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ABSTRACT. Starting with a k-linear or DG category admitting a (homotopy) Serre functor,
we construct a k-linear or DG 2-category categorifying the Heisenberg algebra of the
numerical K-group of the original category. We also define a 2-categorical analogue of
the Fock space representation of the Heisenberg algebra. Our construction generalises
and unifies various categorical Heisenberg algebra actions appearing in the literature. In
particular, we give a full categorical enhancement of the action on derived categories
of symmetric quotient stacks introduced by Krug, which itself categorifies a Heisenberg
algebra action proposed by Grojnowski.
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1. INTRODUCTION

The Heisenberg algebra of a lattice is a much investigated object originating in quantum
theory. It appears in many areas of mathematics, including the representation theory of affine
Lie algebras. For a smooth projective surface, Grojnowksi and Nakajima [24], [37] identified
the total cohomology of its Hilbert schemes of points with the Fock space representation
of the Heisenberg algebra associated to the cohomology of the surface. As proposed by
Grojnowksi [24 footnote 3] and proved by Krug [33], this occurs more generally for the
symmetric quotient stacks of any smooth projective variety on the level of K-theory, and,
more fundamentally, on the level of derived categories of coherent sheaves.

On the other hand, Khovanov [31] introduced a categorification of the infinite Heisenberg
algebra associated to the free boson or, equivalently, a rank 1 lattice. It used a graphical con-
struction involving planar diagrams. A related graphically defined category was constructed
by Cautis and Licata [I3] for ADE type root lattices. Both of these Heisenberg categories
admit categorical representations on categorifications of the corresponding Fock spaces. They
were much studied since [20], 41 [9, [10, [42].

In this paper we unify and generalise many of these constructions. We start with a
k-linear and Hom-finite category V equipped with a Serre functor S. That is, S is a k-linear
autoequivalence equipped with natural isomorphisms

(1.1) Na,p: Homy (b, Sa)* = Homy(a,b) Va,be.

A typical example is the derived category D'goh(X ) of a smooth and proper variety X with

S = (—) ®wx[dim X]. We further allow V to be graded or a DG category. In the latter case,
S only needs to be a homotopy Serre functor. The following summarises our main results:
1
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Theorem (Summary of the main results). There exists a Heisenberg 2-category Hy, of V
defined using a graphical calculus, together with a Fock space representation on the categories
of Sx-equivariant objects in VEN .

We now make this statement more precise.

1.1. Heisenberg algebras of categories. The numerical Grothendieck group K{"™ (V)
has a bilinear pairing y given by the dimension of Homy (a, b) or its Euler characteristic in
the graded or DG case, cf. Section [£.9] If x is symmetric, we can define a Heisenberg algebra
Hy, with generators
{ab(n)}beK;;um(v), nez\{0}
and relations
[ay(m), ac(n)] = mbm,—n (b, ).

However, in practice x is rarely symmetric, cf. Example

As observed in [31] [13], it can be more convenient to choose a different set of generators

(n) (n)}
{pb 9 qb bng“m(V), nezzo

and a different set of relations

(1.2) ) =g =1

(13) Py =S o pp Y and (Y, = Yo",
(1.4) py™ = pi™p and g™ = gf™ e,
(1.5) ap™ = SR s (0, b)) B el

and s¥(n) = dim Sym” k™. These relations are consistent even when Y is non-symmetric.
Thus the above defines the Heisenberg algebra Hy of any V. We prove in Corollary that
it is always isomorphic to one induced by a symmetric pairing.

1.2. Categorification. The goal is to define a monoidal category Hy, with objects generated
by symbols P, and Q, for each a € V and the morphisms set up so that we can define Pgn)
and Qg") in terms P,’s and Q,’s and so that the relations above become isomorphisms of

objects. For example, relation ((1.5)) should become an isomorphism

min(m,n)
(1.6) Qr(zm)Pz(,n) o @ Sym' Homy(a, b) ®x P[()n—z)Q((lm,i)'
=0

We construct Hy as a 2-category with objects Z, 1-morphisms generated by P,: N — N + 1
and Qp: N — N — 1, and appropriate 2-morphisms. A representation of Hy, is a 2-functor
into the 2-category of categories, sending each integer to a “weight space category”. This
idempotent modification is done for convenience, and our construction can be easily repackaged
into a monoidal category, cf. Section [8:3]

The crux of the categorification is to define “useable” 2-morphism spaces which imply only
the necessary isomorphisms such as . We define these by planar string diagrams such as

Qd Pe
153 «

(1.7)

Po Po Qs Qe

n particular, in [33, Corollary 1.5] the algebra Hi(x) is a priori not well-defined for a general smooth
and projective variety X. We are thankful to Pieter Belmans for this remark.
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read from bottom to top. These are built out of a handful of generators, subject to relations.

1.3. Main results. Our approach differs depending on whether our input datum V is a
graded additive category with a genuine Serre functor or a DG category with only a homotopy
Serre functor. We call these two setups the additive and DG settings, respectively. We
construct the Heisenberg 2-category Hy in the additive setting in Section [3]and in the DG
setting in Section [} We then prove Theorems [A] [B] and [C] stated below for the DG setting
and Theorem [B]in the additive setting. Theorems [A] and [C| are also expected to hold in the
additive setting if the numerical Grothendieck group K§"™ (V) is a finitely generated abelian
group. In such case, our DG proofs can be adapted and even simplified for the additive
setting. Let us therefore state our main results in the language of the DG setting.

Let V be a smooth and proper DG category. We view it as a Morita enhanced triangulated
category, cf. Section [£:4] It is the noncommutative analogue of a smooth and proper algebraic
variety X: the enhanced derived category of X is an example of such V. The graphical
calculus described in Section [5] yields a DG bicategory Hy, together with maps of k-algebras

(18) m: Hy — Kgum(Hy, k),

where Hy is the Heisenberg algebra of K§"™ (V). Here, a bicategory is a certain kind of
weak 2-category. To be precise, we actually mean a bicategory enriched over the homotopy
2-category Ho(dgCat) of DG categories, see Section We treat these subtle differences
carefully in the main text of the paper, but here refer to these merely as DG bicategories.

As in the literature of Heisenberg categorification (numerical) Grothendieck groups appear
more frequently, let us first state our results towards this direction. Our first main result
shows that a 2-full subcategory of Hy, categorifies the Heisenberg algebra H,:

Theorem A (Theorem [6.28). The map m: Hy — K§"™(Hy, K) is injective.

Indeed, Theorem [A] implies that the 2-full subcategory of Hy comprising the objects
whose class in K{"™(Hy, k) lies in the image of 7 is a categorification of Hy. Since this
subcategory is 2-full and contains the objects P, and Q, for a € V, which generate H,, under
taking 1-compositions and perfect hulls, any 2-representation of this subcategory extends
uniquely to one of Hy,. Thus we work with Hy, instead.

Let EnhCatﬁCg be the DG bicategory of enhanced triangulated categories, cf. Section
Here and throughout the paper the subscript kc means “Karoubi-complete”. Let Fy, be its
2-full subcategory comprising the symmetric powers SVV. If V is the derived category of a
variety X, then SNV is the derived category of the symmetric quotient stack [X/Sy].

Our second main result constructs a 2-action of Hy on Fy, which implies that a 2-full
subcategory of Fy, categorifies the classical Fock space representation Fy, of Hy:

Theorem B (Theorem [7.38)). There is a 2-representation of Hy on Fy,. More precisely,
there is a homotopy strong DG 2-functor ®y: Hy — Fy,.

Indeed, this 2-action induces a representation of K{"™(Hy, k) and hence of Hy on
K{"™(Fy, k). We analyze it in Section and show that it induces an embedding of
¢: Fy — K5'm(Fy, k) as the subrepresentation generated by 1 € Ki"™(S%V, k) = k. Thus
the 2-full subcategory of Fy, comprising the objects whose class in K§"™(Fy,, K) lies in the
image of ¢ gives a categorification of Fy,.

In many cases, for example if K§*™ (V) satisfies a Kiinneth-type formula for symmetric
powers, the embedding ¢ above is an isomorphism. Then the whole of Fy, is a categorification
of Fy. In any case, we call Fy, the categorical Fock space of V.

Our third main result gives another sufficient condition for Fy, to exactly categorify Fy,
while at the same time exhibiting an obstruction for 7 to be an isomorphism.

Theorem C (Theorem [8.22)). If Hy categorifies Hy, that is, if w is an isomorphism, then
Fy categorifies F\,. In particular, in such case for all N >0
K S$YV) 2 @ SsymMKPT(Y) @ Sym 2 Kgtt (V) @ - -
1 1222...4N



4 ADAM GYENGE, CLEMENS KOPPENSTEINER, AND TIMOTHY LOGVINENKO

where the direct sum is taken over all integer partitions of N.
We conjecture that the converse of this statement holds as well.
Conjecture D. If Fy categorifies Fy, then m: Hy — K§"™ (Hy, K) is an isomorphism.

We provide examples in Section [8:2.2) where ¢ is an isomorphism. We also give an example
in Section [8:2.3] where it fails to be an isomorphism. In the latter case 7 also can not be an
isomorphism by Theorem [C] In fact, the numerical Grothendieck group decategorifications of
Hy and Fy are generally larger than the classical Heisenberg algebra Hy, and its Fock space
Fy,. However, our decategorifications always contain Hy, and Fy. It becomes an interesting
new problem to compute the surplus and find ways to interpret it.

In the sequel paper [27], we show that our 2-category Hy, can also be decategorified using
the Hochschild homology HH,. Specifically, we settle some foundational issues to define the
Heisenberg algebra Hg of the Zy-graded vector space HHq (V). We then prove the following:

Theorem ([27]). For any smooth and proper DG category V:

(1) There exists an injective map w1 : Hl — HH,4(Hy).

(2) The map m and the 2-representation ®y induce an action of Hyi on HHe(Fy).
There is an injective map ¢™ : F‘ﬂq — HH,(Fy,) which embeds the Fock space F{,q of
HI as the subrepresentation generated by 1 € HH,(Fy).

(3) The map ¢™ is always an isomorphism and therefore Fy, always categorifies F‘?

This leads us to conjecture the following:
Conjecture. The map w1 is always an isomorphism, so Hy, always categorifies H{;I

1.4. Relation to earlier results. Our results recover as special cases the earlier Heisenberg
categorification and Fock space action results mentioned above. We bring forward these
specialisations throughout the paper as sequences of examples; here we just preview them
briefly. For V = K, the field k considered as a single object DG category concentrated in
degree 0, our category Hy is a DG enhancement of Khovanov’s original category [31]; see
Examples [3.27], [5.25] and [6.32] When X is a smooth and projective variety and V its DG
enhanced coherent derived category, a subcategory of Hy, categorifies the Heisenberg algebra
modeled on the numerical K-theory of X. Its action on Fy, constructed in Theorem[B]coincides,
after taking homotopy categories, with that of Krug [33]; see Examples and
This answers the questions raised in [33, Section 3.5]. When X is Calabi-Yau, the direct
sum of the Hochschild (co)homologies of X carries the structure of a Frobenius algebra. In
this case our categories essentially coincide with those of [41], although we do not consider
super-Frobenius algebras. Let I' C SL(2,C) be a finite subgroup and let V be the DG
enhanced derived category of coherent sheaves supported on the exceptional divisor E of the
minimal resolution X of the quotient singularity C2/I". Then our construction yields the
Heisenberg category constructed by Cautis and Licata [T3], see Examples [5.26] [6.24] and [7.17]

There are several advantages to our approach compared to the earlier ones. Our definition
allows any DG category V as the input of the machinery. This fits well into the framework
of noncommutative motives [48]. We do not need the form y on the Grothendieck group
to be symmetric. In particular, if ¥V comes from a variety, the latter does not have to be a
Calabi-Yau. In fact, our construction works with V being a DG enhancement of any smooth
and proper scheme X, as opposed to the construction in [I3] which is specific to the case
where X is (a local model of) the minimal resolution of a Kleinian surface singularity. Finally,
working with DG categories, we obtain a natural framework for working with complexes of
operators, as is necessary when categorifying alternating sums which appear, for example, in
the Frenkel-Kac construction [I6, Chapter 7].

1.5. The additive construction. We now describe our construction of Hy, in more detail.
We begin with the simpler additive construction.
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In categorification, one often encounters the following diagram of categories and functors:
(1.9) C D

Frequently, these functors are required to be biadjoint. For example, in Khovanov’s Heisenberg
category [3I] the generating objects Q4 and @Q_ are biadjoint, while in the Cautis—Licata
categorification [13] the 1-morphisms P; and Q; are biadjoint up to a shift.

The biadjointness assumption can be a powerful tool, but it can also be very restrictive.
For example, in Krug’s action of a Heisenberg algebra on derived categories of symmetric
quotient stacks [33] the functors Q(ﬁn) are only right adjoint to Pn).

Inspired by [5], we use Serre functors to overcome this. In ([1.9)), if E is the left adjoint of
F and S¢ and Sp are Serre functors on C and D, then S,ES; "~ is the right adjoint of F. We
use this to relax Khovanov’s biadjunction condition for our categorification.

Thus, let V be a Hom-finite graded k-linear category endowed with a Serre functor S.
To construct the additive Heisenberg category Hﬁ‘,dd we first construct a simpler 2-category
H?,dd’ whose objects are the integers N € Z and whose 1-morphisms are freely generated by

Po: N=>N+1 and Q: N> N-—-1
for each @ € V and N € Z. The identity 1-morphism of each N is denoted by 1

The 2-morphisms of H'Y we define below ensure that P, is the left adjoint of Q,.
Motivated by the above, we also ensure that Pg, is the right adjoint of Q,. Thus, we have

(1.10) Po 4 Qq 4 Psa-
We define the 2-morphisms by planar string diagrams similar to those of Khovanov [31];

an example is (1.7 above. Similarly to the work of Cautis and Licata [13] our strings are
decorated by morphisms of V. For every o € Homy,(a,b) we have vertical oriented strings

Py Qo
% « and f a
P(l Qa

As a shorthand, the strings decorated by the identity morphism are drawn unadorned. Strings
are also allowed to cross and bend. Thus, for any a,b € V we have the crossings

Qp Pa Py
a a Pa b a Pb

The cups and caps that appear at the bends need to take into account the Serre functor. For
any a € V we have the following cups and caps

PSa

@y aat w

Pa Qa Qa PSa
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As in [31], the planar diagrams generated by the above are subject to a number of relations.
The full list is in Section [3] For example, for any a € V we have the straightening relations

a Q(l Qa

Po Pa Pa Q
Pa Pa Qa Qa Qa

ensuring the 2-categorical adjunctions (1.10) with units and counits given by the caps and

cups (L.11).

The relations on the planar string diagrams take into account the Serre functor. The details
are in Section [3] while here we give one representative example. In Khovanov’s category one
has the “biadjunction” or “bubble” relation specifying that the diagram composition

1

Pa

1 Lmity QP Lounit, 1, pictorially

1

is the identity. Here we set Q = @Q_ and P = @ in the notation of [3I], and the first map is
the unit of (P, Q)-adjunction, while the second map is the counit of (Q, P)-adjunction.

In the absence of biadjunction, the above cannot possibly hold. Instead, we demand that
for any a € Homy (a, Sa) the composition

(idgg )

1 it Q.P. QuPsa counit, 1, pictorially a

1

is the multiplication by the Serre trace Tr(a) € K, defined in Section

Finally, as in some previous works on the categorification of Heisenberg algebras, having
constructed the smaller 2-category H@dd’ 1-generated only by P, = Pgl) and Q, = Q((ll) for
a € V, we define Hi' to be its idempotent completion. The remaining elements P and

Q™ are then the direct summands of 1-compositions P} and Q) defined by the symmetrising
idempotents of the action of the permutation group S, by braid diagrams. Thus, for
constructing a 2-representation of Hy, one only needs to specify the actions of P, and Q,.

