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ON A SEQUENCE OF GROTHENDIECK GROUPS

ÁDÁM GYENGE

(communicated by Charles A. Weibel)

Abstract
We show that a well-known exact sequence in K-theory for

quotients of triangulated categories descends to numerical K-
groups provided that the category, the quotient and the cate-
gory we take the quotient with has a numerical K-group, and
if either the quotient functor preserves compactness or the K-
group of the quotient is torsion-free.

1. Introduction

Let T be a triangulated category, S a subcategory and let T /S be the Verdier
quotient. Then there is an exact sequence of ordinary Grothendieck groups [7, Propo-
sition VIII.3.1.]:

K0(S)
i∗−→ K0(T )

q∗−→ K0(T /S)→ 0, (1)

where i∗ is induced by the embedding functor i : S ⊂ T and q∗ is induced by the
quotient functor q : T → T /S.

The numerical Grothendieck group is the quotient of the usual Grothendieck group
by the kernel (or radical) of the Euler form. When exists, it often gives a more
tractable invariant than the classical K-group. For example, when T , or more precisely
its dg enhancement, is smooth and proper, then the numerical Grothendieck group
is a finitely generated free abelian group.

In this paper we show that the sequence (1) descends to numerical Grothendieck
groups under quite general circumstances.

Theorem 1.1 (Theorem 4.7). Let T be a triangulated category and S a strictly full
triangulated subcategory of T . Assume that the numerical Grothendieck groups of T ,S
and T /S all exist. Suppose moreover that q or, equivalently, i preserves compactness.
Then there is an exact sequence

Knum
0 (S)→ Knum

0 (T )→ Knum
0 (T /S)→ 0

of numerical Grothendieck groups.

In the main body of the paper, for simplicity, we work in the context of derived
categories of DG categories. However, in the proof of Theorem 1.1 we do not actually
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refer to the DG enhancements, so the claims hold in the above generality provided
the necessary functors exist.

We discuss first a recollement arising from quotients. For derived categories of
(quasi-compact and quasi-separated) schemes this recollement has appeared in [11].
For DG categories the statements are also known to experts as they follow implicitly
from [6, Proposition 4.6 (ii)]. In the background, recollements are closely related to
semiorthogonal decompositions, and DG quotients induce such a decomposition under
quite general circumstances. Our contribution is the extension of the methods of [11]
to the DG setting, hence giving an alternative proof of [6, Proposition 4.6 (ii)], a
detailed description of the relevant functors as well as an application of the results
on numerical K-groups.

After preliminary definitions and a review of the basic structures we show:

• the existence of a recollement on the triple of derived categories

(D(V/I), D(V), D(I))

for any strictly full DG subcategory I of a DG category V with Drinfeld quotient
V/I;

• the existence of a “half recollement” on the triple of the compact subcategories
(Dc(V/I), Dc(V), Dc(I)) whenever the inclusion or the quotient functor pre-
serves compactness.

This setting gives one of the examples where the conditions of Theorem 1.1 hold (see
Example 4.1).

Another situation is the following. Iyama–Yang introduced in [10] the notion of a
relative Serre quadruple. Such a quadruple (T ,S, S,M) consists of a k-linear Hom-
finite Krull–Schmidt triangulated category T , a thick subcategory S, a triangulated
equivalence S : S → S such that for all A ∈ Y, B ∈ T there is a bifunctorial isomor-
phism

Hom(A,B)∗ ∼= Hom(B,SA),

and a silting subcategory M of T which gives rise to a t-structure on T via

(T ⩽0, T ⩾0) := ((Σ>0M)⊥, (Σ<0M)⊥)

with T ⩾0 ⊂ S. DG algebras giving rise to such quadruples were investigated in [8].
It was shown in [4, Theorem 2.3.3] that if S extends to an autoequivalence of T ,
then the quotient T /S also has a Serre functor. In the special case when S = [n]
this condition always holds (see [9, Theorem 4.10]). Then, by suppressing the third
component in the tuple, (T ,S,M) is called a Calabi–Yau triple, and the quotient
T /S is called a cluster category. When the extended autoequivalence S : T → T is a
Serre functor, e.g. if T itself is a Calabi–Yau category, the conditions of Theorem 1.1
hold.
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2. Preliminaries

We start with a review of the main notions we use.

