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A B S T R A C T

Machining-induced burr formation in carbon fibre-reinforced polymer (CFRP) composites is difficult to predict 
and control, mainly due to the anisotropy and inhomogeneity of the fibrous composite, as well as the rapid tool 
condition change due to the abrasive tool wear. The main aim of this study is to develop a model to determine the 
density and distribution functions of risky fibre cutting angles where machining-induced burrs are expected to be 
formed when hole-machining CFRPs. Four models were introduced, and their adequacy was analysed. The co
efficients of the models were determined using datasets of three previous research projects (i.e., 2 380 808 data 
points) and validated through a fourth one (208 571 data points) where hole machining experiments were 
carried out using different tools, parameters and setups. The normality of the risky fibre cutting angles was tested 
through the Shapiro-Wilk and Kolmogorov-Smirnov statistical tests, and the distribution was found to be not 
Gaussian. The developed trigonometric model shows a good fit to the data points, i.e., the determination coef
ficient is at least 0.949 for each dataset. The results indicate that machining-induced burr formation is most 
probable at a fibre cutting angle of 118–133◦, and 60 % of burr occurrences fall within the 110◦–160◦ range 
when the critical fibre cutting angle is 133◦ These findings provide a foundation for the industrial adoption of 
advanced machining strategies for fibrous polymer composites, enabling a significant reduction of machi
ning‑induced burrs in CFRPs.

1. Introduction

The application of carbon fibre reinforced polymer (CFRP) com
posite products is decisive and will further spread in high-tech appli
cations such as structural elements of aeroplanes, wind-blades, 
automobiles, military and space vehicles, mainly due to their excellent 
specific strength and easy-to-shape [1]. Although these CFRP parts are 
often manufactured close to their final geometrical shape using 
advanced composite manufacturing technologies [2,3], mechanical 
machining is often needed to meet the required strict geometrical tol
erances [4] and produce holes for assembly [5]. Machining of CFRPs is 
challenging because the anisotropy and inhomogeneity of the composite 
cause difficult-to-control chip removal [6], and the significant abrasive 
wear effect of the carbon reinforcing fibres rapidly changes the cutting 
tool condition [7–9]. Improper technology and rapidly changing tool 
conditions often result in machining-induced defects like burrs and 
delamination, which often result in the reduction of the resultant 
strength of the machined composite [10]. Thousands of holes are often 

needed in the industries for assembling CFRP parts using rivets or bolts 
[11]; thus, the appropriate planning of the machining technology of 
these holes is the focus of the industrial and scientific community.

This paper focuses on the machining-induced burr formation along 
the outer edges of holes machined in CFRP composites. According to 
Aurich et al. [12], machining-induced burr forms mainly due to the 
inappropriate mechanical support of the material; thus, burr formation 
is expected only on the outer edges of homogeneous materials. In the 
case of composites, burr may form interlayer also [13–15]. Nevertheless, 
if the carbon fibres are totally embedded in the matrix with an excellent 
adhesion quality (i.e. no voids and material discontinuity arise), burr is 
expected to be formed only on the edges of CFRP composites rather than 
in the interlayer. Although the burr formation in metals is governed by 
plastic deformation, the burr formation in CFRPs is governed mostly by 
unsupported out-of-plane fibre deflection and macroscopic fibre fracture 
[16–18]. Ahmad [6] summarised the categorical chip removal modes of 
fibrous polymers and highlighted that the fibre cutting angle (i.e. the 
angle between the cutting speed and fibre direction) primarily affects it. 
Therefore, researchers are attempting to find a relationship between the 
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fibre cutting angle and burr occurrence.
Su et al. [19] and Jaiswal and Park [20] analytically investigated 

burr formation by modelling fibres in unsupported composite layers as 
cantilever beams, employing a Winkler elastic foundation and 
Euler–Bernoulli beam theory, respectively. Their analyses identified the 
fibre cutting angle as the dominant parameter influencing burr forma
tion, while showing a relatively weak sensitivity to cutting force [21]. 
However, simplifying the complex burr formation mechanism in CFRP 
drilling to a cantilever beam neglects critical matrix–fibre interactions 
and the associated energy dissipation mechanisms. To address these 
limitations, researchers have developed microscopic numerical models 
that explicitly represent fibres, matrix, and their interfaces, incorpo
rating advanced damage criteria (e.g., three-dimensional Hashin), real
istic frictional contact conditions, and thermo-mechanical coupling 
effects [22]. For example, Bi et al. [23] reported a numerical prediction 
error of only ~12.7 % for the burr factor at the drilling exit using such an 
advanced multiscale finite element model. While these numerical ap
proaches provide valuable insights into the multi-physics nature of burr 
formation and are expected to drive future predictive capabilities, their 
computational cost remains high, particularly for fully microscopic 
simulations in which individual fibres, the surrounding matrix, and 
cohesive zones are explicitly modelled.