In Section [3.5] we give such an action on the categorical version of the Fock space, consisting
of the categories of Sy-equivariant objects in V&V,

1.6. The DG construction. From the viewpoint of algebraic geometry, we want to work
with a DG category V which Morita enhances the derived category of an algebraic variety X.
This means that the compact derived category D.()) of DG modules over V is equivalent
to the bounded derived category DY, (X) of coherent sheaves on X. This is different
from the older notion of a (non-Morita) DG enhancement, which required V to have special
properties (being pre-triangulated) and the triangulated category it enhanced was H°(V).
The two notions are connected: if ¥ Morita enhances D}:)oh(X ), then the perfect hull HperfV
enhances it in the usual sense. On triangulated level, the perfect hull corresponds to taking
the Karoubi-completed triangulated hull. Thus, with Morita enhancements we can work with
smaller DG categories which explicitly enhance only a small part of the triangulated category
from which the rest can be generated by taking cones, shifts, and idempotent completions.

A nice example is provided by the symmetric quotient stacks. A naive symmetric power

of a triangulated category is not triangulated. In [2I] Kapranov and Gantner took a



THE HEISENBERG CATEGORY OF A CATEGORY 7

pretriangulated category A and defined its completed n-th symmetrical power S" A which
ensured that HO(S"A) is the correct symmetric power of H(A). In We give for any DG
category A a simpler construction S™.A which ensures that D.(S8™A) is the correct symmetric
power of D.(A). Tt is a categorification of the skew group algebra construction and its perfect
hull coincides with the Kapranov-Gantner’s S™.A on the DG level (see Lemma . It is, in
a sense, the smallest natural DG category which does this job. In particular, when V Morita
enhances D2, (X), S¥V Morita enhances the symmetric quotient stack (X /Sy].

Let V be a smooth and proper DG category (see Section |4 for a review on DG categories).
Then HperfV always possesses a homotopy Serre functor, i.e. a quasi-autoequivalence S
together with quasi-isomorphisms

Na,p: Homy(a,b) — Homy (b, Sa)*,

natural in a,b € V (see Section. In other words, S is only a Serre functor up to homotopy.

Thus the adjunction relation Q((zn) B Pg;) in the DG Heisenberg category Hy needs to be
homotopically weakened. One option would be to upgrade Hy, to an (0o, 2)-category and
have the additional homotopical information come from the topology of string diagrams.
However, at the moment the authors still find it difficult to construct (oo, 2)-categories by
means of generators and relations. In this paper we take a different approach which stays
entirely within the realm of DG categories.

Our main idea is to introduce three sets of generating objects P,, Q, and R, related by
strict adjunctions P, 4 Q, and Q, 4 R,. To relate the left and right adjoints of Q,, we add
for each a € V the starred string 2-morphism

By the considerations above, all these *, should be homotopy equivalences. To impose this
in a consistent way, without having to specify the higher homotopies by hand, we take the
Drinfeld quotient by the cone of x,. This makes *, a homotopy equivalence, and thus makes
each Pg, a homotopy right adjoint of Q.

Thus, we first define a strict DG 2-category HY, with objects N € Z, 1-morphisms freely
generated by P,, Q, and R,, and 2-morphisms given by planar string diagrams similar to
those in H{{Y" with the addition of the star-morphisms *,: Ps, — R,. We then take the
h-perfect hull Hperf(H,) to obtain a DG bicategory whose 1-morphism DG categories are
pretriangulated and homotopy Karoubi complete. Finally, we define Hy, to be the Drinfield
quotient of Hperf(HY,) by the two-sided ideal Iy, generated by the cones of x, and of another
2-relation we only want to hold up to homotopy. This is one of the subtler points of our
construction: the original Drinfeld quotient construction [I4] is very much incompatible
with monoidal structures such as that of a 1-composition in a 2-category. However, this was
already considered by Shoikhet [44] who refined Drinfeld’s construction to obtain on it the
structure of a weak Leinster monoid. We use this to define the notion of a monoidal Drinfeld
quotient of a DG bicategory by a two-sided ideal of 1-morphisms. It has all the expected
universal properties. The price is that Hy becomes a Ho(dgCat)-enriched bicategory. In
other words, its 1-composition is now given by quasi-functors: compositions of genuine DG
functors with formal inverses of quasi-equivalences. However, the homotopy category of Hy,
is a genuine 2-category whose 1-morphism categories are triangulated and Karoubi-complete.
In particular, it recovers all the combinatorics of the additive setting.

In Section [7] we construct a categorical version of the Fock space for the DG setting. As
noted in [7], the naive tensor product of categories does not behave well with respect to
triangulated structures. In the DG enhanced setting this is solved by taking the h-perfect
hull of the naive tensor product (often called the completed tensor product). This was one of
our reasons to develop the machinery of Heisenberg categories on the level of DG categories.
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We thus proceed in two steps again: first, we define a strict 2-functor ®}, from HJ, to
the strict DG 2-category dgModCat of DG categories, DG functors between their module
categories and natural transformations. The image of ®), is contained in the 1-full subcategory
F/, whose objects are the symmetric powers SVV. This concrete definition is at the heart of
our categorical Fock space representation.

We next apply some abstract DG wizardry. We use the bimodule approximation 2-functor
Apx to approximate the 1-morphisms of F|, by DG bimodules. This yields a homotopy

strong 2-functor from HY, into the bicategory EnhCati“;g of enhanced triangulated categories.
We next take perfect hulls and verify that on the homotopy level the resulting 2-functor
Hperf(H},) — EnhCatng kills all 1-morphisms of I, and thus descends to a homotopy
strong 2-functor ®y,: Hy — EnhCatﬁCg. Its image is our categorical Fock space Fy.

1.7. Results on DG categories. To construct the DG Heisenberg algebra and its Fock
space representation, we needed to develop several new results on DG categories. Most of
these are 2-categorical analogues of common DG-categorical constructions. We hope that
these results and techniques may have applications outside of our work. We thus summarise
them here in the order in which we perceive them to be potentially useful to others. For the
technical details, see the indicated sections.

In Section we use Shoikhet’s construction [44] to define a monoidal Drinfeld quotient
C/I of a DG bicategory C by a two-sided 1-morphism ideal I. We want this to be a 2-category
with the same objects as C whose 1-morphism categories are Drinfeld quotients of those of C
by I. The problem is to define the 1-composition, as the interchange law would force relations
to exist between the contracting homotopies, which were freely introduced. Following Shoikhet
[44], we define 1-composition by resolving tensor products of Drinfeld quotients of 1-morphism
categories of C by a refined construction which admits a natural 1-composition functor. The
resulting 1-composition is then a quasi-functor in the homotopy category Ho(dgCat) of DG
categories. In Theorem we prove that the resulting Ho(dgCat)-enriched bicategory
C/I has the expected universal property with respect to the 2-functors out of C which are
null-homotopic on the 1-morphisms of I.

In Section we define the DG bicategory EnhCatﬁCg of enhanced triangulated categories.
It is where the main action of this paper takes place. Its homotopy category, the strict
1-triangulated 2-category EnhCaty. has been understood for a while [51],[36]. However,
there are well-known technical difficulties in constructing a DG bicategory enhancing it. We
propose two constructions which are both almost a DG bicategory. One uses the technology
of bar-categories of modules [2]. The result is a homotopy unital DG bicategory. Its unitor
morphisms are homotopy equivalences with canonical homotopy inverses which are genuine
inverses on one side. This approach is more elegant and its structures are explicitly defined
and thus easily computable. Alternatively, we use our new notion of the monoidal Drinfeld
quotient to construct EnhCatﬁf as the quotient of the Morita 2-category of DG bimodules
by acyclics. The result is a bicategory, but enriched over Ho(dgCat) and not dgCat. This
definition is simpler, not requiring familiarity with [2], but less explicit and less practical to
compute with. Either construction works well for the purposes of this paper.

In Section we define the h-perfect hull of a DG bicategory C. It is a DG bicategory
with the same objects as C whose 1-morphism categories are h-perfect hulls of those of C.

In Section @ we define the bimodule approzimation 2-functor Apx which approximates
DG functors by DG bimodules. Some of these formalities are well-known to experts [30]
Section 6.4], but it may be useful to have them written down.

In Section [£.7] we define the notion of a homotopy Serre functor and show that every
smooth and proper DG category V admits one on Hperf V. Again, this is well-known to
experts, but the point is that the genuine Serre functor constructed on HO(Hperf V) in [43]
lifts together with all its natural morphisms to Hperf V itself.

1.8. Further questions and remarks. Next, we outline some further questions and related
results that we believe to be interesting for future investigations.
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Gal [20] showed that the structure of a Hopf category on a semisimple symmetric monoidal
abelian category implies the existence of a categorical Heisenberg action in the sense of
Khovanov. It would be interesting to see whether this construction can be generalised to
obtain a category isomorphic to Hy for any V. Several examples of categorifications of
algebraic structures seemingly related to ours carry actions of braid groups. It would also
be interesting to see if there is a deeper relationship between our categorification, Hopf
categories and braid group actions.

Extending the work of Grojnowski and Nakajima, Lehn [34] constructed Virasoro operators
on the cohomology of Hilbert schemes of points of smooth projective surfaces. The present
article is motivated in part by a desire to generalise this construction to the Heisenberg
algebra action on derived categories of symmetric quotient stacks. Such operators should
arise as convolutions of certain complexes of 2-morphisms on Hy,. The desire to obtain a
good framework for working with such complexes is one of the reasons we work with DG
categories in this paper. We intend to return to this question in future work.

In a different direction, the BGG category O of prominence in representation theory has
a Serre functor (see Example and [32]). It would be enlightening to understand the
associated Heisenberg category and its Fock space in detail.

Theorem [C| shows that it is interesting to consider when the morphism is an
isomorphism. Following [I0], one way to understand surjectivity of this morphism seems to
be via a suitable generalisation of degenerate affine Hecke algebras and their categorifications.
This may also lead to the answers for the questions raised in [13, Section 10.3].

1.9. Structure of the paper. The structure of the paper is as follows. In Section [2| we give
preliminaries relevant to both the additive and the DG settings. We recall the concept of
Serre functors and introduce the idempotent modification of Heisenberg algebras which we
categorify. In Section we construct the additive Heisenberg 2-category H‘{”,dd and investigate
its properties.

In Section [f] we give preliminaries required for the DG setting. We encourage the reader
uninterested in DG technicalities to skip this section and refer back to it when needed.

In Section [§] we construct the Heisenberg 2-category Hy in the DG setting. In Section [6]
we investigate the structure of Hy and, in particular, deduce the categorical version of the
Heisenberg commutation relations and prove Theorem [A] In Section [7] we construct the
categorical Fock space representation Fy, and the 2-functor Hy, — F,, and prove Theorem [B]
We note that the proof of Theorem [A] depends on Theorem [B] Finally, in Section [§ we
investigate the properties of Fy, and prove Theorem [C]
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1.11. Notation. Throughout the paper, K is an algebraically closed field of characteristic 0.
All categories and functors are assumed to be k-linear. By a variety we mean an integral,
separated scheme of finite type over K. All of our tensor products are over K, unless indicated
otherwise. The tensor product of two complexes over K is understood as the total complex of
the double complex containing the tensor products of the terms.
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We always denote 2-categories in bold (such as Hy or dgCat) and l-categories in
calligraphic letters (such as V). Objects in a 1-category are denoted by lowercase Latin
letters, while morphisms are denoted in lowercase Greek letters.

2. PRELIMINARIES

2.1. Serre functors. Let A be a graded Kk-linear category with finite-dimensional Hom-
spaces. A “graded k-linear” category means a category enriched in graded vector spaces.
A Serre functor on A is a degree zero autoequivalence S of A equipped with isomorphisms

Nap: Hom4(a,b) = Hom4 (b, Sa)*,
natural in a,b € A [5]. If a Serre functor exists, then it is unique up to an isomorphism [8]
Proposition 1.5].
Example 2.1. If X is a smooth and proper variety over K, then DP  (X) admits a Serre

coh
functor S = (—) ® x wx[dim X], where wx is the canonical line bundle of X.

Example 2.2. Let G be a reductive algebraic group over K, with Borel subgroup B. Then
the category of Schubert-constructible sheaves on the flag variety G/B has a Serre functor
given by the square of the intertwining operator associated to the longest element of the
Weyl group [3]. We note that by Beilinson—Bernstein localisation and the Riemann—Hilbert
equivalence this category is the same as the principal block of the Beilinson—Gelfand—Gelfand
category O associated to the Lie algebra of G. The Serre functors for similar categories of
importance to representation theory are further explored in [I9].

Remark 2.3. Serre functors are particularly useful for producing adjoint functors. If F': C — D
is a functor between k-linear categories with Serre functors S¢ and Sp respectively, then

Pl > S FRSp,
where F® and F* are the right and left adjoint of F'. Indeed, for « € C and y € D one has
Homp(y, Fz) = Homp(Fz, Spy)* = Home (2, FESpy)* = Home (S; ' FRSpy, ).

Our usage of the Serre functor in the definition of the Heisenberg category is closely related
to this observation.

The Serre functor S induces a Serre trace map
(2.4) Tr: Homu(a, Sa) — K, > Ng,q(idg) ().
Proposition 2.5. Let C be a Hom-finite K-linear category which admits a Serre functor S.
For any a,b € C and any o € Home(a, b), € Home (b, Sa) we have
Tr(B o a) = (—1)de>del Tr(Sa o B).

Proof. We note that if C is a graded category, then composition of two morphisms o and
B in COPP is twisted by (—1)9°®@deeS  Thus acting on the first argument of the bifunctor
Home (—, —): C°PP x C — gr-Vectk involves a sign twist. Naturality of 5 therefore implies
that the diagram

Hom 4 (b, b) ——— Hom 4 (b, Sb)*

(*Udeg(_)deg(”)(*)oal J{f(*)H(*l)deg(f) desl®) f(Sao(-))
Hom 4 (a,b) —=— Hom 4(b, Sa)*
ao(_)T Tf(_),_,(_1)(deg(f)+deg(*))deg(a)f((_)oa)

Hom 4(a, a) -1, Hom 4(a, Sa)*.

commutes.
Chasing id; through the upper square and id, through the lower square yields

Te(Sac0 =) = (a)(-) = (~1)*5° =) T~ 0 a),

whence the desired assertion follows. O
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2.2. Heisenberg algebras. Recall that a lattice is a free Z-module M of finite rank equipped
with a bilinear form

X:MxM—=2Z, v,w— (v,w),.

We do not require the form x to be symmetric or antisymmetric; to the knowledge of the
authors no treatment of Heisenberg algebras has been this general. If the bilinear form y
on M is degenerate, then the Heisenberg algebra defined as below has a non-trivial centre.
Thus it is common to assume that x is non-degenerate and we do so from now on.