2.1. DG-categories and DG-modules
Let k be a field. A DG-category A is a category enriched over the monoidal category

Mod-k of complexes of k-modules, that is, a category where the morphism spaces are
objects of Mod-k and the compositions are morphisms of dg k-modules.

All functors from now on are assumed to be DG. A (right) module E over A
is a functor E : Aopp → Mod-k. For any a ∈ A we will write Ea for the complex
E(a) ∈ Mod-k, the fiber of E over a. We write Mod-A for the DG-category of (right)
A-modules. Similarly, a left A-module F is a functor F : A → Mod-k. We write aF
for the fiber F (a) ∈ Mod-k of F over a ∈ A and A-Mod for the DG-category of left
A-modules.

Given another DG-category B, an A-B-bimodule M is an Aopp ⊗k B-module. For
any a ∈ A and b ∈ B we write aM ∈ Mod-B for the fiber M(a,−) of M over a,
Mb ∈ A-Mod for the fiber M(−, b) of M over b, and aMb ∈ Mod-k for the fiber of M
over (a, b). We write A-Mod-B for the DG-category of A-B-bimodules. The categories
Mod-A and A-Mod of right and left A-modules can therefore be considered as the
categories of k-A- and A-k-bimodules. For any DG-category A, we write A for the
diagonal A-A-bimodule defined by aAb = HomA(b, a) for all a, b ∈ A with morphisms
of A and B acting by pre- and post-composition respectively:

A(α⊗ β) = (−1)deg(β) deg(−)α ◦ (−) ◦ β, ∀ α ∈ HomA(a, a′), β ∈ HomA(b′, b).

DG-bimodules over DG-categories admit a closed symmetric monoidal structure.
That is, they admit a tensor product and an internal Hom. Given three DG-categories
A, B and C, there exist functors

(−)⊗B (−) : A-Mod-B ⊗ B-Mod-C → A-Mod-C,

HomB(−,−) : A-Mod-B ⊗ C-Mod-B → C-Mod-A,

HomB(−,−) : B-Mod-A⊗ B-Mod-C → A-Mod-C,

where

M ⊗B N = Coker(M ⊗k B ⊗k N
act⊗ id− id⊗ act−−−−−−−−−−−→M ⊗k N),

while

c (HomB(M,N))a = HomB(aM, cN)

for M,N with right B-action, and

a (HomB(M,N))c = HomB(Mc, Na)

for M,N with left B-action, cf. [1, Section 2.1.5] for details.

GzaJvO1ctVaJt07wEtcR+ep4h9y95HL0p1ajM5dvKNS5uQTPpEMTgZ8EhBlAvdGlSxzA4cKlJx8Eq1arxupX7g==

GzaJvO1ctVaJt07wEtcR+ep4h9y95HL0p1ajM5dvKNS5uQTPpEMTgZ8EhBlAvdGlSxzA4cKlJx8Eq1arxupX7g==
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2.2. The derived category of a DG-category

Let A be a DG-category. Its homotopy category H0(A) is defined as the k-linear
category whose objects are the same as those of A and whose Hom spaces are H0(−)
of the Hom complexes of A.

The categoryH0(Mod-A) has a natural structure of a triangulated category defined
levelwise in Mod-k. That is, the homotopy category H0(Mod-k) of complexes of k-
modules has a well-known triangulated structure, and we define one on H0(Mod-A)
by using that structure in the fibers over each a ∈ A. A DG-category A is pretri-
angulated if H0(A) is a triangulated subcategory of H0(Mod-A) under the Yoneda
embedding.

Given a DG-category A with a full subcategory C ⊂ A there exists the Drinfeld
quotient A/C (see [6]). It is constructed by formally adding for every c ∈ C a degree
−1 contracting homotopy ξc with dξc = idc. When A and C are pretriangulated, one
recovers the Verdier quotient as H0(A/C) ≃ H0(A)/H0(C).

An A-module E is acyclic if Ea is an acyclic complex for all a ∈ A. We denote
by AcA the full subcategory of Mod-A consisting of acyclic modules. A morphism
of A-modules is a quasi-isomorphism if it is a quasi-isomorphism levelwise in Mod-k
for every a ∈ A. The derived category D(A) is the localization of H0(Mod-A) by
quasi-isomorphisms, constructed as the Verdier quotient H0(Mod-A)/AcA.