Based on other researchers’ [24–27] and own experimental experi
ences [18,28–31], the machining-induced burr formed during 
machining holes in unidirectional carbon fibre reinforced polymer 
(UD-CFRP) composites forms in the range of (θc− δ1

◦; θc+δ2
◦), mainly 

due to the local bending-dominant chip formation mechanism and sig
nificant fibre deflections due to the lack of mechanical support [32]. Xu 
et al. [25] reported that the machining-induced burr formed along the 

hole contour can usually be observed in two burr areas, as shown in 
Fig. 1, typically with an expected value (i.e. critical fibre cutting angle) 
along the nominal contour of θc≈135◦ [32].

Hrechuk et al. [24] analysed the quality of drilled holes in UD-CFRP. 
They proposed a novel inspection technique based on digital image 
processing and related measure generation methods inspired by the 
surface roughness measures. They observed that the burr is typically 
formed in the two burr areas and increases significantly with the in
crease of tool wear. Xu et al. [26] drilled holes in CFRP composites using 
brad and spur, twist and dagger drills and analysed the hole quality. 
They reported that the tool geometry and the feed have significant in
fluences on the amount of machining-induced burr. Furthermore, it can 
be seen from their figures on the holes that the more the burr, the better 
recognisable the burr areas, because if only a few fibres are uncut, the 
burr areas are difficult to statistically identify. Xu et al. [25] observed 
during CFRP drilling that the machining-induced burr area is signifi
cantly influenced by the feed; however, the critical fibre cutting angle 
seems not to be influenced by either the feed or the tool wear. Although 
Lissek et al. [34] focused on quantifying and analysing the 
drilling-induced delamination in their study, their images show that the 
longest drilling-induced burr is located close to the widest delaminated 
area, i.e. these damages are formed at a critical fibre cutting angle of 
135◦, approximately.

Collectively, these factors—composite anisotropy and in
homogeneity; insufficient mechanical support at machined edges; the 
dominant role of fibre cutting angle; sensitivity to tool wear; and the 
absence of standardised inspection methods—render burr formation in 
CFRP machining a highly localised and complex phenomenon. As a 
result, no universally applicable predictive model or evaluation protocol 
currently exists, highlighting the need for robust criteria and stand
ardised measurement techniques. To address this gap, the present study 
develops a quantitative model for identifying those fibre cutting angles 
that are most critical to burr formation in CFRP composites. We per
formed, therefore, hole machining experiments in various UD-CFRP 
composites to (i) examine the expected critical location (θc) and 
related extent (δi) of the burr zone according to the setup presented in 
Section 2; and (ii) developed models for the density and distribution of 
risky fibre cutting angle for the support of machining technology plan
ning of unidirectional and non-unidirectional fibrous polymeric com
posites, as presented in Section 3.

2. Materials and methods

In order to determine the circumferential distribution and critical 
range of the machining-induced burr formed along the contour of holes 
produced by machining unidirectional carbon fibre reinforced polymer 
(UD-CFRP) composite plates, we used our historical data (digital 

Nomenclature

ai regression coefficients
bi regression coefficients
ci regression coefficients
Ck centre point of the nominal hole contour
ek equation of the nominal hole contour
ef equation of the contour of the drilled hole
f density function
F distribution function
H error function
k fibre direction
Lθ list of burred contour points
M median
P probability

Pi projects
r radius of the nominal hole contour
Sp burr function
u horizontal coordinate of the Ck
v vertical coordinate of the Ck
vc cutting speed
α significance level
δ extend of burr zone
Δ hole radius offset
θ fibre cutting angle
θ’ transformed fibre cutting angle
θc critical fibre cutting angle
μ expected value
σ deviation
φ angular running parameter

Fig. 1. Symmetrically located burr areas along the entrance edge contour of a 
hole machined in a polymer composite reinforced with unidirectional carbon 
fibres [33]: a) unprocessed image where the area highlighted in yellow is the 
burr area, b) schematic illustration where the red area corresponds to the risky 
fibre cutting angle range.
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images), which were not processed in a similar way previously. The 
digital images were taken within the framework of the projects listed 
below (P1-P3). 