Let (M, x) be a lattice. As a preliminary definition of the Heisenberg algebra we let

Hy = Hpy,y to be the unital k-algebra with generators pfl ), q((z " for a € M and integers

n > 0 modulo the following relations for all a,b € M and n,m > 0:

(2.6) P =1=¢,

@ N S R SN

(2:8) pIp™ =M pl and qMgl™ = g™ g™,
mm(mn

(2.9) 0"y ZS a, by Mg

Here for any pair of integers £ > 0 and r we set
kE—1 1
skr::<r+k ) k'( r+k—1(r+k—=2)---(r+1)r

which for positive r coincides with the dimension of the k-th symmetric power of a vector
space of dimension 7, that is,

sfr = dim(S*(C")),
and for negative r analogously
skr = (=1)* dim(A*(C™")).
We use the convention that pg " = qén) =0 for n < 0.
Let » = rank M and fix an identification M = Z". Let S and T be integral r x r matrices
which are invertible over Z. In particular, both S and T' are unimodular. Moreover, the form
(2.10) {a,b)sy1 = (S"a, Tb),

gives again a new pairing on M. It is non-degenerate if and only if x is non-degenerate. If X
denotes the matrix of x in the chosen basis of M, then the matrix of Sx7T is SXT. To the
knowledge of the authors, the following observation has not yet appeared in the literature.

Lemma 2.11. Let S and T be as above. The algebras H y; \y and H y; g, 1y are isomorphic.
Proof. Define a map H y; g7y = H () on generators by
(2.12) ¢ qg) and  plM el

As S and T are invertible, it is a bijection on the sets of generators. It remains to show that
it respects the relations. This is immediate for relations (2.6)—(2.8]), while for relation (2.9))

it follows from ([2.10)). O

Corollary 2.13. The Heisenberg algebra on every lattice is isomorphic to one which is
induced by a symmetric (in fact, a diagonal) form.

Proof. The Smith normal form of x (or more precisely of its matrix X') provides matrices S
and T, such that SxT (in fact, SXT) is diagonal. O
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Remark 2.14. The result above says that every Heisenberg algebra arises as the Heisenberg
algebra of a lattice with a symmetric pairing. In the geometrical context, our lattice is the
numerical Grothendieck group of an algebraic variety and our pairing is the Euler pairing.
Drawing loose parallels, it is tempting to interpret the result above as saying that Heisenberg
algebra is an intrinsically Calabi—Yau construction. It is certainly the case in the original
constructions by Khovanov [31] who works on a point, by Cautis and Licata [I3] who work
on a minimal resolution of an ADFE singularity, and by Grojnowski and Nakajima [24] [37]
who make use of the Poincaré duality on cohomology.

The authors hope to revisit this issue in a future work which would extend our categorifi-
cation from Heisenberg agebras to the associated vertex algebras.

Remark 2.15. When x is symmetric, the matrices S and T' can be chosen to be equal. Hence,
they represent a base change on the underlying lattice M. Moreover, in this case there is
another common set of generators of the Heisenberg algebra. It is given by polynomials
(possibly with constant term) on the symbols ay(n) for n € Z\ {0}, b € M. The set of
relations between these is given by

[ap(m), ac(n)] = 8im,—nm(b, c)y.
The proof that these (in the symmetric case) define the same algebra is given for example in

[33, Lemma 1.2]. The advantage of using the presentation (2.6)—(2.9) is that it also makes

sense when y is not symmetric. Hence, it is more natural in our context.

2.2.1. Idempotent modification. In this paper, we do not work with the Heisenberg algebra
H ,, itself, but with its idempotent modification Hy;. We define it as follows.

Recall that a unital k-algebra R is the same as a k-linear category C with a single
object whose endomorphism space is R. Similarly, a unital algebra R with a choice of a
decomposition 1z = ZT 1; of its unit into a finite sum of orthogonal idempotents can be
viewed as a k-linear category C whose objects are {1,...,n} and whose Hom-spaces are
given by Home (4, j) = 1;R1;. Conversely, we can recover R from C as a direct sum of its
Hom-spaces.

We would like to decompose the unit of H , into an infinite sum of idempotents >, , 1;.
This is not possible directly, as infinite sums of elements are not well-defined. However, the
categorical analogy above suggests the following construction.

Introduce a Z-grading on H ,, by setting deg p((lm) =m and deg qt(ln) =-nforalln,meZ
and a € M. Let Cps be a category whose object set is Z and whose Hom-space Home,, (4, j) is
the degree j—i part of H,,. The identity element 1; in each Home¢,, (¢, %) is the corresponding
copy of the unit 1 of H,,. The composition is given by multiplication in H,,. For any
element x € H,, of degree j — i we write 1z, 1;21; or x1; to differentiate the copy of = in
Home,, (i, ) from its counterparts in any other Home,, (1,1 + j — 7).

Now let Hjp; be the direct sum of Hom-spaces of Cy;:

Hy = @ Home,, (i, 7).
i,jEZ
This is a non-unital algebra as it does not contain the infinite sum ), > 1;. Instead, it has
a collection of orthogonal idempotents {1;};cz and each defining relation (2.6)—(2.9) of the

unital algebra H,, gives rise, for each 7 € Z, to a relation in Hj,;. Namely, take the original
relation and add the idempotent 15 at the end of each expression. For example,

pg”)pl()m)li = pl()m)pg”)li, a,be M, n,meN,ie”Z.
Note that elements pt(lm) and q((l") themselves do not exist in Hj; anymore, as they should

correspond to infinite sums >, pi™1; and ez g,

We have a canonical projection Hyy — H,, given by sending each idempotent 1; to
the unit 1y . A representation of the category Cjs into the category of vector spaces is
the same as a graded module over Hj;. Moreover, any graded module over H ,, induces a
representation of Hj; via restriction of scalars.
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2.2.2. The transposed generators. Fix a € M and let z be a formal variable. Let
Zpg")z" and Z gl ="
n>0 n>0
be the generating series of the p, resp. ¢ elements associated with a. Define a new set of

elements pgln) and q,(lln), n € Zsq so that the generating series

S and Y1

n>0 n>0

are the inverses of those of p(™ and ¢(™) respectively:

S| [ S ] <1

n>0 n>0

and

Sz | [ S =1

n>0 n>0
Compare [13, Section 2.2.2] and [33, Section 3.2]. One can show that the relations among
these generators are exactly the same as those between the pg") and qén), just replace (n) by
(1™) everywhere. In particular, they also give a set of generators of H,,. Additionally, for all

a,b € M one has the following relations:

ppt) = pitIpm, Mgt = gl gl

n m min(m,n n—k) (1m~F
g pp™ = SR sk (<, b)) py e,

2.2.3. The Fock space. Let H,; C H)s denote the subalgebra generated by the set
{q((l")l;€ ca €M, k<0,n> 0}.

Let trivg denote the trivial representation of H,,, where 1y acts as identity and 1; acts by
zero for k < 0. The Fock space representation of the Heisenberg algebra H)j; is defined as
the induced representation

H . ~
FM = Inng (terO) = HM ®H;1 k

We note that in Fiy one has 1, @ 1 =1, ® (1g-1) = 1x1g ® 1 = 0 for all k£ £ 0. It follows that

F)y is generated by elements pg")lo for a € M and n > 0. The Z-grading on H,, induces a
grading on F; where the degree k part is canonically isomorphic to

(2.16) e P Qsym™(Mezk).
k14+2ko+---=k 1

The idempotent 1, € Hys acts by projection onto F¥,. Alternatively, the Fock space can be
described as Fyy = Hp;/I where I is the left ideal generated by the operators 1y for k # 0
and q((ln)llc for k=0 and n > 0.

For y non-degenerate, the Fock space is an irreducible and faithful representation of Hy;
with highest weight vector 1. If x is of rank 1, irreducibility and faithfulness follows from the
description of the Fock space representation as differential operators on an infinite polynomial
algebra [I7, Section 2]. As the form can be chosen to be diagonal, the higher rank case
follows by taking a direct sum; the Fock space of the Heisenberg algebra of a direct sum of
lattices is the tensor product of the Fock spaces of the Heisenberg algebras of the summands.
Hence the representation can be described as differential operators on a polynomial algebra.

The next claim follows from the definition and irreducibility of the Fock space.

Lemma 2.17. Let Hy; — End(V) be a representation and let v € V be an element
annihilated by Hy, \ {10} which is invariant under 1g. Then the map 1 — v induces an
embedding Fry — V' of Hyy-representations.
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3. THE ADDITIVE HEISENBERG 2-CATEGORY

In this section, we fix a Hom-finite graded k-linear category V which is closed under shifts
and has a Serre functor S. We then define a 2-category H?;dd, the (additive) Heisenberg
category of V. We present the results in this section for graded categories for comparison
with the homotopy category of the dg version in Section [5| Any k-linear category can be
seen as graded K-linear by viewing the Hom-spaces as placed in degree 0. In such case all
sign rules in this section can be ignored.

The category H'i‘,dd is the Karoubi completion of a simpler 2-category H?,dd’ which we set
up in the following first two subsections. This additive version of the Heisenberg category
is less powerful than the DG version constructed in Section [5| We include it in the paper
as it might be of wider interest and because the similarities and differences to the earlier
constructions are more readily apparent in the purely k-linear setting.

In our constructions, we want to work with objects of the form a ® V where a € ¥V and
V € GrVect™, the category of finite-dimensional graded vector spaces. By this we mean a
direct sum of dim V shifted copies of a indexed by a choice of basis of V. The maps between
two such objects a ® V and b ® W then correspond to matrices with values in Homy (a, b).

To do this without having to choose a basis, we replace V by the category V @ GrVecti®
which is (non-canonically) equivalent to V. The equivalence is defined by choosing a
homogeneous basis {e1,...,e,} for every V € GrVect®™ and setting

(a,V)— @ aldeg(e;)] a €V, Ve grVect™
ei€{e1,....en}

a®pB— Zﬁij (a[deg(ej)] a b[deg(fi)]) a € Homy(a,b), 8 € Hom(V, W)

where (;;) is the matrix of 8 with respect to the chosen bases.
The inverse equivalence is given by

a— (a,k) acV

a—a®id a € Homy (a, b).

3.1. The category H?,dd’: generators. We now define a (strict) 2-category H"{,dd’ . The
objects of H?,dd’ are the integers N € Z.

The 1-morphism categories are additive graded Kk-linear categories whose 1-morphisms
are freely generated under 1-composition by symbols

Po: N—-N+1 and Q,: N+1—> N

for each a € V and N € Z. Thus the objects of HomH%dd,(N, N') are direct sums of finite
strings generated by the symbols P, and Q, with a € V, such that the difference of the
number of P’s and the number of Q’s in each summand is N’ — N. The identity 1-morphism
of any N € Z is denoted by 1.

Strictly speaking, one should distinguish between 1-morphisms with different sources
in the notation, i.e. write P,1y and 15Q,. However, we will have HOmH?}dd/ (N, N') =
HOmH%dd/ (N +4, N’ + i) for each integer i, and do not distinguish these in our notation.

The 2-morphisms between a pair of 1-morphisms form a K-vector space. These vector
spaces are freely generated by a number of generators listed below, subject to the axioms of
a strict 2-category as well as certain relations which we detail in the next subsection. We
usually represent these 2-morphisms as planar diagrams. This requires certain sign rules,
see Remark [3.3] below. The diagrams are read bottom to top, i.e. the source of a given
2-morphism lies on the lower boundary, while the target lies on the upper boundary.
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The 2-morphism spaces are generated by three types of symbols. Firstly, for every
a € Homy(a,b) there are arrows

Pb Qa
% «o and f a .
Pa Qb

These 2-morphisms are homogeneous of degree |«a|. The remaining generators listed below
are all of degree 0. By convention a strand without a dot is the same as one marked with
the identity morphism. Any such unmarked strand is an identity 2-morphism in H"{‘,dd' . The
identity 2-morphisms of the identity 1-morphism 1 are denoted by blank space.

Secondly, for any object a € V there are cups and caps

1 1 Qq Q. Pa
1 1

PSa

Pa Qa Qa PSa

Thirdly, for any pair of objects a, b € V there is a crossing of two downwar(ﬂ strands:

Qb Qa
Qa Qb

For convenience, we define three further types of strand crossings from this basic one by
composition with cups and caps:

Qb Pa Pb Qa
Qb Pa Pb Qa
(3.1) >< = , >< = )
Pa Qb Qa Pb
Pa Qb Qa Pb
Pb Pa
Pb Pa
(3.2) >< =
Pa Pb
Pa Pb

Remark 3.3. We draw compositions of basic 2-morphisms as planar diagrams, as in (3.1))-(3.2)).
In the ungraded case, the interchange law of 2-categories guarantees that such diagrams can
be read without ambiguity.

2We use the downward crossing rather than the upward crossing as a basic generator since in the DG
version of the Heisenberg category described in Section [5| this will lead to a more symmetric presentation.
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However, the interchange law for graded 2-categories includes a sign:

(3.4) (o1 B) oz (vo18) = (—1)PINl(a 0 7) 01 (802 0),

where we write o; and oy for the 1- and 2-composition operations respectively. This can lead
to ambiguities. For example, the diagram

I

Pb Pa

could be read either as the 1-composition of

51 e Ta

Pb Pa
or the 2-composition of
T $a atop 6? T .
Py P, Py Pa

These differ by a factor of (—1)l*lI8],

We impose the latter convention. Thus to read a diagram, one first slices it into lines
containing no 2-composition of basic 2-morphisms and no dots at different heights. Every
such line is a 1-composition of basic 2-morphisms, and the overall diagram is then the
2-composition of these 1-compositions.

With this convention, a diagram with two or more dots at the same height represents the
same 2-morphism as the diagram with the rightmost of these dots moved a small distance
downwards. Graphically, 1-composition corresponds to placing diagrams side-by-side and
2-composition corresponds to stacking diagrams on top of each other.

Remark 3.5. When the domain or target of a diagram is irrelevant or evident from the
context, we may omit the labels. This is the case usually with the empty string occurring as
the target of caps and the domain of cups. We also usually smooth out the strings in the
diagram. For example, we may draw the left definition of (3.1)) more succinctly as

K= XJ

3.2. The category H?,dd’: relations between 2-morphisms. In Sectionwe gave a
list of generating symbols. The 2-morphisms in H@dd' are 1- and 2-compositions of these
symbols, subject to the following list of relations. As a shorthand, a relation specified by an
unoriented diagram holds for all permissible orientations of this diagram.

First, we impose the linearity relations

QHM%W (o g

for any «, § € Hom(a, b) and any scalar ¢ € K for any compatible orientation of the strings.
Neighboring dots along a downward string can merge with a sign twist:

(3.6) ig - (_1)a||ﬁ$goa,

Dots may “slide” through caps and downwards crossings as follows:

(3.7) O‘m: ma am :mSa
Po Q Pa Q

Q Pse Qb Pge
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K

Note that when drawing diagrams, dots need to keep their relative heights when doing these
operations in order to avoid accidentally introducing signs (cf. Lemma below).
Next, there are two sets of local relations for unmarked strings: the adjunction relations

(3.9) = | =

and the symmetric group relations on downward strands

Further, for any o € Homy(a, Sa) and with Tr being the Serre trace 1 4) we have:

QS’a
Q

Finally, we have relations for crossings of opposite oriented strands. Consider the map
U: Homy(a,b) @k Homy (a,b)* — Hom(QuPs, QuPs)
sending a ® § € Hom(a, b) ®k Hom(a, b)* = Hom(a,b) ®k Hom(b, Sa) to
Qo Py

Qa Pb

Consider id € Endyx (Hom(a, b)) = Hom(a, b) ® Hom(a, b)*. The final two relations are

Pa Qb Pa Qb Qa Pb Qa Pb
(3.12) = : = ~ w(id)

Pa Qb Pa Qb Qa Pb Qa Pb

3.3. Remarks on the 2-morphism relations in H‘{,dd’ . In order to reduce the number of
relations necessary to verify when defining a representation of the Heisenberg category, we
have chosen to keep the number of generators and relations on the definition of H?,dd’ small.
We now note some of their consequences. One such consequence is that essentially we can
homotopy deform string diagrams. This is made precise in the following sequence of lemmas.
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Lemma 3.13. Dots may freely “slide along” strands as well as through cups, caps and
all types of crossings, picking up a sign when sliding past each other. That is, one has the
following additional relations:

s et

Qa Pb Qa Pb PSb Pa PSb Pa

« = @ So = «

X T

Proof. The first relation is simply a graphical depiction of the interchange law in graded
2-categories. The relations in the second line follow from those in (3.7)) by applying (3.9):

- U

Relations ) and (3.10)) imply:

S

The remaining interactions of dots and crossings follow from the relations for downward
crossings, cups and caps via the definition of the crossings. O

Lemma 3.14. Dots on upward-pointing strands merge without a sign twist:

-t

Proof. With € = (—1)1*/1%l we have

U

(13.7)

ﬁ
~
B
||g

ﬁom

O

Remark 3.15. The adjunction relations (3.9)) say that we have adjunctions of 1-morphisms
(Pa, Qq) and (Qq, Pse) for any a € V.