The derived category can be constructed on the DG level. An A-module P is
h-projective (resp. h-flat) if HomA(P,C) (resp. P ⊗A C) is an acyclic complex of k-
modules for any acyclic C ∈ Mod-A (resp. C ∈ A-Mod). We denote by P(A) the full
subcategory of Mod-A consisting of h-projective modules. It follows from the defini-
tion that in P(A) every quasi-isomorphism is a homotopy equivalence, and therefore
we have D(A) ≃ H0(P(A)). Alternatively, one uses Drinfeld quotients:

D(A) = H0(Mod-A/AcA).

An object a of triangulated category T is compact if HomT (a,−) commutes with
infinite direct sums. We write Dc(A) for the full subcategory of D(A) consisting of
all compact objects. We say that an A-module E is perfect if the class E ∈ D(A) is
in Dc(A).

Let A and B be DG categories and let M be an A-B-bimodule. We say that M is
A-perfect (resp. B-perfect) if it is perfect levelwise in A (resp. B). That is, aM (resp.
Mb) is a perfect module for all a ∈ A (resp. b ∈ B). Similarly, for other properties of
modules such as h-projective, h-flat, or representable.

Let A be a DG-category. We say that A is smooth if the diagonal bimodule A is
perfect as an A-A-bimodule. We say that A is proper if the total cohomology of each
of its Hom-complexes is finitely-generated and D(A) is compactly generated. See [21,
Section 2.2] for further details on these two notions.

2.3. Restriction and extension of scalars

Let A and B be two DG-categories and let M be an A-B-bimodule. Moreover,
let A′ and B′ be another two DG-categories and let f : A′ → A and g : B′ → B be
DG-functors. Define the restriction of scalars of M along f and g to be the A′-B′-
bimodule fMg defined as M ◦ (f ⊗k g). In particular, for any a ∈ A and b ∈ B we
have a(fMg)b = f(a)Mg(b). We write fM and Mg for fMid and idMg, respectively.
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Let A and B be two DG-categories and let f : A → B be a DG-functor. We then
have the following three induced functors:

1. The extension of scalars functor

f∗ : Mod-A → Mod-B,

is defined to be (−)⊗A fB.

2. The restriction of scalars functor

f∗ : Mod-B → Mod-A,

is defined to be (−)⊗B Bf . Thus, it sends each E ∈ Mod-B to its restriction
Ef ∈ Mod-A, and therefore sends acyclic modules to acyclic modules.

3. The twisted extension of scalars functor

f ! : Mod-A → Mod-B,

is defined to be HomA(Bf ,−).

By Tensor-Hom adjunction (f∗, f∗) and (f∗, f
!) are adjoint pairs of DG-functors. Since

f∗ preserves acyclic modules it follows that f∗ preserves h-projective modules and
f ! preserves h-injective modules. Eventually, we obtain the derived functors (whose
derivedness we omit to denote in the rest of the paper):

f∗ := Lf∗ : D(A)→ D(B), f∗ : D(B)→ D(A), f ! := Rf ! : D(A)→ D(B).

Again these form an adjoint triple.

3. Recollement

The notion of a recollement of triangulated categories was introduced in [5, Sec-
tion 1.4]. Let S, T and Q be triangulated categories. A recollement is a diagram of
triangulated functors

Q T S
q∗

q∗

q!

i∗

i∗

i!

such that

1. (q∗, q∗), (q∗, q
!), (i∗, i∗), (i∗, i

!) are adjoint pairs;

2. q∗, i! and i! are fully faithful;

3. the composite of two functors in each row is zero.

4. there are two canonical triangles for each object X of T :

i∗i∗X → X → q∗q
∗X → i∗i∗X[1]

and

q!q∗X → X → i!i∗X → q!q∗X[1].
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We show that a recollement arises from taking a Drinfeld quotient of dg enhanced
triangulated categories. Let I be a strictly full dg subcategory of a DG category V.
Denote by i : I → V the inclusion functor and by q : V → V/I the quotient functor
to the Drinfeld quotient.

Theorem 3.1. Let I be a strictly full dg subcategory of V. Then there is a recollement

D(V/I) D(V) D(I)
q∗

q∗

q!

i∗

i∗

i! .

In particular i∗, i! and q∗ are fully faithful functors.

Proof. We adapt the proof of [11, Proposition on page 2] to our setting. As i∗ is the
inclusion of D(I) into D(V) (see [13, Proposition 1.15]), it is fully faithful and trian-
gulated. Therefore, i∗ is also triangulated by [16, Lemma 5.3.6]. As i∗ sends compact
objects to compact objects (see for example the proof of [13, Proposition 1.15]), i∗
respects set indexed coproducts by [15, Theorem 5.1]. This is exactly the setting of
[14] which gives a recollement on the triple (Ker(i∗), D(V), D(I)).