• P1: development of a process monitoring and diagnostic method for 
the production of high-quality holes by helical milling in UD-CFRP 
composites [28,29].

• P2: energetic characterisation of the quality of the holes machined 
into the side of the UD-CFRP composite plate and the drilling tech
nology [18].

• P3: comparative study of hole machining technologies in UD-CFRP 
composite [30].

In the P1 project [28,29], holes with a nominal diameter of 10 mm 
were machined into a unidirectional carbon fibre-reinforced vinyl ester 
matrix composite plate having a nominal thickness of 6 mm. The holes 
were produced by helical milling with an 8 mm diameter, single-edged, 
uncoated Tivoly 80308810808 type HSS helical end mill (Fig. 2d). A 
total of 111 holes were machined with a feed of 0.06 mm and a cutting 
speed of 150 m/min, with variable pitch and depth, without the use of 
cooling and lubricating fluid in the experimental setup shown in Fig. 2a. 
Axial images of the holes were taken with a Dino-Lite AM4013MT type 
digital microscope (10x nominal magnification and 1280 × 1024 pixels 
resolution).

In the P2 project [18], we drilled 13 through holes with a nominal 
diameter of 11.2 mm in unidirectional carbon fibre-reinforced epoxy 
resin matrix (FM20 resin and MH3124 crosslinker in a ratio of 100:35) 
polymer composite. We machined the holes with an 11.2 mm diameter 
TIVOLY 11400111120 type (Fig. 2e), uncoated twist drill, under dry 
working conditions in the experimental setup shown in Fig. 2b The 
cutting speed and the feed rate were varied between 50–150 m/min and 
70–300 mm/min, respectively, at five levels based on the Central 
Composite Inscribed (CCI) experimental design, with four repetitions of 
the base point. We took pictures of the holes from the axial direction 
with a Dino-Lite AM4013MT type digital microscope (10x nominal 
magnification and 1280 × 1024 pixels resolution).

In the P3 project [30], holes with a nominal diameter of 12 mm were 
machined into a unidirectional carbon fibre-reinforced vinyl ester ma
trix composite plate having a nominal thickness of 6 mm in the exper
imental setup shown in Fig. 2c. The holes were produced with 
pre-drilling (pilot hole drilling) and then hole-enlarging (round milling) 
operation elements. The pilot hole drilling operations were carried out 
with an 11.138 mm diameter double-point Seco 
SD205A-11.138-53-12R1-C1 type diamond-coated drill (Fig. 2f) and an 
8 mm diameter DIN338 standard Tivoly 11451010800 HSS twist drill 

(Fig. 2g). We used 4-, 6- and 8- mm diameter single-edged Tivoly VHM 
ALU type (82329710400, 82329710600, 82329710800) uncoated car
bide end mills for the milling operations (Fig. 2h). The diameter of the 
milling tool (4, 6, 8 mm) and the feed (0.01, 0.04, 0.07 mm) were varied 
based on the full factorial experimental design. Each operation element 
was realised in dry machining conditions, as well as the circular milling 
operation elements with down milling. Axial images of all drilled pilot 
holes and final enlarged holes (52 samples in total) were acquired using 
a Dino-Lite AD7013MZT digital microscope, operating at a nominal 
magnification of 10 × with a resolution of 1280 × 1024 pixels.

We processed the digital images taken during the P1- P3 projects with 
the algorithm realised in the main points below. 

(i) Import the input images into a Python program using image 
processing and basic mathematical tools.
(ii) Converting the images to grayscale by linearly combining the 
three basic colours (red, green, blue) based on Eq. (1). 

C =

⎛

⎜
⎜
⎝

c11 ⋯ c1m

⋮ ⋱ ⋮

cn1 ⋯ cnm

⎞

⎟
⎟
⎠, cij = 0.3⋅R + 0.59⋅G + 0.11⋅B

i = 1…n; j = 1…m, cij ∈ {0…255}

(1) 

Where R ∈ {0…255}, G ∈ {0…255}, and B ∈ {0…255} denoting the 
red, green and blue layers of the input images, respectively. 