Lemma 3.16 (Pitchfork relations, part I). The following relations hold in His :

X
X
X

S
(2
CCJ
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Proof. These relations follow immediately from the definition of the crossings in and (3.2
together with the adjunction relatlons 1 . For example, for the first relatlon one has

K\/X/\/?i

Lemma 3.17 (Counter-clockwise loops). The following relations hold in Hadd’

O O X

Proof. Using the left relation in (3.11] ) and a pitchfork move across the bottom cup, we have

o @

Straightening out via ([3.9)), one obtains the first relation. The other two relations are obtained
in a similar manner. |

Lemma 3.18. The following relations hold in H%,dd’ :

R B9

Proof. These relations are obtained by adding appropriate cups and caps to (13.10| D 3.10) and using
the pitchfork and adjunction relations. For example, for the first relation, one has

- UI- )

where the second equality is relation , the third equality is the interchange law in the
2-category Hadd’ and the fourth is obtamed by applying the pitchfork relations twice at the
top and twice at the bottom. The first relation now follows by (3.10). O

Remark 3.19. Relations (3.10) imply that we have an action of the symmetric group S,, on
Q7 by twisted unmarked downward strands, i.e., we have a morphism K[S,] — End(Q?).
Similarly, Lemma [3.18| shows that there exists an actlon of the symmetric group on PJ.



20 ADAM GYENGE, CLEMENS KOPPENSTEINER, AND TIMOTHY LOGVINENKO

Fixing a basis {8;} of Hom(a,b) one can write the term ¥(id) in as

ZU&’
ARy

where {3} is the dual basis of Hom(b, Sa) = Hom(a,b)". It can also be written as the
composition of 2-morphisms

U(id) =

(3.20) Y1: QuPp — Hom(a,b) @1 and 1: Hom(a,b) @k 1 — Q,Pp.

Here 1; is obtained form the map Hom(a, b)Y — Hom(Q,Pp, 1) sending 8 € Hom(b, Sa) =
Hom(a,b)¥ to ¥ @ 8 and 1), is similarly obtained from the natural map Hom(a,b) —
Hom(1, Q,Py). We note that the right relation in implies that the composition )1 o 1
is the identity on Hom(a,b) ®k 1.

Lemma 3.21 (Pitchfork relations, part IT). The two remaining pitchfork relations hold in
HY | that is, one has

In particular, these relations show that we could have defined the upwards crossing as a
rotation of the left-wards crossing (instead of the right-wards one in (3.2))) and obtained the
same 2-morphism. The proof is inspired by the proof of [0, Lemma 2.6].

Proof. These two pitchfork relations are slightly harder to see than the ones in Lemma
First, the relations in Section [3.2] imply that for any a,b € V the morphism

(3.22) H >< %21 : PPy Qy @ (Hom(b, Sb) @k Py) — PuQuPsy

is an isomorphism with inverse

: PaQbPSb — PaPSbe [S2) (HOIIl(b7 Sb) Rk Pa).

o

Next, we show that

21N

Precomposing with isomorphism l 22)), it remains to show that for any o € Hom(b, Sb):

The right diagram of the left equality has a counter-clockwise curl, hence is vanishing.
Applying the third equality (read from its right to left) of Lemma to the left diagram of
the left equality, we can move the upwards diagonal arrow to below the counter-clockwise
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curl. Hence, this diagram also equals zero. Further we have

(-0 Q-0

which is Tr(a) times the 1dent1ty 2-morphism and thus agrees with the rightmost 2-morphism.
Finally, applylng ) to the first pitchfork relation we get

00220

where the last equality holds because of the presence of counter-clockwise curls.
The second relation immediately follows from the first one:

|

Using the pitchfork relations one shows that the remaining triple moves also hold.

Lemma 3.24 (Triple moves). The following relations holds in Hadd’

B

Remark 3.25. For any object a € V, a € Hom(a,a) and § € Hom(a, Sa) one has

ey

This matches the identity of Proposition [2.5]

3.4. The category H?,dd: Karoubi-completion. A category is Karoubian or idempotent
complete if all its idempotents are split. Given a category C, its Karoubi envelope or idempotent
completion is the universal pair (kar(C),:) where kar(C) a Karoubian category and ¢ is a
functor C' — kar(C). The functor ¢ is necessarily fully faithful, see [26], Exercice 7.5].

Definition 3.26. The (additive) Heisenberg category H'?,dd of V is the Karoubi envelope of
Hia}dd/.

The objects of Hi‘;dd are those of H?,dd’ . Its 1-morphisms are pairs (R,e), where R is
a 1-morphism of H}!Y and e: R — R is a idempotent in EndH?}dd/(R). Its 2-morphisms

(Ri,e1) — (Rz,e2) are 2-morphisms f: Ry — Ro from HY which satisfy f = ez 0 foey.

Example 3.27. Let V = Vectfk be the category of finite-dimensional vector spaces over k. It is
the additive hull of the field k considered as a single-object category. Then the Serre functor
on V is the identity, and the category H?;dd reproduces Khovanov’s categorification of the
infinite Heisenberg algebra [31]. More precisely, collapsing our category H34 to a monoidal
1-category by identifying the objects, the morphism Py corresponds to Q4 in [31], while Qi
corresponds to (Q_. Since Pxgk = Pk @ Pk, and similarly for Q, all data is encoded in the
relations between these two morphisms.
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By Remark for each object a € V there are canonical morphisms Kk[S,] — End(P})
and K[S,] — End(Q7). Let

Etriv = % Z [Uls k[Sn]
oeS,
be the symmetriser idempotent of k[S,]. Abusing notation, we denote the image of the
symmetriser under either of the above maps again by ety. The 2-morphisms ey, are
idempotent endomorphisms of P” and Q” respectively, and hence split in H3d. We write

P™ and Q™ for the corresponding 1-morphisms (P, eqiy) and (QZ, etriy)-
Theorem 3.28. For any a,b € V and n,m € N we have the following relations in Hﬁ’;dd :

PP = PP, QG = Qo

min(m,n)
Q[(lm)Pén) = @ Sym‘ Homy (a, b) @k Pén_l)Qflm_i).
=0

The symmetric powers of Homy (a, b) in the last isomorphism of Theorem categorify
the coefficient s*(a, b) in . In Remarkwe explain that from any Pt(f) to any Pl(f) there
are morphisms which correspond to i parallel strands labelled by elements of Sym’ Homy(a, b).
The last isomorphism of Theorem [3.28]is then naturally expressed in terms of these morphisms.
In particular, in the case m = n = 1, the 1-precomposition of this 2-isomorphism with idp,
on the left is the isomorphism used in the proof of Lemma [3.21

The proof of Theorem [3.28]is entirely combinatorial and virtually the same as the one for
the DG version, Theorem [6.3] We thus skip it. Similarly, the constructions and the results
of Section [6.3] have obvious analogues in the additive setting.

3.5. The categorical Fock space in the additive case. In this section we construct a
categorical Fock space F‘{,dd of the base category V. It consists of the categorical symmetric
powers of V. We show that H?,dd has a representation on the categorical Fock space.

Once this is established, the same decategorification argument as in Section [8.2] shows
that Kiu™ (H3) acts on K5 (Fgld). Theorem we have a group homomorphism from
the classical Heisenberg algebra Hy, to K§"™(H?). Thus Hy acts on K§'™ (Fisd) and the
same argument as in Section shows that the subrepresentation of K5 (Fisd) generated
by 1 € Kium(8%Y) = k is the Fock space representation Fy; of Hy.

If K§"™(V) is a finitely generated abelian group and if we have for all N > 0

K e P SymMKRmY) @ Sym Kt () @ -
121222 4N
then a dimension count shows that F) is the whole of K§"™(Fiid). In other words, our
categorical Fock space categorifies the classical Fock space.
The N-fold tensor power V&V is the additive hull ( that is, the closure under finite direct
sums) of the category of N-tuples a1 ® - -+ ® ay of objects of V with morphism spaces
Homyen (a1 ® - ®an, b ® - @ by) = Homy (a1, b1) Qk - - - @k Homy (an, by).-
The category V€V can be endowed with an action of Sy, given on objects by
(329) U(a1®"'®a]\]) = a071(1)®---®a071(1\;).
The category of Sy-equivariant objects in Y&V
SNV 1= (VON)SN
has as objects all tuples (a, (¢5)sesy) With @ € V¥V and €,: @ = o(a) isomorphisms
compatible with the Sy-action. A morphism (a, €;) — (b, 7) is a morphism a: a — b in

VN such that o(a) o€, = 7, o a for all o € Sy. We refer to [2I} Section 2] for details. For
ease of notation, we set S°V = Vectf and S¥V =0 for N < 0.



THE HEISENBERG CATEGORY OF A CATEGORY 23

Remark 3.30. If V is a k-linear category equipped with additional structure and/or conditions,
e.g. an abelian category, then V®V will not automatically also have these. In such case, in
the definition above one should replace the additive hull with an appropriate completion. For
example, Deligne’s tensor product of abelian categories takes the abelian hull of N-tuples.
We are particularly interested in the case of DG enhanced triangulated categories, which we
discuss in detail in Sections .8 and [

Let F34 be the strict 2-category with objects SV, 1-morphisms k-linear functors and
2-morphisms natural transformations. We want to define a 2-functor ¥},: Hd" — Fiid’.
For this, we need the functors of restriction and induction. Let 1 x Sy_; < Sy be the
subgroup comprising the elements fixing the first letter. The restriction functor is defined as

Resy N " SNy 5 (peN)ixSva
(Q, (eg)geSN) = (Q7 (EQ)QEIXSN—I)

on objects and by id on morphisms. Its left and right adjoint, the induction functor, is
(VenybeN-r SNy
(97 <€h)heleN,1) = (@mesN/(lstfl) fla), (5g)g€SN)

on objects. Here Sy /(1 x Sn_1) is the set of left cosets, the summation happens over a fixed
choice of their representatives f, and the isomorphism

£y b - @ 9@

[fleSN/(IxSN-1) [f1€SNn/(1xSNn—1)

SN .
Indlsti1 :

maps each summand f(a) to the summand gf’(a) with [f] = [¢f'] via the isomorphism f(ep)

where h € 1 x Sy_1 is such that gf’ = fh. On morphisms, Indi’ZSN_1 is given by

a— Z f(a).

[fl€eSN/(1xSN_1)

A more general treatment of these functors is given in Section below.
On objects, we define ¥/, as

UL,(N)=8"Y, VNez
On 1-morphisms ¥}, sends P,: (N —1) — N to the composition

SN
Ind1><sl\]71

P, SNT1Y 282, (peN) xS SNy,
and Q,: N — N — 1 to the composition
ReleSN_l .
Qq: SNy I (poN) Sy Homw(@ )@, gN-1y)

Tensor-Hom adjunction implies that P, is left adjoint to @), and the definition of a Serre
functor further implies that @, is left adjoint to Pg,.

Ezample 3.31. Let (a1 ® -+ ® an, (€5)0ecsy) be an object in SVV. There are N + 1 cosets
of the subgroup Sy < Sy41 fixing the symbol 1. A set of representatives of these cosets is
given by the cycles {(i...1)}1<i<n+1. Denote each (i...1) by &.
By definition of the P,, we have
N+1
Par® - ®ay) =Ind{¥! b0 @ - @ay) =P &R - @ay).
i=1

By the definition (3:29) of the action of Sy, on VEN*1 ¢ acts by placing the &' (j)th
factor into jth place. Thus we have

LGWRM® - Ray) =01 ® - ®a10b®a;® - Ray
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and therefore

(3.32) PB=Pauw 2410boae- - @ay.
i=1
We describe the Sy 1-equivariant structure on this direct sum. Let 0 € Syy1. For each &,
the element o0&, -1(;) lies in the same coset as they both send 1 to 4. Thus
& ol =(1i)o(07 (i) -+ 1) € 1x Sy C Sna1.

Let 7; be the corresponding element of Sy. By definition, the isomorphism

N+1 N+1
€y @52.(5@&1@...@@]\,)—)@agi(b(@al@”-@cw)
i=1 i=1

is a sum of components
Lio(b®—)(er): & (0@ ® - ®an) = & (0@ (1 (a1 ® - ®an))).
Hence, in terms of (3.32)), £, is the sum of the components

£io(b®@—)(er;)
e

1R - Ra;—1R0bRa; Q- - -Ran aTi—1(1)®~ . '®a7_i—1(i_1)®b®a7_;1(i)®- . -®aT;1(N).

It follows that

N+1
QuPyla1 @+~ @ ay) = Qa (@@(bml@---@.-.@w))
i=1

N+1
:Qa (@Cll@"'@ai1®b®ai®"'®aN>
=1

= Hom(a,b) ®k a1 ® --- ® an®

N

@Hom(a,al) Rk ®- Ra; QbR a1 ® - Qay.

i=1
We describe the Sy-equivariant structure on this direct sum. Let 0 € Sy. Let 1 X o be the
corresponding element of 1 x Sy C Sy41 and note that 1 x o(i) =1ifi=1and 1+ o0(i — 1)
if i > 1. As before, we have & (1 x 0)&(1xo-1)(i) € 1 X Sn, so let 7; be the corresponding
element of Sy.

Restricting the Sy 1-equivariant structure on Py(a; ® --- ® ay) described above, we see
that the isomorphism
e QaPy(a1 @ ®an) — 0 (QaPs(a1 ® -+ @ an))

is the sum
N+1

Z (Hom(a, —) ®id) 0 & o (b ® —)(er, ).

