 0.
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Thus x2x3 = 0. Also xpx5 = 0, since if xox5 > 0, then
4Dy + Ds = Tx3 — Txqg — 14x6 > 0,
so x3 > 0, contradicting xpx3 = 0. Similarly x3x4 = 0, since if x3x4 > 0, then
3D3 +2Dy4 = Txp — Tx5 — 1dx¢ > O,
so xp > 0, contradicting xox3 = 0 again. If x, > 0, then x3 = x5 = 0, and hence
Dy = —xy —2x4 —3x6 <0,
a contradiction. Hence xp = 0. If x3 > 0, then x4 = 0, and hence
D3 = —2x3 — x5 —4xg < 0,
getting a contradiction. Hence x3 = 0. If xg > 0, then
Dg = —x4 — 3x5 — 5x¢ < 0,
a contradiction again. This implies x¢ = 0. Finally, if x4 > 0, then
Dy = —3x4 —2x5 <0,

and if x5 > 0, then
Ds = —4x5 < 0.

Both are contradictions. Therefore, all x; are zero, which is impossible and this con-
cludes the proof. O

Proposition 4.8 Let p be a prime, and ¢ = p" with h > 1. Let s € Cli‘G(m’q) be
non-zero. Assume that at least one of the following conditions holds:

(1) there exists an integert € {1,2, ..., p — 1}, such that every non-zero coordinate
of s is equal to either t or p — t,
(2) the prime pisin{3,5,7}.

Then

o(s) > (p— Dg" '+ pg" 2.

Proof For p = 2, we have o(s) = w(s),and the assertion follows from (1). Hence,
assume that p > 2. By Proposition 4.4, it is enough to prove the result for affine
spaces. Let s € Cag(m, ¢)* be non-zero. By Lemma 4.7, there exists A € IF‘; such
that As has a coordinate equal to 1 and

o(As) < o (s).
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Since As € Cag(m, q)l, Theorem 1.2 gives

o(s) = (p — Dg"™ ' + pg" 2.

Therefore
o(s) = o(rs) = (p— Dg" " + pg" 2,

as required. O

Remark 4.9 The restriction p € {3, 5, 7} in Lemma 4.7 part (2) is essential, moreover,
part (1) does not extend to two arbitrary nonzero coordinate values. For every prime
p > 7, the vector s = (2,3) € IE‘%, is a minimal counterexample. Indeed, o (s) = 5,

and the only scalars which produce a coordinate equal to 1 are 27! and 3~!. We have

3
c27's) =1+ —p; > 5,

while ”
)4 —
3 pP= 1 (mOd 3)7
oGl =1+1," ~5
2L p=2 (mod 3),
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