(iii) Intensity-based segmentation of grayscale image pixels with a 
threshold calculated using the Otsu method [37] into white (1) and 
black (0) pixels (representative images are shown in Fig. 3).
(iv) Determining the ek: (x-u)2+(y-v)2 = r2 equation of the circle with 
centre of Ck(u;v) and radius of r describing the nominal hole contour 
by selecting the circle with the largest radius that can be inscribed 
(Fig. 4b) around the contour curve of ef (Fig. 4a).
(v) determination of circles of ek+ and ek-, which are concentric with 
the ek circle, the radius of which circles are respectively (0.95+Δ)⋅r 
and (0.95 − Δ)⋅r mm, where Δ = 0.02 (Fig. 4d).
(vi) Manual determination of k vectors specifying the nominal fibre 
direction in accordance with the setting documented in the related 
experimental protocol.
(vii) Assigning a fibre cutting angle of θφ to each contour point of the 
ek circle, taking into account the fibre direction characterised by the 

Fig. 2. Experimental setups for the a) P1 [28,29], b) P2 [18] and c) P3 [30] projects, and the applied cutting tools: d) Tivoly 80308810808 helical end mill [35], e) 
TIVOLY 11400111120 uncoated twist drill [35], f) Seco SD205A-11.138-53-12R1-C1 double-point angle, diamond-coated twist drill [36], g) Tivoly DIN338 HSS 
twist drill [35], h) Tivoly VHM ALU uncoated solid-carbide end mill [35].
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vector k and the cutting speed vector vc assigned to the main edge of 
the tool (Fig. 4e).
(viii) determining the presence (1) or absence (0) of a machining- 
induced burr associated with each contour point of the ek circle, 
such that the presence of a burr (1) of at least one black pixel on the 
section cut from radius r by the ek+ and ek- circles.
(ix) Determination of the list of Sp(θ) = {s1 … sn} ∈ (0;1) describing 
the machining-induced burr depending on the fibre cutting angle by 
matching the outputs of steps vii) and viii).

We plotted the radius of the circles fitted in step iv) of the algorithm 
in a dot diagram (Fig. 5a), so that anomalies not treated by the algorithm 
(additional information resulting from a shiny surface, continuity errors, 
etc.) can be filtered out. In the area framed in red on the dot diagram, 
circles with radii whose sizes differ significantly from those expected for 
each project have been fitted. Images characterised by these outliers 
were not included in the further processing.

3. Results and discussion

3.1. Density of fibre cutting angle where machining-induced burrs formed

The lists of Sp(θ) = {s1 … sn} ∈ (0;1) describing the machining- 

Fig. 3. Representative segmented images from the a) P1, b) P2 and c) P3 projects.

Fig. 4. Illustration of the algorithm for determining the circumferential distribution and critical range of the machining-induced burr: a) machined hole charac
terized by the contour ef, b) ek nominal hole contour, c)d) illustration of the burr area cut out by circles with the equations ek+ and ek-, e) determination of fibre 
cutting angle (θ), f) incidence of machining-induced burr as a function of fibre cutting angle.

Fig. 5. Matching diagram of circles with centre of Ck(u;v) and radius of r.
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induced burr depending on the fibre cutting angle (θ) were summarized 
for each project (P1, P2, P3) in order to minimize the effect of non- 
systematic errors (e.g. material error, clamping inaccuracy, image 
capturing inaccuracy). As a result of this summation, the number of si =

1 elements (i.e. pixels containing burrs) of projects P1–3 realised in N1 =

1 720 115, N2 = 132 060 and N3 = 528 633 data elements, respectively. 
We put the fibre cutting angle values for these si = 1 data in a Lθ={θ1… 
θN} list for each project, and then, due to the nature and abundance of 
the data, we created histograms using a class width of 10◦ We inter
preted these histograms as an estimate of the density of the fibre cutting 
angles in which burr formation is expected (i.e. risky fibre cutting an
gles). The histograms determined based on the data of the P1- P3 projects 
are shown in Fig. 6.

In order to use the density function of the normal (Gaussian) distri
bution to estimate the probability of a machining-induced burr occur
ring in a given fibre cutting angle range, we transformed the density 
functions in such a way that the middle element (median of M) of the 
ordered Lθ list is placed in the middle of the abscissa axis (Fig. 7). 
Technically, this transformation carries no risk due to the periodicity of 
the function θ(φ), since the nominal probability of the formation of a 
machining-induced burr (S) is the same in all cases of P(Sp)=k⋅180◦⋅θ, 
where k ∈ N and P denotes the probability. The M medians of the Lθ lists 
of projects P1–3 take the values of 114.59, 118.04 and 120.68, respec
tively. The fibre cutting angle is interpreted as the sum of the trans
formed fibre cutting angle (θ’) and the median (M) as expressed by Eq. 
(2). 