When i = 1 we have §; = (1x,-1)(1) = id, so 7 = o and the corresponding summand of &, is

Hom(a,b) ® a1 ® -+ Q@ an d®eo, Hom(a,b) ®k ag-1(1) @ -+ @ p-1(n)-

When ¢ > 1, observe that 7;(1) = 1. This is because
7i(1) = & (1 X 0)€uxo1)(2) —1 =& (1x o)1) ~1=¢"(1) - 1=2-1=1.
The corresponding summand &/, is therefore
Hom(a,a1) Qkas @+ - ®a;—1 bR a; @ - - Qay
|om(a)sieio8-) (cr,)
Hom(a,a1) ®k ar-1(2) @+ @ r-1(i_1) @b @ ar-1(3) @ +++ ® Qr-1()-
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If @ = b, then the adjunction unit
a1 ®-- ®ay = QaPa(a1 ® -+~ ®ay)
embeds a; ® - - - ® ay into the first summand as {id,} ®k a1 ® - @ an.
Ezample 3.33. In the same way, we obtain

PQu(a1 ® - ®an) = Pb(Hom(ayal) Rk 2 R @ ClN)

N
= @ Hom(a,a1) ka2 ® -+ @ a; VbR a1 @+ D ay.
i=1
The equivariant structure is the same as in the preceding example, keeping in mind that
(Hom(a, —) ®@id)o ((i+1)---1) o (b® —) = (i...1) o (b ® —) o (Hom(a, —) ® id).
The adjunction counit
PiQu(a1 ®---®an) » a1 ® - @an

first applies the adjunction map Hom(a,a1) ® a — a; on each summand yielding
N
@aa®...®ai®a1®ai+1...®az\,.
i=1

Then the equivariant structure of a1 ® - - ® ay provides a morphism

Z 6(12..4)

N
@a2®---®ai®a1®ai+1-~-®al—>a1®---®aN.
i=1

Example 3.34. In the same way one sees that the unit of the adjunction @, 4 Pg, is given by
the canonical map a; — Hom(a, a1) ®k Sa coming from the Hom(a, —) 4 — ®k Sa adjunction
followed by the diagonal map into the product. The counit is projection onto the factor
Hom(a, Sa) @k a1 ® - -+ ® an followed by the Serre trace applied to Hom(a, Sa).

It follows from the explicit computations above that there is an isomorphism
(3.35) QP = (Homv(a, b) ®xk 1) @ PQ,
natural in a,b € V.
We can now define the action of ¥}, on 2-morphisms. Firstly, the dotted strings ¢ «

and ® @ for o € Homy (a,b) are sent to the natural transformations P, = P, and Qp = Q.
induced by the natural transformations

a® — asid, g R — and Homy, (b, —) == Homy (a, —)

respectively.
Next, the caps and cups

Qa Pa Qa PSa
CN O, U and U
Pa Qa PSa Qa

are sent to the adjunction maps
P,Qo, —id, QuPs, —id, id— QuP,, and id — Pg,Qq-

Finally, the downward crossing

Qb Qa

X

Qa Qb

is sent to the following functorial isomorphism. As functors SV — SV=2) we have

QaQb = (HomV(aa _) ® HOHIV(b, _) ® idSN*2V) o Res,1§>;1XSN727
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QQq = (Homy (b, —) ® Homy (a, —) @ idgn-2y) o Resfgjx\,lXSN’2 .
The latter can be further rewritten as

QvQa = (Homy (a, —) ® Homy (b, —) @ idgn-2y) o (12) o Resgijlxsz\"2 .

With these identifications in mind, we send the downward crossing to the functorial isomor-
phism Q,Qy = Q,Q, induced by the natural isomorphism

IX1XSn_2 ~ Ix1xSn—
Resg. 7N 55 (12) o Resg, 7N ?
N N

given on any object (a,es) by €(12).

Explicit computations (making particular use of the decomposition (3.35))) show that this
definition of ¥, is compatible with all 2-relations on H?,dd/ . Thus we have the following
result:

Proposition 3.36. The above definition gives a 2-functor
U, H Y — Fald,

Let F?,dd be the 2-category with objects the Karoubi completions Kar(S™¥V), 1-morphisms
k-linear functors, and 2-morphisms natural transformations. We call F‘{,dd the Fock category
or, equivalently, the categorical Fock space of H?,dd. By the universal property of the
Karoubi envelope, we have:

Corollary 3.37. The functor ¥, induces a 2-functor
Uy Hd — Fild.

Remark 3.38. The functors P, and Q, in the above definition have both a right and left
adjoint. Hence, if V is abelian they are exact. Thus they extend to the Deligne tensor
product, i.e. there exists an action of Hi{'¢ on the 2-category with objects SNV = (V&N )Sv |

where ® is the Deligne tensor product of abelian categories [15, Proposition 1.46.2].

4. PRELIMINARIES ON DG CATEGORIES

In this section, we review the existing formalism of DG categories and enriched bicategories
and introduce several new results we need for our construction of a DG Heisenberg 2-category.
Below we summarise the key items of notation we employ.

Given a DG category A, we denote by Mod-A its DG category of right .A-modules.
We denote by P(A) and Perf(A) the full subcategories of Mod-A comprising h-projective
modules and perfect modules, respectively. We write Hperf(A) for their intersection. We
denote by D(.A) the derived category of right A-modules, and by D.(.A) its full subcategory
of compact objects. Note that D(A) = HO(P(A)) and D.(A) = HO(Hperf(A)).

Given a scheme X, we write Dqc(X) for the derived category of complexes of sheaves on
X with quasi-coherent cohomology and DP , (X) for its full subcategory of complexes with

coh

bounded, coherent cohomology. Let Z(X) be the standard DG enhancement of D2, (X).
In this paper we arrange DG categories into a ménagerie of 1-categories, strict 2-categories

and DG bicategories. Figure [1| gives an overview of these and their relation to each other:

e dgCat! is the 1-category of DG categories and DG functors between them, see
Section [.1] Definition [£.1]

° Ho(dgCatl) is the localisation of dgCat' by quasi-equivalences, see Section
and [51],

e EnhCat! is the full subcategory of Ho(dgCatl) comprising pretriangulated DG
categories. We view it as the 1-category of enhanced triangulated categories, see
Section (4.4

e Mor(dgCat') is the localisation of dgCat' by Morita equivalences. We view it as
the 1-category of Morita enhanced triangulated categories, see Section and [46],

e dgCat is the strict 2-category of the isomorphism classes of DG categories, DG func-
tors, and closed degree zero DG natural transformations, see Section [I.I] Definition

AT}
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Sec. 4 Def. Bl
Ho(dgCat') ¢-------- Ho(dgCat)
> E\ Sec. B4l ] [36] Sec. 1]
Q|-
;|2 EnhCat' <---- EnhCat
BE
< Def. [] Def. 1
£| dgCat' <--------- - - dgCat <~ s~ dgCatde
5 S
;E % ]\ Def. [Z12
* z & dgModCat
f : 3: ®HAPX
= % Def. @131
= dgMor
T Sec. [L.5]
iec' ad dgMOI‘lfrp
Mor(dgCat") <------- Mor(dgCat) I
| per.Emm Def. 21

EnhCat), +~ " Annn- EnhCatif

FIGURE 1. Summary of various categories of DG categories. Dashed arrows
represent 1-categorical truncation and the squiggly arrow represents taking
homotopy categories of the 1-morphism categories.

e Ho(dgCat) is a strict 2-categorical version of Ho(dgCat') constructed using the
main results of [51], see Section Definition [4.1] and [51],

e EnhCat is the strict 2-category of enhanced triangulated categories, see [36, Sec. 1].
It is the 1-full subcategory of Ho(dgCat) comprising pretriangulated DG categories.

e Mor(dgCat) is the strict 2-category of Morita enhanced triangulated categories,
see Section [£.4] Definition It is also known as EnhCat., because it can be
realised as the 1-full subcategory of EnhCat comprising homotopy Karoubi complete
DG categories. Here and throughout the paper the subscript kc means ‘Karoubi
complete’.

e dgCat“8 is the strict DG 2-category of DG categories, DG functors, and (all) DG
natural transformations,

e dgModCat is the strict DG 2-category of DG module categories. It is the 1-full
subcategory of dgCat® consisting of all DG categories of form Mod-A for some
small DG category A, see Section [£:3] Definition

e dgMor is the DG bicategory whose objects are small DG categories and whose
1-morphism categories are DG categories of DG bimodules, see Section [£.3] Definition
13|

e dgMory,, is the 2-full subcategory of dgMor comprising the same objects and the
1-morphisms given by left-h-flat and right-perfect bimodules, see Sec.

. EnhCatﬁf is the lax-unital DG bicategory of Morita enhanced triangulated categories.
It is a DG enhancement of EnhCaty. and is a new object introduced in this paper, see
Definition Alternatively, it can be constructed as a strictly unital Ho(dgCat)-
enriched bicategory, see Section [£.4] Definition [£:21]

4.1. Enriched bicategories. The DG version of the Heisenberg category, which we define
in Section [f] is a certain weak 2-category and its representations are given by weak 2-functors.
The notion of a weak 2-category we use is a bicategory. We refer to [4] for the original
definition and a comprehensive technical treatment of bicategories.
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We need to work with enriched bicategories. The natural structure to enrich bicategories
over is a monoidal bicategory or, more generally, a tricategory. The formal definitions can
be found in [23], and they are rather involved. However, a reader comfortable with the
properties of cartesian products of categories and tensor products of DG categories need not
consider the formal definition of a tricategory for the purposes of reading this paper. We only
work with enrichments over one of the following three strictly monoidal strict 2-categories:

Definition 4.1.

(1) Cat: The 2-category of isomorphism classes of small categories, of functors, and of
natural transformations. The monoidal structure is the cartesian product x.

(2) dgCat: The 2-category of isomorphism classes of small k-linear DG categories, of
DG functors, and of (closed degree zero) DG natural transformations. The monoidal
structure is the tensor product @ over k. We further write dgCat' for the underlying
1-category of dgCat, where we only consider DG categories and DG functors between
them.

(3) Ho(dgCat): The 2-categorical version considered in [51] of the localisation of dgCat*
by quasi-equivalences. Its objects are the isomorphism classes of small k-linear DG
categories, its 1-morphisms are the isomorphism classes of right quasi-representable
bimodules in D(A-B), and its 2-morphisms are the morphisms between these in
D(A-B). The monoidal structure is given by the tensor product ®x.

For the general definition of an enriched bicategory we refer the reader to [22] Section 3].
Considering only enrichments over strictly monoidal strict 2-categories allows us to give a
simpler definition which is nearly identical to the original definition of a bicategory in [4].

Definition 4.2. Let (M, ®, 1n) be a strictly monoidal strict 2-category. A bicategory C
enriched over M comprises the following data:

(1) a collection of objects Ob C;

(2) Va,be€ ObC a 1-morphism object C(a,b), which is an object in M,;

(3) Va € ObC an identity element 1, : 1ng — C(a,a), which is a 1-morphism in M;
(4) Y a,b,c € Ob C the 1-morphism composition, which is a 1-morphism in M:

w: C(b,c) ® C(a,b) = C(a,c);

(5) Va,b,c,d € Ob C the associator o which is a 2-isomorphism in M:

C(e,d) ® C(b,c) ® C(a,b) C(e,d) ® C(b,c) ® C(a,b)
1 p®id o Jideou
C(b,d) ® C(a,b) —Q C(c,d) ® C(a, )
Lu Ln
C(a,d) C(a,d);

(6) ¥ a,b € ObC the unitors p and A which are 2-isomorphisms of 1-morphisms in M:

C(a,b) C(a,b) C(avb) C(a7b)
I I
C(a,b) @ Im p Im ® C(a,b)
tidel, T id and Ll.@id T id
C(a,b) ® C(a,a) C(a,a) ® C(a,b)
LB LB
C(a,b) C(a,b) C(a, b) C(a,b);

which must satisfy the following conditions:
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(7) Y a,b,c,d,e € Ob C the following diagram of 2-morphisms between 1-morphisms
C(d,e) ® C(c,d) ® C(b,c) ® C(a,b) — C(a, e) must commute in M:

aoid

o(a®id
po(u®id)o (p®id®id)* 2o (n®id) o ((dop ®id) <229 1o (id @) o (id ©p © id)

laoid lpo(id Ra)

o (id®p) o (1 ®id®id) orold o (id®p) o (id ® id ®p):;

(8) Va,b,c € Ob C the following diagram of 2-morphisms between 1-morphisms C(b, ¢) ®
C(a,b) — C(a, c) must commute in M:

po(p@id) o (idol, @id) —28 D o deu) o (id @1, @ id)

um wk)
1

Remark 4.3. The objects of the three 2-categories we define in Definition [{.1] are isomorphism
classes of categories. This is to make the strictly associative monoidal structures provided by
x and ®g also strictly unital. To work with individual categories one only needs to adjust
the definition above to allow the monoidal structure on M to be lax-unital.

Ezxamples 4.4.

(1) A bicategory enriched over Cat is an ordinary bicategory in the sense of [4]. We
refer to these simply as bicategories. Special cases are:
(a) A bicategory with a single object is a monoidal category.
(b) A bicategory whose associator and unitor isomorphisms are identity maps is a
strict 2-category.
(2) A bicategory enriched over dgCat is a DG bicategory.

Remark 4.5. Consider a DG bicategory C. Then the data of the 1-composition functor
pu=o1: C(b,c) ® C(a,b) — C(a, c) gives rise to the graded interchange law

(avo1 ) oz (yo18) = (=) (a 0y 7) 01 (802 0),
where we write oy for the 2-composition, i.e., the composition in the 1-morphism categories.

Definition 4.6. Let (M, ®, 1n) be a strictly monoidal strict 2-category. Let C and D be
two bicategories enriched over M. An enriched 2-functor F: C — D comprises

(1) amap F: ObC — ObD;
(2) Va,b e ObC a l-morphism F,; in M,

F.p: C(a,b) = D(Fa, Fb);

(3) Va e ObC a unit coherence 2-morphism ¢ in M between the following 1-morphisms
1M — D(Fa, Fa):

L 1Fa — Fa,a © 111;

(4) Y a,b,c € Ob C a composition coherence 2-morphism ¢ in M between the following
1-morphisms C(b, ¢) ® C(a,b) — D(Fa, Fc):

¢: UDO(Fb,c(g)Fa,b) _>Fa,co,uC§

which must satisfy the following conditions:
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(5) associativity coherence: ¥ a,b,c,d € Ob C the following diagram of 2-morphisms
between 1-morphisms C(¢, d) ® C(b,c¢) ® C(a,b) — D(Fa, Fd) must commute in M:

apo(Fe,a®Fy c®Fq )

pp © (up ®id) o (Feqg ® Fpc @ Fap) pp © ([d®@up) o (Fea ® Fi,e ® Fup)

lHD°(¢®Fa.b) lNDO(Fc,d(@(ﬁ)
pp © (Fpa ® Fap) o (e ®1d) pp © (Fea ® Fy ) o (id®puc)
Lﬁo(#c@id) l¢0(id ®pnc)

Fy q0ac

Faq0pco(pe ®id) Foq0pco (idouc);

(6) wunitality coherence: ¥ a,b € Ob C the following diagrams of 2-morphisms between
1-morphisms C(a,b) — D(Fa, F'b) must commute in M:

. upo(id ®u)oF,, .
KD © (1d ®1Fa) O Lab ool ) ” KD © (Fa,b ® Fa,a) o (1d ®1a)

lpDOFa,b J{aﬁo(id R14)
Fg, po
Fap LoPe Fopopuco (id®l,)

3 1po(t®id)oFy, .
i o (1pp @id) o Fypy —2 (eid)ols pp o (Fyp ® Fop) o (1 ®id)

l)\DoFa,b ld)o(id ®1q)
Fa,bO)\C .
Fop Fapopco(ly®id)

Definition 4.7. A 2-functor is said to be:

e strict if its unit and composition coherence maps are the identity maps;

e strong if its unit and composition coherence maps are isomorphisms;

e homotopy strong if its unit and composition coherence maps are homotopy equiva-
lences.

e [az if its unit and composition maps are not necessarily isomorphismes;

4.2. DG-categories. For an introduction to DG categories, DG modules, and the related
technical notions, we refer the reader to [I, Section 2]. For an in-depth treatment in the
language of model categories see [52]. Below we review the main notions we use.