For E to be in Ker(i∗) means that i∗E = 0. This holds precisely when

HomD(I)(I, i∗E) = 0

for all I ∈ I. But

HomD(I)(I, i∗E) = HomD(V)(i
∗I, E).

As i∗ is fully faithful, this means that Ker(i∗) = D(I)⊥, the right orthogonal to D(I)
in D(V). Then [12, Proposition 4.9.1 (5)] shows that the composition

D(I)⊥ → D(V)→ D(V)/D(I) = D(V/I)

is an equivalence.

Theorem 3.2. Let I be a strictly full dg subcategory of V. The following conditions
are equivalent:

1. Vi is a perfect I-module.

2. i∗ preserves compact objects.

3. q∗ preserves compact objects.

4. (V/I)q is a perfect V-module.

If this is the case, there is a “half recollement”

Dc(V/I) Dc(V) Dc(I).
q∗

q∗

i∗

i∗

Proof. First we show the equivalence of (1) and (2). Our setting satisfies the assump-
tions for Brown representability [15, Theorem 4.1]. Hence, by [15, Theorem 5.1],
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the functor i∗ : D(V)→ D(I) preserves compactness if and only if its right adjoint
i!(−) = RHomI(Vi,−) preserves arbitrary direct sums. As the h-injective resolution
of a direct sum is the direct sum of the h-injective resolution of the summands,
RHomI(Vi,−) preserves arbitrary direct sums if and only if HomI(Vi,−) preserves
arbitrary direct sums. By definition, this happens if Vi is a perfect I-module.

The proof of the equivalence of (3) and (4) is similar.
Finally, the equivalence of (2) and (3) follows from [3, Lemma 2.2], because the

derived category of a DG category is compactly generated.

Recall that a functor h : T → V ect from an Ext-finite triangulated category T to
the category of vector spaces is called cohomological if it takes exact triangles to long
exact sequences. It is of finite type if for every object A ∈ T , dim⊕n h(A[n]) <∞.
For every object A ∈ T the functors hA(·) := Hom(A, ·) and hA(·) := Hom(·, A) are
finite dimensional cohomological functors by definition. Covariant (resp. contravari-
ant) cohomological functors isomorphic to hA (resp. hA) are called representable. The
category T is called left (resp. right) saturated if every covariant (resp. contravari-
ant) cohomological functor of finite type is representable. Right saturatedness gives
a sufficient condition for the existence of the half recollement of Theorem 3.2.

Lemma 3.3. Let I be a strictly full dg subcategory of V.
1. If Dc(V) is right saturated, then q∗ preserves compact objects.

2. If Dc(I) is right saturated, then i∗ preserves compact objects.

Proof. We just prove (1). As adjoint functors are unique up to an isomorphism, it is
enough to show that q∗ : Dc(V)→ Dc(V/I) has a right adjoint. For any b ∈ Dc(V/I)
consider the functor

Fb(a) = Hom(q∗(a), b).

This is a contravariant cohomological functor of finite type. Hence, it is representable
by an object q′∗(b) ∈ Dc(V):

Fb(a) = Hom(a, q′∗(b)).

As Hom is functorial in both variables, the correspondence b 7→ q′∗(b) is also functorial.
By the construction, q′∗ is right adjoint to q∗, so it must agree with the restriction of
q∗ to Dc(V/I).

4. An exact sequence for numerical Grothendieck groups

Consider a dg category V. The Grothendieck group K0(V) = K0(Dc(V)) of V comes
equipped with the Euler (or Mukai) pairing

[a], [b] 7→ ⟨[a], [b]⟩χ := χ(HomV(a, b)) =
∑
n∈Z

(−1)nHn HomV(a, b).

Recall that a covariant autoequivalence S : Dc(V)→ Dc(V) is a Serre functor, if
there is a bifunctorial isomorphism

Hom(A,B)∗ ∼= Hom(B,SA), A,B ∈ Dc(V).
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Example 4.1.

1. If V is smooth and proper, then Dc(V) has a Serre functor [2, Section 3].

2. Let A be a finite-dimensional k-algebra of finite global dimension, and V the
DG category of right (or left) A-modules. Then Dc(V), the bounded derived
category of finite-dimensional A-modules has a Serre functor.