θ = θʹ + M (2) 

Due to the bell-shaped shape of the transformed histograms, we 
assumed that the fibre cutting angle − where machining-induced burr 
formed − follows a normal distribution (Gaussian distribution). There
fore, we checked the normality of the data series with the Shapiro-Wilk 
and Kolmogorov-Smirnov statistical tests (null hypothesis: the variable 
follows a normal distribution). We rejected the null hypothesis in the 
case of all three projects, since (i) the calculated p-values (see in Table 1) 
were all significantly lower than the selected α = 0.05 significance level, 
and (ii) the normality curves (see in Fig. 8) clearly diverge significantly 
from the red normal line, so the distribution of fibre cutting angle cannot 
be considered to be Gaussian.

We searched for the estimate of the transformed density function of 
the risky fibre cutting angle in the general forms defined in Eqs. (3–6), 
where f(θ’) denotes the estimate of the transformed density function of 
the list Lθ = {θ1… θN}, σ denotes the standard deviation, μ is the mean of 
the distribution, and ai, bi and ci denote the regression coefficients of the 
third degree (pol3) and fourth degree (pol4) polynomial and the trigo
nometric (trig) equation, respectively. 

fnorm(θʹ) =
1

σ
̅̅̅̅̅̅
2π

√ ⋅e−
(θʹ− μ)2

2σ2 , where

σ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
N
∑N

i=1

(

θʹ
i −

1
N
∑N

i=1
θʹ

i

)2
√
√
√
√

(3) 

fpol3(θʹ) = a1⋅θʹ3 + a2⋅θʹ2 + a3⋅θʹ + a4 (4) 

fpol4(θʹ) = b1⋅θʹ4 + b2⋅θʹ3 + b3⋅θʹ2 + b4⋅θʹ + b5 (5) 

ftrig(θʹ) = c1⋅sin(2π⋅c2⋅θʹ+ c3) + c4 (6) 

The values of the regression coefficients (ai, bi and ci) were deter
mined by numerical optimisation based on the method of least squares, 
including a maximum of 100,000 iteration steps. The regression co
efficients of the density function f(θ’) are summarised in Table 2, and the 
density functions are shown in Fig. 9.

The density functions fit the histograms with an accuracy charac
terised by the coefficients of determination (R2) listed in Table 3. The 
fourth-order polynomial and trigonometric estimation gave the best 
determination coefficients between 0.937 and 0.991. The density func
tion of the normal distribution is characterised by determination co
efficients of 0.811–0.935. Considering that the trigonometric model 
showed a minimum fit of R2=0.949 for all three projects, and the 
number of its regression coefficients is less than that of the fourth-order 
polynomial model, we selected the trigonometric approximation to es
timate the density function of the cutting angle.

3.2. Distribution of fibre cutting angle where machining-induced burrs 
formed

The integral of the density function f(θ’) according to Eq. (7) gives 
the F(θ’) distribution function of the risky fibre cutting angle. Using the 
distribution function according to Eq. (8), the probability (P) of 
machining-induced burr formation can be estimated in a given range 
(θ’c− δ1

◦; θ’c+δ2
◦). 

F(θʹ) =
∫θ

− 90

f(θʹ) dθʹ (7) 

P(θʹ
c − δ1 ≤ θʹ ≤ θʹ

c + δ2) = F(θʹ
c + δ2) − F(θʹ

c − δ1) (8) 

We substituted the general form of the trigonometric density func
tion into Eq. (7) and calculated the integral, giving the distribution 
function using the substitution integral method (u = 2π⋅c2⋅θ’), according 
to the main steps shown below. 