4.2.1. DG categories and DG modules. A DG (differential graded) category A is a category
enriched over the monoidal category Mod-K of complexes of k-modules. A (right) module
E over A is a functor E: A°PP — Mod-Kk. For any a € A we write E, for the complex
E(a) € Mod-k, the fibre of E over a. We write Mod-A for the DG category of (right)
A-modules. Similarly, a left A-module F is a functor F': A — Mod-k. We write ,F for the
fibre F(a) € Mod-k of F over a € A and A-Mod for the DG category of left .A-modules.
For any a € A define the right and left representable modules corresponding to a to be
h"(a) = Hom4(—,a) € Mod-A and h!(a) = Hom 4(a, —) € A-Maod. We further have Yoneda
embeddings A <— Mod-A and A°PP — A- Mod whose images are the representable modules.

Given another DG category B, an A-B-bimodule M is an A°PP ®y B-module, that is,
a functor M: A ®k B°P? — Mod-K. For any a € A and b € B we write ,M € Mod-B
for the fibre M(a,—) of M over a, M € A-Mod for the fibre M(—,b) of M over b, and
oMy € Mod-k for the fibre of M over (a,b). We write A-Mod-B for the DG category
of A-B-bimodules. The categories Mod-A and A-Mod of right and left A-modules can
therefore be considered as the categories of k-A- and A-k-bimodules. For any DG category A,
we write A for the diagonal A-.A-bimodule defined by .4, = Hom 4(b, a) for all a,b € A and
morphisms of A acting on the right and on the left by pre- and post-composition, respectively:

(4.8) Ala® ) = (—1)de®de(-)g 0 (=)0, V a € Homu(a,a’), s € Hom4(b',b).
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DG bimodules over DG categories admit a closed symmetric monoidal structure. Given
three DG categories A, B and C, we define functors

(=) ®5 (=) A-Mod-B ® B-Mod-C — A-Mod-C,
Hompg(—, —): A-Mod-B ® C-Mod-B — C-Maod-A,
Hompg(—, —): B-Mod-A & B-Mod-C — A-Mod-C,

by

act ® id — id ® act
%

M ®p N = Coker(M @k B @k N M @k N),

. (Homg(M, N)), = Homg (.M, .N) for M, N with right B-action, and , (Hompg(M, N)), =
Homp(M,, N,) for M, N with left B-action, cf. [I Section 2.1.5].

4.2.2. The derived category of a DG category. Let A be a DG category. Its homotopy category
HO(A) is the k-linear category whose objects are the same as those of A and whose morphism
spaces are H%(—) of the morphism complexes of A.

The category H°(Mod-A) has a natural structure of a triangulated category defined
fibrewise in Mod-k, that is: the homotopy category H?(Mod-K) of complexes of k-modules
has a natural triangulated structure, and we apply it in each fibre over each a € A to define
the triangulated structure on HY(Mod-A). A DG category A is pretriangulated if H°(A) is
a triangulated subcategory of HY(Mod-A) under the Yoneda embedding.

An A-module E is acyclic if it is acyclic fibrewise in Mod-k. We denote by Ac A the
full subcategory of Mod-A consisting of acyclic modules. A morphism of .A-modules is
a quasi-isomorphism if it is one levelwise in Mod-k. The derived category D(A) is the
localisation of H?(Mod-A) by quasi-isomorphisms, constructed as the Verdier quotient
H(Mod-A)/ Ac A.

The derived category can also be constructed on the DG level. An A-module P is h-
projective (resp. h-flat) if Hom 4 (P, C) (resp. P ® 4 C) is an acyclic complex of k-modules
for any acyclic C' € Mod-A (resp. C € A-Mod). We denote by P(A) the full subcategory of
Mod-A consisting of h-projective modules. It follows from the definition that in P(A) every
quasi-isomorphism is a homotopy equivalence, and therefore we have D(A) = H°(P(A)).
Alternatively, one uses Drinfeld quotients [14]: Given a DG category A with a full subcategory
C C A, we can form the Drinfeld quotient A/C. When A and C are pretriangulated, this
recovers the Verdier quotient as H°(A/C) = H°(A)/C. Thus D(A) = H(Mod-A/ Ac A).

An object a of a triangulated category T is compact if Homy(a, —) commutes with infinite
direct sums. We write D.(A) for the full subcategory of D(A) comprising compact objects.
An A-module E is perfect if E € D.(A). We write Perf(A) and Hperf(A) for the full
subcategories of Mod-A comprising perfect modules and h-projective, perfect modules.

Let A be a DG category. We denote by Pre-Tr A the DG category of one-sided twisted
complexes over A, see [I, Section 3.1]. It is a DG version of the notion of triangulated
hull. There is a natural fully faithful inclusion Pre-Tr A — Mod-A and H°(Pre-Tr A) is the
triangulated hull of H°(A) in H°(Mod-A). Moreover, we have Pre-Tr A C Hperf(A) and
D.(A) = H(Hperf(A)) is the Karoubi completion of H?(Pre-Tr .A) in H’(Mod-A). We say
that A is strongly pretriangulated if A < Pre-Tr A is an equivalence.

Let A and B be DG categories and let M be an A-B-bimodule. We say that M is A-perfect
(resp. B-perfect) if it is perfect levelwise in A (resp. B). That is, .M (resp. My) is a perfect
module for all a € A (resp. b € B). Similarly, for other properties of modules such as
h-projective, h-flat, or representable.

A DG category A is smooth if the diagonal bimodule A is perfect as an A-A-bimodule. It
is proper if A is Morita equivalent (see Section to a DG algebra which is perfect over
k. Equivalently, A is proper if and only if the total cohomology of each Hom-complex is
finitely-generated and D(.A) is compactly generated. See [63, Section 2.2] for further details
on these two notions.
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4.2.3. Restriction and extension of scalars. Let A and B be two DG categories and let M be
an A-B-bimodule. Moreover, let A’ and B’ be another two DG categories and let f: A" — A
and g: B’ — B be DG functors. Define the restriction of scalars of M along f and g to be
the A’-B’-bimodule §M, defined as M o (f ®x g). In particular, for any a € A and b € B we
have (yMg)y = f(a)Mgp)- We write ;M and M, for ;Mg and jq M, respectively.

Let A and B be two DG categories and let f: . A — B be a DG functor. We have:

(1) The restriction of scalars functor
fe: Mod-B — Mod-A,

is defined to be (—) @g By. It sends each E € Mod-B to its restriction Ey € Mod-A,
and therefore sends acyclic modules to acyclic modules.
(2) The extension of scalars functor

15 Mod-A — Mod-B,
is defined to be (—) ®4 yB. For each a € A it sends the representable module
h™(a) € Mod-A to the representable module A" (f(a)) € Mod-B. It follows that f*
restricts to a functor Hperf(A) — Hperf(B).
(3) The twisted extension of scalars functor
I Mod-A — Mod-B,
is defined to be Hom 4 (B¢, —).

By Tensor-Hom adjunction, (f*, f.) and (f., f') are adjoint pairs. As f, preserves acyclic
modules, f* preserves h-projective modules and f' preserves h-injective modules.

4.3. Bimodule approximation. In this section, we define and describe the basic properties
of a lax 2-functor Apx which approximates DG functors between DG module categories
by (the tensor functors defined by) DG bimodules. On per-functor basis, this was already
examined by Keller in [30, Section 6.4]. We will apply the bimodule approximation to the
first step in our construction of a categorical Fock space for our Heisenberg DG bicategory
H,, (see Section . At this first step, a representation of a simpler strict DG 2-category
H}, is constructed with (non-derived) DG functors. The bimodule approximation turns these
into DG bimodules which are then considered as enhanced exact functors, see Section [.4]
We first look at bimodule approximation on the 1-categorical level.

Definition 4.9. Let A and B be DG categories. The bimodule approximation functor is
Apx: DGFun(Mod-A, Mod-B) — A-Mod-B,
F— F(A),

where F(A) € A-Mod-B is the evaluation of F' at the diagonal bimodule A. In other words,
F(A), = F(aA)p for alla € A, b € B.

The bimodule approximation functor Apx is right adjoint to the ‘tensor functor’ functor:
®: A-Mod-B — DG Fun(Mod-A, Mod-B),
M= (=) ®aM.
The adjunction unit n: id — Apxo® is given by the natural isomorphism
M3 Ao M for M € A-Mod-B,

and thus ® is a fully faithful embedding.
The adjunction counit e: ®o Apx — id is given by the natural transformation

(4.10) () @4 F(A) = F for F € DGFun(Mod-A, Mod-B),
defined by the map
(4.11) E®pF(A) = F(E), for £ € Mod-A
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which is adjoint to the composition
E = Hom4(A, E) & Homg(F(A), F(E)).

The map is an isomorphism for representable E, and thus a homotopy equivalence for
E € Hperf(A). This implies, as noted in [30, Section 6.4], that yields an isomorphism
of derived functors D¢(A) — D(B) and hence, for F' continuous, of functors D(A) — D(B).

We now consider two DG bicategories whose 1-morphisms are DG functors and DG
bimodules, respectively. The objects of these bicategories are the same: morally, they are the
categories of DG modules over small DG categories. For brevity, however, we define these
objects to be the small DG categories themselves:

Definition 4.12. Define dgModCat to be the strict DG 2-category whose objects are small
DG categories and whose 1-morphism categories dgModCat (A, B) are the DG categories
DGFun(Mod-A, Mod-B) of DG functors between their DG module categories.

Definition 4.13. Define dgMor to be the following DG bicategory:

(1) Tts objects are small DG categories.

(2) VA, B € Ob, the DG category of 1-morphisms from A to B is A-Mod-B.
(3) VA, B, C € Ob the 1-composition functor is the tensor product of bimodules:

B-Mod-C @ A-Mod-B — A-Mod-C
(N,M)+— M ®p N.

(4) ¥V A € Ob the identity 1-morphism of A-Mod-A is the diagonal bimodule A.
(5) The associator isomorphisms are the canonical isomorphisms

(M ®gN)®c L = M®g (N ®cL).
(6) V M € A-Mod-B the left and right unitor isomorphisms are the natural maps
A@aM = M and M ®p B = M.
The 1-categorical functors ® package up into an obvious strong 2-functor.
Definition 4.14. Define the strong 2-functor
®: dgMor — dgModCat,

) On objects, ® is the identity map,
(2) On I1-morphism categories, @ is the 1-categorical functor ® defined above.
) For any small DG category A, the unit coherence 2-morphism

—~
—_

lga — ®(1a),
is the natural isomorphism:
idpod-a = (=) @4 A
(4) For any small DG categories A, B, C, and any M € A-Mod-B and N € B-Mod-C,

the composition coherence 2-morphism
®(N) o1 (M) = ®(N oy M),
is the natural transformation defined by canonical isomorphisms
(—@aM)@p N = (=) @4 (M @5 N).

Since the 2-functor ® is strong, it induces a natural structure of a (lax) 2-functor on the
right adjoints of its 1-categorical components.

Definition 4.15. Define the lax 2-functor
Apx: dgModCat — dgMor,

as follows:
(1) On objects, Apx is the identity map,
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(2) On 1-morphism categories, Apx is the 1-categorical functor Apx defined above.
(3) For any small DG category A, the unit coherence 2-morphism

Lapxa — Apx(La),

is the identity morphism of the diagonal bimodule \A.
(4) For any small DG categories A, B, C, and any F € DGFun(Mod-A, Mod-B) and
G € DGFun(Mod-B, Mod-C), the composition coherence 2-morphism

Apx(G) o1 Apx(F) — Apx(G oy F),

is given by the adjunction counit of (®, Apx) for G:
(4.16) F(A) ®p G(B) <% GF(A).

In general, the 2-functor Apx is not even homotopy strong. However, its unit coherence
morphism is the identity map, while below we show that under certain assumptions on the
DG functors F and G their composition coherence morphism (4.16) is a fibrewise homotopy
equivalence or quasi-isomorphism. This is important for us, because then the composition
of Apx with one of the homotopy quotients of dgMor by acyclics discussed in Section @
below becomes homotopy strong when restricted to such DG functors.

Proposition 4.17. Let A, B, C be small DG categories, and let F € DGFun(Mod-A, Mod-B)
and G € DGFun(Mod-B, Mod-C). Then
(1) If G = (=) ®g M for some M € B-Mod-C, then is an isomorphism.
(2) If G 2 Homp(N, —) for some N € C-Mod-B which is B-perfect and B-h-projective,
then is fibrewise a homotopy equivalence in Mod-A.
(8) If F restricts to a functor Hperf(A) — Hperf(B), then is fibrewise a homotopy
equivalence in Mod-C.

Proof. Assertion is clear.
If G 2 Homp (N, —), then the morphism (4.16) is the evaluation map

F(A) @ Homp(N, B) <2 Homp (N, F(A)).
Since the fibres of A/ over C are perfect and h-projective B-modules, the fibres of this map
over C are homotopy equivalences in Mod-A.
Morphism (4.16]) is the (®, Apx)-adjunction counit for G applied to F'(A). Thus the
fibres of (4.16) in Mod-C are given by applying the natural transformation

idescs) 2, g,

to the fibres of F'(A) in Mod-B. By assumption these fibres lie in Hperf(B). Hence (4.11))
is a homotopy equivalence. O

4.4. DG enhanced triangulated categories. DG enhancements were introduced by Bon-
dal and Kapranov in [6]. A DG enhancement of a triangulated category T is a pretriangulated
DG category A together with an exact equivalence H(A) = 7. These are considered up
to quasi-equivalences and are naturally objects in Ho(dgCatl), the localisation of dgCat?
by quasi-equivalences [5I]. We write EnhCat' for the full subcategory of Ho(dgCat')
comprising pretriangulated DG categories and consider this to be the 1-category of enhanced
triangulated categories.

A Morita DG enhancement of a triangulated category 7 is a small DG category A whose
compact derived category D.(A) is equivalent to 7. These are considered up to Morita
equivalences: functors ¢: A — B such that ¢* : D(A) — D(B) restricts to an equivalence
D¢(A) — D.(B). They are thus naturally the objects of Mor(dgCat'), the localisation of
dgCat' by Morita equivalences [46].

Let A be a DG category. The Yoneda embedding A < Hperf(.A) is a Morita equivalence.
Moreover, it identifies Mor(dgCat') with the full subcategory of Ho(dgCat') consisting of
pretriangulated categories whose homotopy categories are Karoubi-complete. Thus working
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in the Morita setting means working with small Karoubi-complete triangulated categories,
such as bounded derived categories of abelian categories. If A is an enhancement of a Karoubi-
complete triangulated category 7, then it is also its Morita enhancement. Conversely, if
A is a Morita enhancement of a triangulated category 7T, then 7 is Karoubi-complete and
Hperf(A) is an ordinary enhancement of 7.

The advantage of Morita enhancements is that morphisms in Mor(dgCatl) admit a
nice description. The morphisms from A to B in Mor(dgCat') are in bijection with the
isomorphism classes in D(.A-B) of B-perfect A-B bimodules [51), Theorems 4.2, 7.2]. We define
an enhanced exact functor A — B to be a B-perfect bimodule M € D(A-B). The underlying
exact functor between the underlying triangulated categories is (—) @Y M : D.(A) — D¢(B).
An enhanced natural transformation is a morphism in D(A-B) between B-perfect bimodules.

The 1-category Mor(dgCatl) is thus refined to the following strict 2-category of Morita
enhanced triangulated categories.

Definition 4.18. Define the strict 2-category EnhCaty., with kc referring to Karoubi-
complete, also denoted by Mor(dgCat), to consist of the following data:

(1) Its set of objects is the set of all small DG categories.