Proposition 4.2. Suppose that Dc(V) has a Serre functor.

1. For every pair of objects a, b of Dc(V)

⟨[a], [b]⟩χ = ⟨[b], [Sa]⟩χ = ⟨[S−1b], [a]⟩χ,

where S is the Serre functor on Dc(V).

2. The left and right kernels of χ agree.

Proof. For V smooth and proper this statement was proved in Lemma 4.25 and
Proposition 4.24 of [18]. But the proof in fact only uses the existence of the Serre
functor.

Corollary 4.3. Suppose that V is a DG category such that the left and right kernels
of χ agree (e.g. if Dc(V) has a Serre functor). Then there is a well-defined numerical
Grothendieck group Knum

0 (V) := K0(V)/ ker(χ) of V.

Proposition 4.4 ([20, Theorem 1.2], [19, Theorem 1.2]).The numerical Grothendieck
group Knum

0 (V) is a finitely generated free abelian group.

If f : A → B is a functor of dg categories, then f∗ : Dc(A)→ Dc(B) induces a
morphism K0(A)→ K0(B).

Lemma 4.5. Let A,B be DG-categories whose numerical Grothendieck group exist,
and let f : A → B be a DG-functor. Then f∗ induces a map

f∗ : Knum
0 (A)→ Knum

0 (B).

Further, if f preserves compactness, then it induces a map

f∗ : Knum
0 (B)→ Knum

0 (A).

Proof. As the Euler pairing is defined in terms of Hom-spaces in the derived category,
it is compatible with standard derived adjunctions. For any a ∈ Dc(A) and for any
b ∈ Dc(B) we have

χ(f∗(a), b) =
∑

(−1)i dim Homi
Dc(B)(f

∗(a), b) =
∑

(−1)i dim Homi
Dc(A)(a, f∗(b)).

While f∗(b) is not necessarily compact, it is a (homotopy) colimit of compact objects
ci ∈ Dc(A) in the sense of [17, Tag 090Z]. As a is compact, HomDc(A)(a,−) commutes
with homotopy colimits. Thus the above is equal to∑

(−1)i dim colim Homi
Dc(A)(a, ci).

Computing the Euler characteristic is compatible with taking direct sums. Thus for
a ∈ kerχ this expression vanishes, and f∗(a) is again in kerχ as required.

The second statement follows directly from the adjunction

HomDc(A)(a, f∗(b)) = HomDc(B)(f
∗(a), b).
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Lemma 4.6. Let V a dg category and let I be a strictly full dg subcategory of V.
Assume that the numerical Grothendieck group of V, I and V/I exist. Then:

1. i∗(K0(I)) ∩Ker(χV) = i∗(Ker(χI));

2. Ker(χV/I) ⊇ q∗(Ker(χV)).

If moreover q or, equivalently, i preserves compactness, then

(3) Ker(χV/I) = q∗(Ker(χV)).

Proof. (1): The containment “⊇” follows from the proof of Lemma 4.5. For “⊆” we
observe that if i∗(a) ∈ Ker(χV), then for every b ∈ K0(I) we have that χ(i∗a, i∗b) = 0.
But as i∗ is the inclusion of a full subcategory, the same equation holds in K0(I).

(2): Again, follows from the proof Lemma 4.5.

(3): Let a ∈ Ker(χV/I) and let b := q∗(a). Then for any c ∈ Dc(V):

χ(b, c) = χ(q∗(a), c) = χ(a, q∗(c)) = 0.

Hence, b ∈ Ker(χV). As q∗ ◦ q∗ is the identity of on objects of Dc(V/I), we have that
q∗(b) = q∗(q∗(a)) = a.

As mentioned in Section 1, there is an exact sequence of the ordinary Grothendieck
groups [7, Proposition VIII.3.1.]:

K0(I)
i∗−→ K0(V)

q∗−→ K0(V/I)→ 0. (2)

We now descend this sequence to numerical Grothendieck groups.

Theorem 4.7. Let V and let I be a strictly full dg subcategory of V. Assume that
the numerical Grothendieck group of V, I and V/I exist. Suppose moreover that q
or, equivalently, i preserves compactness. Then there is an exact sequence

Knum
0 (I)→ Knum

0 (V)→ Knum
0 (V/I)→ 0.