Fig. 6. Histograms determined based on data from a) P1, b) P2 and c) P3 projects.
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F(θʹ) =
∫θʹ

− 90

(c1⋅sin(2π⋅c2⋅θʹ+ c3)+ c4) dθʹ (9) 

F(θʹ) = c1⋅
∫ θʹ

− 90
sin(2π⋅c2⋅θʹ + c3)dθʹ
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

A

+

∫ θ́

− 90
c4dθʹ

⏟̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅ ⏟
B

(10) 

u = 2π⋅c2⋅θʹ + c3; du = 2π⋅c2dθʹ→
du

2π⋅c2
= dθʹ (11) 

A = c1⋅
∫θʹ

− 90

sin(u)
du

2π⋅c2
=

c1

2π⋅c2

∫θʹ

− 90

sin(u) du =
c1

2π⋅c2
(− cos (u)) (12) 

A =

[

−
c1

2π⋅c2
cos (2π⋅c2⋅θʹ + c3)

]θʹ

− 90
(13) 

F(θʹ) = A + B =

[

−
c1

2π⋅c2
cos (2π⋅c2⋅θʹ + c3)

]θʹ

− 90
+ [c4θ]θ

ʹ
− 90 (14) 

F(θʹ) =
c1

2π⋅c2
(cos( − 180π⋅c2 + c3) − cos(2π⋅c2⋅θʹ+ c3)) + c4(θʹ+90)

(15) 

Fig. 7. Transformed histograms determined based on data from a) P1, b) P2 and c) P3 projects.

Table 1 
p-values for rejecting the null hypothesis of normality.

Project p-values

Shapiro-Wilk Kolmogorov-Smirnov

P1 1.048E-19 0.000
P2 8.110E-23 0.000
P3 8.452E-15 0.000

Fig. 8. Normality curves for testing the normal distribution of risky fibre cutting angles for projects a) P1, b) P2, and c) P3.

Table 2 
Regression coefficients of the density function f(θ’).

Project μ σ a1 a2 a3 a4 b1 b2

P1 9.88E + 00 3.93E + 01 − 5.19E-09 − 1.09E-06 3.50E-05 8.47E-03 1.74E-10 − 1.71E-09
P2 5.00E + 00 3.34E + 01 − 1.80E-09 − 1.52E-06 4.01E-06 9.62E-03 1.48E-10 1.15E-09
P3 8.71E + 00 3.62E + 01 − 5.72E-09 − 1.34E-06 3.26E-05 9.14E-03 1.65E-10 − 2.43E-09
Project b3 b4 b5 c1 c2 c3 c4 ​
P1 − 2.25E-06 2.31E-05 9.39E-03 4.03E-03 5.34E-03 1.32E + 00 5.41E-03 ​
P2 − 2.51E-06 − 6.02E-06 1.04E-02 5.97E-03 4.60E-03 − 4.69E + 00 4.38E-03 ​
P3 − 2.45E-06 2.14E-05 1.00E-02 4.77E-03 5.32E-03 1.41E + 00 5.35E-03 ​
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The F(θ’) distribution functions of the fibre cutting angle calculated 
on the basis of projects P1–3 (regression coefficients c1… c4 substituted 
into Eq. (15)) are illustrated in Fig. 10. The coefficients of determination 
of the distribution functions are respectively 0.997, 0.997 and 0.999 for 
projects P1–3. The H(θʹ) average error function of the F(θ’) distribution 
functions of the P1–3 data series characterised by the trigonometric 
density function was determined based on Eq. (16) and illustrated in 
Fig. 11. 

H(θʹ) =
1
n
∑n

i=1

|F(θʹ) − Fi(θʹ)|
Fi(θʹ)

, where F(θʹ) =
1
n
∑n

i=1
Fi(θʹ) (16) 

Based on the H(θʹ) average error function illustrated in Fig. 11, it can 
be stated that (i) the maximum absolute relative error is 0.0298 (< 3 %) 
over the entire fibre cutting angle range, (ii) the error function is not 
monotonic and has several inflection points and (iii) the maximum value 
of the error is at a fibre cutting angle of θ’≈20◦ These error character
istics limit the use of the trigonometric approximation of the distribution 
function.

If we consider the M median of the list Lθ as the critical cutting angle, 
i.e. θc=M, then the probability of P(θ’c− δ1 ≤ θ ≤ θ’c+δ2) falling in the 

vicinity of θc is given by the parametric equation below. The three- 
dimensional representations of Eq. (18) characterised by variables of 
δ1 and δ2 (δ2∕=δ1) and regression coefficients of c1 … c4 per project P1–3 
can be seen in Fig. 12. 

P(θʹ
c − δ1 ≤ θʹ ≤ θʹ

c + δ2) = F(θʹ
c + δ2) − F(θʹ

c − δ1) := Pδ12 (θ
ʹ) (17) 

Fig. 9. Estimates of the density functions determined based on the data of the a) P1, b) P2, and c) P3 projects.