(2) For any two A, B € Ob EnhCaty., the category EnhCaty.(A, B) of 1-morphisms
from A to B is the skeleton of Dg.per(A-B).

(3) For any triple A, B8,C € ObEnhCaty. the 1-composition functor is given by the
derived tensor product of bimodules:

EnhCaty.(B,C) x EnhCaty.(A, B) - EnhCaty.(A,C)
(M, N) s M &5 N,

(4) For any A € ObEnhCaty. the identity 1-morphism of EnhCaty.(A, A) is the
diagonal bimodule A.

We have the 2-functor EnhCaty, — Cat which sends each Morita enhancement A to its
underlying triangulated category D.(A), each enhanced functor M € Dg_perf(A-B) to its
underlying exact functor (—) ®% M, and each morphism in Dg_pe,f(A-B) to the induced
natural transformation of these underlying exact functors.

The 2-category EnhCaty. can be identified, via the assignment A — Hperf(A) with
the 2-full subcategory of Karoubi-complete categories in the strict 2-category EnhCat of
enhanced triangulated categories defined in [36], Section 1]. The strict 2-category EnhCat
is a 2-categorical refinement of the 1-category EnhCat!. It coincides with the homotopy
category of the (0o, 2)-category of DG categories in [I8].

We next introduce a DG enhancement EnhCatif of EnhCat.:

Definition 4.19. A DG enhancement of a strict 2-category A is a DG bicategory C such
that A is 2-equivalent to the strictification H°(C) of the bicategory H°(C) obtained by
taking skeletons of its 1-morphism categories.

We define the DG bicategory EnhCatﬁf in terms of the bar categories of modules
and bimodules introduced in [2]. Given small DG categories A and B, the bar-category
A-Maod-B of A-B-bimodules is isomorphic to the DG category of DG A-B-bimodules with
Aso-morphisms between them [2, Prop. 3.5]. However, the bar-category has a simpler
definition which avoids the complexities of the fully general A..-machinery.

We have H?(A-Mod-B) = D(A-B), since all quasi-isomorphisms in .A-Mod-B are homo-
topy equivalences. The bar-category A-Mod-B can be viewed as a more natural way to
factor out the acyclic modules than taking the Drinfeld quotient: one does not introduce
formal contracting homotopies which do not interact with the old morphisms, and thus
retains the natural monoidal structure in the form of the bar-tensor product ® of bimodules.
It corresponds to the A..-tensor product of A,.-bimodules under the identification of the
bar-category with the category of DG bimodules with A..-morphisms, see [2], Section 3.2].
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Definition 4.20. Define the homotopy unital DG bicategory EnhCatﬁf as follows:
(1) Its set of objects is the set of small DG categories.
(2) For any two A, B € Ob EnhCatﬁf, the category of 1-morphisms from A to B is the
full subcategory of A-Mod-B comprising B-perfect bimodules.
(3) For any triple A, B,C € Ob EnhCatﬁf the 1-composition functor is given by the bar
tensor product of bimodules:
B-Mod-C @ A-Mod-B — A-Mod-C
(N,M)+— M ®p N.

(4) For any A € Ob EnhCatﬁf the identity 1-morphism of A-Mod-A is the diagonal
bimodule A.
(5) The associator isomorphisms are the natural isomorphisms

(M ®p N)®@c L = M @5 (N ®c L).

(6) The left and right unitor morphisms are given for any l1-morphism M € A-Mod-B
by the natural homotopy equivalences defined in [2, Section 3.3]:

AR4 M 225 M and M @g B 255 M.

Note that the DG bicategory EnhCatifj is homotopy unital: its unitor morphisms are not
isomorphisms, but only homotopy equivalences. On the homotopy level, such bicategories
become genuine bicategories. Indeed, the strictified homotopy bicategory H O(EnhCatif) is
2-isomorphic to EnhCaty.. This is because H(A-Mod-B) = D(A-B) and H*(®) = @, see
[2, Section 3.2].

The homotopy unitality of EnhCatﬁCg does not interfere with our constructions. Its unitor
morphisms have homotopy inverses which are genuine right inverses, see [2, Section 3.3].

We offer the following alternative construction of EnhCatﬁf where we use the monoidal
Drinfeld quotient instead of bar-categories to kill the acyclic bimodules in dgMor. The orig-
inal Drinfeld quotient [I4] is not compatible with monoidal structures such as 1-composition
in a bicategory. A construction by Shoikhet [44] fixes this, and in Section we define the
monoidal Drinfeld quotient of a DG bicategory. The price is the 1-composition no longer
being a DG functor but a quasifunctor, that is, a 1-morphism in Ho(dgCat). Thus, in this
alternative construction EnhCatﬁCg is only a Ho(dgCat)-enriched bicategory.

Definition 4.21 (Alternative construction of EnhCatﬁf). Let dgMory;, , denote the 2-full
subcategory of dgMor comprising all objects and the 1-morphisms given by left-h-flat and
right-perfect bimodules. The Ho(dgCat)-enriched bicategory EnhCatﬁf is the Drinfeld
quotient of dgMorg, , by its two-sided ideal of 1-morphisms given by acyclic bimodules.

For this paper, it does not matter which of the two constructions one uses. We use
EnhCatﬁf as the target for a 2-represention of our Heisenberg Ho(dgCat)-enriched bi-
category Hy. First, we construct a 2-functor from a simpler strict DG 2-category HY, to
dgMory,,,, which is naturally a subcategory of both above versions of EnhCatif. The two
constructions should be viewed merely as two different ways to kill the acyclics in dgMory,,.
Thus we obtain the (same) 2-functor H}, — EnhCatﬂf whichever version of the latter we use.
This 2-functor is turned into the desired 2-representation of Hy, via a formal construction for
which it is only important that acyclics are null-homotopic in EnhCatﬁCg.

4.5. The perfect hull of a DG bicategory. In this section, describe the formalism of
taking the perfect hull of a dgCat- or Ho(dgCat)-enriched bicategory. On the homotopy
level, this corresponds to taking a Karoubi-completed triangulated hull of each 1-morphism
category.

Let A and B be DG categories. We have a natural functor

(4.22) Mod-A & Mod-B — Mod-(A® B)
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which is defined as the composition

DG Fun(A°PP, Mod-K) @ DGFun(B°PP, Mod-k)

|

DG Fun(A°PP @ BPP Mod-k @ Mod-k)

|

DG Fun(A°PP @ BPP, Mod-K)

whose first map is due to functoriality of the tensor product of DG categories, and whose
second map is due to the natural monoidal structure on Mod-k given by the tensor product
over K. Explicitly, given E € Mod-A and F € Mod-B the functor maps F ® F to an
A ® B-module whose fibre over (a,b) € A® B is the tensor product E, ® F.
Let C be a DG category and let u: A® B — C be a DG functor. It extends naturally to
w: Mod-A®@ Mod-B — Mod-C

which is defined as the composition

Mod-A© Mod-B Mod-(A® B) 5 Mod-C.
Explicitly, given E € Mod-A and F € Mod-B we have for all ¢ € C
wWE®F).= @ (Ea ® F,) @ Home (¢, p(a ® b)) /relations,
a€A,beB
where the relations identify the actions of A® B on E, ® Fp, and on pu(a ® b).

The above generalises to the following.

Definition 4.23. Let A4,...,A,, C be DG categories.
(1) Define the functor

w: Mod-A; @ - -+ @ Mod-A,, = Mod-(A; @ ---® A,)

to be the composition

n

é DGFun(AFP, Mod-k) — DGFun(@) A", é Mod-k)

i=1 i=1 i=1
n
— DGFun <® AP Mod—k),
i=1
whose first map is due to the functoriality of tensor product of DG categories and

whose second map is due to the natural monoidal structure on Mod-k.
(2) Define the functor

T: DGFun(Ay @ - ® Ay, C) = DGFun(Mod-A; ® - - © Mod-A,,, Mod-C)
to be the composition of the extension of scalars functor

(=)*: DGFun(A; @ -+ ® Ay, C) = DGFun(Mod-(A; @ - @ Ay,), Mod-C)
with the functor of precomposition with .

Lemma 4.24. For any DG categories Ay, ..., A, C we have:

(1) The functor X commutes with Yoneda embeddings, i.e. the following diagram com-
mutes for any p € DGFun(A; @ --- @ Ay, C):

A1®...®An%c'

I l

Mod-A; @ - - & Mod-A, —*5 Mod-C.

(2) When n =1, for any p1: Ay — C we have Y(u1) = pf.
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(8) T(id) = w.
(4) Let Cq, ..., Cy be DG categories and p, ..., p, be DG functors p;: A; — C;. Then

~

(M@ @) 0w = wo (u] @ - ® py).

UML) >

DG categories, and {\;} be DG functors A\;: Bi1 ® -+ @ Bim, — A;. Then
T(poAM @ @A) =T () o (T(A) @+ ®T(\y)).

Proof. This is a straightforward verification.
For example, to establish let u be a functor 4; ® --- ® A, — C. Then for any
a1 € Ay,...,a, € A, we have

T(p)(h"(a1) @ ®@h"(an)) = p* (A (a1 ® - ®ay)) =h" (Wla1 ® - ®ay)). O
Lemma 4.25. For any DG categories Ay, ..., A,, C the functor
T: DGFun(A; ® -+ @ Ap, C) = DGFun(Mod-A; & - - - @ Mod-A,,, Mod-C).
restricts to a functor
T: DGFun(A1 ® - ® Ay, C) = DGFun(Hperf A1 ® - - - @ Hperf Ay, Hperf C).

Proof. For any p: A1 ®---®A, — C the functor T(u): Mod-A; ® - --® Mod-A,, — Mod-C
takes tensor products of representables to representables, and therefore tensor products of
h-projective, perfect modules to h-projective perfect modules. O

We have the following key result.

Proposition 4.26. Let C be a DG (resp. Ho(dgCat)-enriched) bicategory. The following
set of data defines a DG (resp. Ho(dgCat)-enriched) bicategory C:

e ObC:=0bC.
e For each a,b € ObC,

C(a,b) :== Hperf C(a,b).

e For each a € C,
1o = h"(1,).
That is, it is the representable module defined by the identity 1-morphism of a in C.
e For each a,b,c € Ob C the 1-composition functor

i: Hperf C(b, c) @ Hperf C(a,b) — Hperf C(a,c)
is the extension Y(u) given in Lemma of the 1-composition functor of C
w: C(b,c) ® C(a,b) — C(a,c).
e For each a,b,c,d € ObC the natural associator isomorphism
a: (i ®id) = a(id o)
of functors
Hperf C(c,d) ® Hperf C(b, c) @ Hperf C(a,b) — Hperf C(a,d)
is the conjugate of the extension Y(a) of the associator isomorphism a of C by the

isomorphism of Lemma :
T ® id) — 2 T(u(id@p)

|=

e Similarly, for each a,b € ObC the unitor isomorphism X (resp. p) is the conjugate
of the extension Y(X) (reps., Y(p)) of the corresponding unitor isomorphism A (resp.,

p) of C by the isomorphism of Lemma .
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Proof. This is a straightforward verification. For example, to show that the diagram of
Definition commutes for C we write, according to the definition, each instance of
& in this diagram as a conjugate of Y («) by the isomorphisms from Lemma The
resulting diagram can then be simplified to the image under T of the the same associativity
coherence diagram for C. The claim then follows since the image of a commutative diagram
under a functor is itself a commutative diagram. |

Definition 4.27. Let C be a DG or Ho(dgCat)-enriched bicategory. The perfect hull of C,
denoted Hperf(C), is the bicategory defined in Proposition m

Remark 4.28. Even when C is a strict 2-category, its perfect hull Hperf(C) is in general
only a bicategory. Indeed, since Y(id) is only isomorphic to the identity (being given by an
extension of scalars), the unitor and associator isomorphisms of Hperf(C) will not be equal
to the identity.

Proposition 4.29. Let C and D be DG or Ho(dgCat)-enriched bicategories and F: C — D
a 2-functor. Then the following set of data defines a 2-functor

Hperf(F) : Hperf(C) — Hperf(D).

e The map F: ObHperf(C) — ObHperf(D) which equals the map F: ObC —
ObD as taking the perfect hull of a bicategory does not change the objects.
e For every a,b € ObHperf(C) the functor

Hperf(F),;: Hperf C(a,b) — Hperf D(Fa, Fb)

is defined to be the extension of scalars functor F .
e For every a € Ob Hperf(C) the 2-morphism

t: 1pg — Hperf F(1,)

is the image under the Yoneda embedding of the corresponding 2-morphism g for F.
e For each a,b,c,€ ObHperf(C) a natural transformation

¢: prpers(p) © (Hperf(F), . @ Hperf(F), ) — Hperf(F)u.c o iHpert(C);

which is the conjugate by the isomorphisms from Lemma of the extension
Y(¢r) of the corresponding natural transformation for F.

Proof. This is a straightforward verification. O

Remark 4.30. By replacing the perfect hull Hperf C(a,b) with the pretriangulated hull
Pre-Tr C(a,b) in Proposition and Definition one obtains the pretriangulated hull
Pre-Tr(C) of a Ho(dgCat)-enriched bicategory C.

4.6. Monoidal Drinfeld quotient. In this section we give a generalisation of the notion
of the Drinfeld quotient of a DG category [14]. The original notion is not compatible with
monoidal structures, which led Shoikhet to introduce in [44] the notion of a refined Drinfeld
quotient and use it to construct the structure of a weak Leinster monoid on the Drinfeld
quotient of a monoidal DG category by a two-sided ideal of objects.

Here, we use Shoikhet’s construction to define the Drinfeld quotient of a DG bicategory
by a two-sided ideal of 1-morphisms. The result is a Ho(dgCat)-enriched bicategory. That
is, the 1-composition is no longer given by DG functors, but by quasi-functors: compositions
of genuine DG functors with formal inverses of quasi-equivalences.

We actually get a richer structure: 1-morphism spaces in the quotient bicategory are not
abstract objects of Ho(dgCat), but concrete DG categories. These admit a multi-object
analogue of a weak Leinster monoid structure. Localising by quasi-equivalences simplifies it to
an ordinary, associative 1-composition, whence we obtain a Ho(dgCat)-enriched bicategory.

Finally, our quotient construction works just as well with a bicategory that is already
Ho(dgCat)-enriched and produces again a Ho(dgCat)-enriched bicategory.

Recall the original construction by Drinfeld:
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Definition 4.31 ([I4], Section 3.1]). Let C be a DG category and A C C a full DG subcategory.
The Drinfeld quotient C/A is the DG category freely generated over C by adding for each
a € A a degree —1 contracting homotopy &, : a — a with d¢, = id,.
Explicitly:
(1) The objects of C/.A are those of C.
(2) ¥ ¢,d € C the morphism complex Home, 4(c, d) comprises all composable words

fnfanfnfl T f1€a1f0

with a1, - ,a, € A and fy € Home(c,a1), fr € Home(an,d). Composable here
means that f; € Home(a;,a,41) for 0 < @ < m. The degree of such a word is
(3" deg f;) — n. The differential is given by the Leibniz rule and, when differentiating
one of the &;, the subsequent composition of f;_; and f; in C.

(3) The composition in C/A is given by the concatenation of words and the subsequent
composition in C of the two letters at which the concatenation happens.

(4) The identity morphisms in C/A are the identity morphisms of C.