Proof. It follows from (2) that K0(V/I) = K0(V)/i∗(K0(I)). For short, denote

KV := Ker(χV)

and similarly for I and V/I. Then by Lemma 4.6 (1) we have

Knum
0 (V)/i∗(Knum

0 (I)) = (K0(V)/KV)/(i∗(K0(I)/KI)

= (K0(V)/KV)/(i∗(K0(I))/i∗(KI))

≃ (K0(V)/KV)/(i∗(K0(I))/i∗(K0(I)) ∩ KV).

As

i∗(K0(I))/i∗(K0(I)) ∩ KV ≃ (i∗(K0(I)) · KV)/KV ,

the above quotient is the same as

K0(V)/(i∗(K0(I)) · KV).

Using similarly the identity

(i∗(K0(I)) · KV)/i∗(K0(I)) ≃ KV/(i∗(K0(I)) ∩ KV)
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we obtain that

K0(V)/(i∗(K0(I)) · KV) ≃ (K0(V)/i∗(K0(I)))/(KV/i
∗(K0(I)) ∩ KV)

= (K0(V)/i∗(K0(I)))/q∗(KV)

= (K0(V)/i∗(K0(I)))/KV/I ,

where at the second equality we used the definition of q∗, and at the last equality we
used Lemma 4.6 (3). Noting that the last line is Knum

0 (V/I), we deduce the statement.

Corollary 4.8. Let V and let I be a strictly full dg subcategory of V. Assume that the
numerical Grothendieck group of V, I and V/I exist. Suppose moreover that K0(V/I)
has no torsion. Then there is an exact sequence

Knum
0 (I)→ Knum

0 (V)→ Knum
0 (V/I)→ 0.

Proof. Let a ∈ K0(V/I), and let A be the subgroup generated by a. If A is of infinite
order, then because the cokernel of i∗ on level of the K-groups Coker(i∗) ∼= K0(V/I),
we must have that

Im(i∗) ∩ (q∗)−1(A) = 0.

This means that q∗ maps (q∗)−1(A) to A bijectively. Because the quotient functor
q : V → V/I is the identity on objects, the same is true for q∗. When A is of infinite
order, the above considerations mean that q∗ does not introduce any new relation for
the elements representing the classes in (q∗)−1(A). Such new relations could occur
only from the new morphisms introduced when quotienting. Recall that morphisms in
Dc(V/I) are roofs b← c→ d such that Cone(c→ b) ∈ Dc(I), but these morphisms
are only considered up to an equivalence relation. Because there are no new relations,
we must have that there are no new morphisms in the quotient. That is, all the new
roofs are killed by the equivalence relation when b ∈ (q∗)−1(A) or e ∈ (q∗)−1(A). As
a consequence,

HomDc(V)(b, c) = HomDc(V/I)(q
∗b, q∗c)

for any b ∈ (q∗)−1(A) and c ∈ K0(V). Therefore, if a ∈ Ker(χV/I), then it follows
(q∗)−1(a) ∈ Ker(χV) because

χ((q∗)−1(a), c) = χ(a, q∗c) = 0

for every c ∈ K0(V). In particular, if K0(V/I) has no torsion, then the conclusion of
Lemma 4.6 (3) holds, even without the assumption that q or i preserve compactness.
The statement then follows as in Theorem 4.7.
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nomics, Műegyetem rakpart 3-9, Budapest, H-1111, Hungary

GzaJvO1ctVaJt07wEtcR+ep4h9y95HL0p1ajM5dvKNS5uQTPpEMTgZ8EhBlAvdGlSxzA4cKlJx8Eq1arxupX7g==

GzaJvO1ctVaJt07wEtcR+ep4h9y95HL0p1ajM5dvKNS5uQTPpEMTgZ8EhBlAvdGlSxzA4cKlJx8Eq1arxupX7g==

https://arXiv.org/abs/1212.1879
https://lup.lub.lu.se/student-papers/search/publication/9162679
https://lup.lub.lu.se/student-papers/search/publication/9162679
https://arXiv.org/abs/0806.1324
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
https://arXiv.org/abs/1704.06252
mailto:Gyenge.Adam@ttk.bme.hu

	1 Introduction
	2 Preliminaries
	2.1 DG-categories and DG-modules
	2.2 The derived category of a DG-category
	2.3 Restriction and extension of scalars

	3 Recollement
	4 An exact sequence for numerical Grothendieck groups