Table 3 
Coefficients of determination of f(θ) density functions.

Project R2

fnorm(θ’) fpol3(θ’) fpol4(θ’) ftrig(θ’)

P1 0.882 0.866 0.949 0.937
P2 0.811 0.920 0.955 0.951
P3 0.935 0.935 0.991 0.988

Fig. 10. Estimates of the distribution functions determined based on the data of the a) P1, b) P2, and c) P3 projects.

Fig. 11. The H(θ́ ) average error functionof the F(θ’) distribution functions of 
the data series P1–3 characterized by the trigonometric density function.
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Pδ12 (θ
ʹ) =

c1

2π⋅c2
(cos( − 180π⋅c2 + c3) − cos(2π⋅c2⋅(θʹ

c + δ2)+ c3))

+ c4((θʹ
c + δ2)+90) −

c1

2π⋅c2
(cos(

− 180π⋅c2 + c3)+ cos(2π⋅c2⋅(θʹ
c − δ1)+ c3))

− c4((θʹ
c − δ1)+90) (18) 

If the angle values of δ1 and δ2 measured from the critical fibre 
cutting angle of θ’c are considered equal (δ1 = δ2:= δ), Eq. (18) can be 
simplified according to Eq. (19). The parametric equation below gives 
the P(θ’c− δ ≤ θ ≤ θ’c+δ) probability of a machining-induced burr in the 
vicinity of the critical fibre cutting angle of (θ’c− δ; θ’c+δ). The graphical 
representation of Eq. (20) can be seen in Fig. 13. Considering the quasi- 
symmetric environment of the maxima of the density functions, the 
simplification of δ1 = δ2:= δ is technologically justified. 

P(θʹ
c − δ ≤ θʹ ≤ θʹ

c + δ) = F(θʹ
c + δ) − F(θʹ

c − δ) := Pδ(θʹ) (19) 

Pδ(θʹ) =
c1

2π⋅c2
(cos( − 180π⋅c2 + c3) − cos(2π⋅c2⋅(θʹ

c + δ)+ c3))

+ c4((θʹ
c + δ)+90) −

c1

2π⋅c2
(cos(

− 180π⋅c2 + c3) − cos(2π⋅c2⋅(θʹ
c − δ)+ c3)) − c4((θʹ

c − δ)+90)
(20) 

3.3. Validation and discussion

We validated the applicability of the described trigonometric density 
functions and distribution functions with another set of experimental 
data. During the validation experiments, holes with a nominal diameter 
of 10 mm were machined into a unidirectional carbon fibre-reinforced 

vinyl ester matrix composite plate with a nominal thickness of 6 mm 
[31,38]. These holes were drilled with a 10 mm diameter Tivoly Polaris 
150 Sim Dim 6537 K (82,415,011,000) TiAlN coated twist drill. The 
cutting speed (50; 100; 150 m/min) and the feed (0.05; 0.10; 0.15 mm) 
were varied in 3–3 levels according to the central composite 
face-centred (CCF) experimental design, in addition to repeating the 
basic point four times. We captured pictures of the holes with a Mitutoyo 
Quick Image QI-A505 type digital microscope (with 10x nominal 
magnification and 1280 × 960 pixel resolution). The average of the 
trigonometric density functions (calculated based on Eq. (21)) fitted to 
the transformed datasets of projects P1–3 fits the validation dataset with 
an accuracy characterized by a coefficient of determination of 0.834, 
while in the case of the distribution function (calculated based on Eq. 
(22)), the coefficient of determination is 0.977. Fig. 14 illustrates the 
goodness of the fits. The coefficients of determination suggest that the 
developed data collection method and related evaluation can be 
appropriately used to estimate the distribution of risky fibre cutting 
angles in UD-CFRP plates. 

f(θʹ) =
1
n
∑n=3

i=1
fi(θʹ) (21) 

F(θʹ) =
1
n
∑n=3

i=1
Fi(θʹ) (22) 

The described trigonometric models and related evaluation proced
ures, characterised by excellent coefficient of determinations, are suit
able for determining the fibre cutting angle range in which there is a 
high probability of the formation of a machining-induced burr on the 
machined hole contours of UD-CFRP composites. Our estimated critical 
fibre cutting angle of 118◦–133◦ is in good agreement with previous 

Fig. 12. Illustration of P(θ’c− δ1 ≤ θ’ ≤ θ’c+δ2) probability functions determined based on the data of a) P1, b) P2 and c) P3 projects.

Fig. 13. P(θ’c− δ ≤ θ’ ≤ θ’c+δ) probability functions determined based on the data of a) P1, b) P2 and c) P3 projects.
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findings. For instance, Wang et al. [39] identified 135◦ as the most 
burr-prone fibre cutting angle among those tested (0◦, 45◦, 90◦, and 
135◦), and Li et al. [17] reported similar results. These consistent ob
servations underscore the reliability of our angular predictions. 
Crucially, while earlier studies have focused solely on pinpointing the 
critical angle or defining a risky-angle range (Hrechuk et al. [24]), our 
work presents a closed-form trigonometric probability-density function 
for predicting burr-prone cutting angles in CFRP hole machining. This 
innovative model accurately represents the non-Gaussian distribution of 
burr occurrences over the entire 0◦–180◦ spectrum, yet remains 
computationally efficient thanks to its simple analytical form.

The present study’s findings support smart machining technology 
planning of non-unidirectional CFRPs (non-woven mat or chopped 
reinforced polymer composites). For example, the machining-induced 
burr can be accurately predicted if the CFRP plate surface is captured 
and the images are processed using conservative or machine learning 
algorithms to determine fibre directions relative to the hole contour 
[33]. Although the results are promising, they contain many limitations 
and constraints regarding their applicability. These main conditions −
without claiming to be exhaustive − are the following: (i) the tool 
condition and the cutting technology is such that it results in a 
machining-induced burr on the edge contour of the hole (e.g. slightly 
worn tool, unfavourable support conditions, dry cutting, high feed); (ii) 
an excess of projected material observed on a ring characterized by 
circles corresponding to 0.97 and 0.93 times the nominal hole contour is 
considered as machining-induced burr; (iii) the reinforcing fibres are 
nominally unidirectionally arranged in the polymer matrix; (iv) the 
CFRP composite is sufficiently well impregnated and has adhesion to 
minimize the risk of interlayer burr formation; (v) the CFRP composite 
has a flat plate shape. In order to expand the applicability of the results 
and support industrial implementation, we recommend conducting 
further targeted tests in the future.

4. Conclusions

In the present study, we have developed models to predict the den
sity and distribution of risky fibre cutting angles where machining- 
induced burr are formed in unidirectional carbon fibre reinforced 
polymer (UD-CFRP) composites. The coefficients of the models were 
determined using datasets of three previous research projects (i.e., 2 380 
808 data points), and validated through a fourth one (208 571 data 
points). According to the present study, the following main conclusions 
can be drawn: 

• Statistical tests (Shapiro–Wilk and Kolmogorov–Smirnov) on over 
2.38 million data points from three projects confirm that the angular 
distribution of burr occurrences deviates significantly from a normal 
distribution (p ≪ 0.05).

• A fourth-order polynomial and a closed-form trigonometric function 
were fitted to the risky fibre cutting angle histograms. Both achieve 
excellent goodness-of-fit (R² = 0.937–0.991), but the trigonometric 
model—requiring only four coefficients—balances accuracy (mini
mum R² = 0.949) with very low computational cost, making it the 
preferred choice for real-time or embedded applications.

• Integrating the trigonometric density yields distribution functions 
with R² ≥ 0.997 across all datasets, and a maximum absolute relative 
error below 3 % over the full 0◦–180◦ range. This enables the reliable 
calculation of burr-formation probability within any specified 
angular window.

• Independent validation using a fourth dataset (208 571 points) 
confirms the predictive capability of our models, with R² = 0.834 for 
the density and R² = 0.977 for the distribution functions.

• The trigonometric model provides a ready‑to‑use tool for machi
ning‑process planning, allowing engineers to predict high‑risk 
angular sectors around hole contours and adjust cutter paths or pa
rameters accordingly. To facilitate industrial adoption, future studies 
should extend this framework to quantify how tool wear, lubrication, 
and cutting conditions shift the risky‑angle distribution, adapt the 
models for multidirectional and woven CFRP laminates, including 
interlayer burrs in poorly bonded regions, and investigate burr for
mation on non‑planar surfaces and large‑diameter holes.

By capturing both the statistical nature of burr formation and 
providing a simple, closed‑form solution, our work lays the groundwork 
for smarter, burr‑aware machining strategies in CFRP manufacturing.
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