We have the natural embedding C — C/.A which is the identity on objects. On morphisms,
it considers morphisms of C as length 1 composable words; that is, n = 0 in the notation of
Definition (2). We thus have an embedding D;(C) — D.(C/A). It sends the objects of
D.(A) C D.(C) to zero, and therefore by the universal property of the Verdier quotient it
filters through a unique functor D¢(C)/D.(A) — D.(C/A).

The main properties of the Drinfeld quotient are summarised as follows:

Theorem 4.32 ([14, Theorem 1.6.2], [47, Theorem 4.0.3]). Let C be a DG category and let
A C C be a full subcategory. Then:

(1) The natural functor D.(C)/Dc(A) — D(C/A) is an exact equivalence.
(2) Let B be a DG category. The natural functor C — C/ A gives a fully faithful functor

HomHo(dgCat) (C/Aa B) - HomHo(dgCat) (Cv B)a

whose image comprises the quasi-functors whose underlying functors H°(C) — H°(B)
send the objects of A to zero.

Let C be a DG bicategory. For any collections A, B of 1-morphisms of C, write A o; B for
the collection of 1-morphisms of C 2-isomorphic to a o1 b with a € A, b € B. The two-sided
ideal Ia generated by A is the 2-full subcategory of C supported on objects and 1-morphisms
of C oy A oy C. Here, by abuse of notation, C denotes the collection of all its 1-morphisms.

Let C be a DG bicategory and A a collection of 1-morphisms of C. For any a,b € C
write C(a,b)/A for the Drinfeld quotient C(a,b)/A(a,b). These do not apriori form a
bicategory. First of all, any 1-composition involving a contractible 1-morphism would have to
be contractible. Were a bicategory structure to exist, for any f € A(a,b) and any g € C(b, c)
the 1-composition idg 01£; would have to be a contracting homotopy for go; f. Unless go; f
lies in A(a,c), there is no reason for it to be contractible in C(a,c)/A.

This could be rectified by replacing A with two-sided ideal I5. We could then attempt to
define the 1-composition idg 01£; to be contracting homotopy 4., . However, the interchange
law for 1-composition demands that for any 2-morphism a: g — h in C(b, c) we have:

(idg01&s) o2 (avoridy) = aor & = (—1)%8@) (@ oy idy) o1 (idg 01&y).

If we define idg 01&f = 4o, f, this would then ask for {4, s to supercommute with (o oy idy).
But, by definition, there are no relations between £y, f and any 2-morphisms in C(a, c)!

This is why the original Drinfeld quotient works poorly with monoidal structures: it is
freely generated by the contracting homotopies {; over the original category. Thus £ cannot
satisfy the relations in the definition of 1-composition. The 1-composition functor

o1: C(b,¢)/Ia ® C(a,b)/Ian — C(a,c)/Ia

could not exist because its target is a free category generated by &, while its source is not.
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In [44], Shoikhet solves this by constructing a free resolution of C(b,c)/Ia ® C(a,b)/Ia,
which admits a natural 1-composition functor into C(a,b)/Ia. He defines:

Definition 4.33 ([44] Section 4.3]). Let C be a DG category and let Ay, ..., A, be full
subcategories. The refined Drinfeld quotient C/(Ai,...,A,) is the DG category whose
underlying graded category is freely generated over that of C by introducing for any

i1 <ig<---<ipanda€ A, N---NA,;,
a new degree k element
girein,
The differential on these new elements is defined by setting
dgir = id,
and for k > 1

k
j=1

Remark 4.34. When n = 1, the refined Drinfeld quotient C/A; coincides with the ordinary
Drinfeld quotient. In this case we therefore omit the superscript in the notation above and
write &, for £}

The reason for considering the above as a refinement of the original Drinfeld quotient is
the following theorem by Shoikhet:

Theorem 4.35 ([44, Lemma 4.3]). Let C be a DG category and let Ay, ..., A, be full
subcategories. The functor

U:C/(Ar. . An) = C/ | A
i=1
defined as the identity on objects and morphisms of C and as
\I/(&Zzl) = gaa
PE*) =0 fork>1,

is a quasi-equivalence of DG categories.

Observe that C/(Ay,...,A,) and C/|J;_, A; are therefore isomorphic in Ho(dgCat). It
follows from Theorem [£:32] that the former enjoys the same unique lifting property as the
latter with respect to quasifunctors out of C which kill U?zl A; on the homotopy level.

At the same time, the next example shows that the refined Drinfeld quotient serves as a
free resolution of the tensor product of ordinary Drinfeld quotients.

Example 4.36. Let C; and C; be DG categories and A; C C; be full subcategories. Let
Bpr: C1 ®Ca/(A1 ®C2,C1 ® Ag) — (C1/ A1) ® (C2/ A2)

be the functor defined as the identity on objects and the morphisms of C; ® C5 and as follows
on the contracting homotopies:

ﬁDr(fél ®cQ) =&y, ®ide,,
Bor (&2, @as) = ide, oy,
Bpe(€algas) = Ear ® Eaa-
It can be readily verified that Op, is a quasi-equivalence of DG categories.
The above example can be formalised as follows:

Definition 4.37 ([44] Section 4.4]). Let PdgCat be the following category:

e Its objects are pairs (C; Ay, ...,A,) where C is a DG category and Ay, ..., A, is an
ordered n-tuple of full subcategories of C.
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e A morphism
(C; Ay,y... Ay) = (D; By, ..., Bn)
is a pair (F, f) where f: {1,...,n} = {1,...,m} is a map of sets and F': C — D is
a DG functor such that F(A;) C Byj).
We define a monoidal structure on PdgCat by setting
(C; Ay,..., A ® (D; By,...,Bn)
to be
Ce®D; A1 ®D,..., A, D,CRBy,...,CRBy)
and the unit to be (k; ().

Theorem 4.38 ([44], Section 4.4]). The refined Drinfeld quotient defines a functor:
Dr: PdgCat — dgCat’,
which has a natural homotopy monoidal structure given by quasi-equivalences
B: Dr((C; A1,...,Ay) ® (D; By,...,Bp)) = Dr(C; Ay,...,Ay) ® Dr (D; By,...,Bp).
The case considered in Example [£.36] follows by observing that in PdgCat we have
(C; A)®(D; B)=(C®D; A2 D,C® B).

We now return to the problem of constructing the Drinfeld quotient of a DG bicategory.
Let C be a DG bicategory and A a collection of its 1-morphisms. The 1-composition functor
o1: C(b,¢)/Ia ® C(a,b)/Ia — C(a,c)/Ia,
which does not exist in dgCat, can now be defined in Ho(dgCat) as follows. The homotopy

monoidal structure of the refined Drinfeld quotient functor gives us a quasi-equivalence
Bpr: C(b,¢) ® C(a,b)/ (Ia®C,CR1I4) — C(b,c)/Ia @ C(a,b)/Ia.

On the other hand, since I is a two-sided ideal, the original 1-composition functor

o%d: C(b,¢) ® C(a,b) — C(a,c),
takes Ia(b,c) ® C(a,b) and C(b,c) ® Ia(a,b) to Ia(a,c), and thus uniquely extends in
Ho(dgCat) to a quasi-functor

ofMd: C(b,c) ® C(a,b)/ (Ian ® C,C @ 1Ia) — C(a,c)/Ia.

We can therefore define oy in Ho(dgCat) as the composition

1 oold

C(b,¢)/Ia ® C(a,b)/Ia 2255 C(b,¢) ® Cla,b)/ (Ia ® C, C ©1a) S C(a, ¢)/L.
Theorem 4.39. Let C be a DG bicategory, or more generally a Ho(dgCat)-enriched
bicategory. Let A be a collection of 1-morphisms in C, and let Ip be the two-sided ideal
generated by A. Then the following data defines a Ho(dgCat)-enriched bicategory:

e The same set of objects as C.

e For any a,b € C, the DG category of 1-morphisms from a to b is C(a,b)/Ia.

e For any a,b,c € C, the 1-composition functor

—1 oold
01: C(b,¢)/Ia ® Cla,b)/Ia 222 C(b,¢) ® Cla,b)/ (Ia ® C,C @ 1a) s Cla, ¢)/1a,

e The associator and unitor 2-isomorphisms in Ho(dgCat) which are similarly ob-
tained from the associator and unitor 2-isomorphisms of C via the precomposition
with B]Srl.

For example, for any a,b,c,d € C, the quasi-functors o1(o1 ® id) and oy (id ®oy) :
Cle,d)/Ia @ C(b,¢)/Ian ® C(a,b)/Ia — C(a,d)/Ia
are the composition of the quasi-functor B]Srl :
C(e,d)/Ia @ C(b,c)/Ia ® C(a,b)/Ia —
C(c,d) @ C(b,c) ® C(a,b)/ (Ia®CRC,CRIAC,CRC®I,)
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with the quasi-functors o9'4(o9' @ id) and o9 (id ®o{14):
C(c,d) @ C(b,¢) ® C(a,b)/ (In®@CRC,CRIA»®C,CCR®Ir)— C(a,d)/Ia.
We thus define the new associator by precomposing the old associator with Bf)rl.

Proof. Shoikhet began his proof of [44, Theorem 5.4] by constructing a Leinster monoid Fl4
in PdgCat out of a certain monoidal DG category Ay and the two-sided ideal Zy of acyclic
objects in it. His construction works exactly the same for an arbitrary monoidal DG category
A and an arbitrary two-sided ideal Z in A.

In general, a Leinster monoid L, is a simplicial structure, generalising the notion of an
algebra in a monoidal category, cf. [44] Defn. 2.1]. It has colax maps By n: Lmtn —> Lm @ Ly,
which are weak equivalences, and thus each L, is weakly equivalent to (L;)®". The non-
extremal face maps L,, — L,,_1 should be thought of as analogues of applying the algebra
operation to subsequent pairs of L;’s in (L;)®", and the degeneracy maps L,, — L1 as
applying the algebra unit in between two subsequent L;’s. It follows that if the colax maps
are not just weak equivalences, but isomorphisms, we have a unital algebra structure on L
whose algebra operation is

the unique non-extremal face

Bi
Li®Li —= Ly

Ly

and whose unit is the degeneracy map 1 = Lo — L.

The colax maps of the Leinster monoid F 4 in PdgCat constructed by Shoikhet are the
identity maps and (F4)1 = (A;Z). Applying the refined Drinfeld quotient functor, we obtain
Leinster monoid Dr(F4) in dgCat' whose colax maps are the quasi-equivalences fp, and
(Dr(F4))1 = A/Z. We then view it as a Leinster monoid in Ho(dgCat'). There its colax
maps become invertible, and we obtain the induced structure of unital algebra on A4/Z in
Ho(dgCat'). This structure is the one claimed in the assertion of this Theorem. Thus we
have proved the Theorem for an arbitrary monoidal DG category, i.e. a DG bicategory with
a single object. The proof for a general DG bicategory works identically, but with a more
cumbersome notation. ]

Definition 4.40. Let C be a Ho(dgCat)-enriched bicategory. Let A be a collection of
1-morphisms in C and I be the two-sided ideal generated by A. The monoidal Drinfeld
quotient C/I is the Ho(dgCat)-enriched bicategory constructed in Theorem

We have a natural functor C — C/Ia which is a strict 2-functorial embedding:

Definition 4.41. Let C be a Ho(dgCat)-enriched bicategory. Let A be a collection of
1-morphisms in C, and let Io be the two-sided ideal generated by A. Define a strict 2-functor

t: C = C/la,
to be the identity on the objects. On 1-morphisms, for any a,b € C define
t: C(a,b) = C/Ia(a,b),
to be the natural inclusion of the category into its Drinfeld quotient
C(a,b) = C(a,b)/Ia(a,b).

We can now formulate an analogue of Theorem summarising the main properties of
our monoidal Drinfeld quotient:

Theorem 4.42. Let C be a Ho(dgCat)-enriched bicategory. Let A be a collection of
1-morphisms in C, and let 1o be the two-sided ideal generated by A. Then:

(1) For any a,b € C, the following natural functor is an exact equivalence

D.(C/Ia(a,b)) = D.(C(a,b)) / D, (1a(a,b)).
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(2) Let D be another Ho(dgCat)-enriched bicategory and let F': C — D be a 2-functor.
If F(IA) is null-homotopic in the 1-morphism categories of D, then there exists a
unique lift of F to a 2-functor F': C/Io — D:

c—f% D
> 331 F’
C/14.

Proof. This is immediate from the corresponding result for ordinary Drinfeld quotients.
This is due to the 2-categorical unique lifting property of ordinary Drinfeld quotients

(Theorem [4.32)), as follows:

The data of a 2-functor consists of a map of object sets, a collection of functors between
1-morphisms categories and composition/unit coherence morphisms. Since the embedding
t: C = C/1, is the identity on object sets, the condition F' = F’ o+ completely determines
the action of F’ on objects. Next, let a,b € C be any pair of objects. Since

tap: Cla,b) — C(a,b)/Ia(a,b)
is the canonical embedding of a category into its Drinfeld quotient, and since, by assumption,
HO(F, ;) kills Ia(a,b), the quasifunctor
Fup: C(a,b) = D(Fa, Fb),
lifts to a unique quasifunctor
F;’b: C(a,b)/Ia(a,b) — D(Fa, Fb),

such that F, o tap = Fup-

It remains to show that composition and unit coherence morphisms exist and are unique.
This is due to the lifting property in Theorem being 2-categorical in Ho(dgCat). We

treat the composition coherence morphism below, the proof for unit coherence is similar.
Let a, b, c € C be objects. Consider the diagram

C(b,c) @ C(a,b) fo C(a,c)

Lh,cQla,b la,c

HC/ip

C(b,c)/Ia(b,¢) ® C(a,b)/Ia(a,b) C(a,c)/Ia(a,c)

! !
Fy QF, , Fé,c

D(Fb, Fc) ® D(Fa, Fb) s D(Fa, Fc).

It follows from our definition of uc /1, that the top square commutes on the nose. Indeed,
this can be takes as an alternative definition of uc /1, since C(b,c)/Ia (b, c)® C(a,b)/Ia(a,b)
is quasi-equivalent to C(b,¢) ® C(a,b)/(Ia(b,c) ® C(b,c), C(a,b) @ Ia(a,b)) and thus enjoys
its unique lifting property with respect to the quasi-functors out of C(b,c) ® C(a,b).

On the other hand, by our definition of F (;J) and F, l;c it follows that the outer perimeter
of the above diagram composes to

C(b,¢) ® C(a,b) —EE— C(a,c)

lFb,z:@]:a,b J/Fa,c

D(Fb, F¢) @ D(Fa, Fb) -2 D(Fa, Fc).

The composition coherence morphism ¢ is a choice of a 2-morphism in Ho(dgCat) which
makes this diagram commute. Since the lifting property of Drinfeld quotients is 2-categorical,
there exists a unique 2-morphism ¢ which makes the bottom square in the first diagram
commute, and composes with ¢, . ® 14, to give ¢p. O



THE HEISENBERG CATEGORY OF A CATEGORY 45

4.7. Homotopy Serre functors. Let A be a pretriangulated DG category. A homotopy
Serre functor on A is a quasi-autoequivalence S of A equipped with a closed degree zero
A-A-bimodule quasi-isomorphism

n: A= (sA)",

such that S and 7 induce a Serre functor on H%(A) in the sense of Section Here (—)*
denotes the dualisation over K and g denotes the twist of the left A-action by S. Explicitly,
the data of 77 can be thought of as a collection of quasi-isomorphisms natural in a,b € A:

Na,b: Homa(a,b) = Hom4 (b, Sa)*,

Since the k-dualisation (—)* commutes with taking cohomologies, the dual of a quasi-
isomorphism is a quasi-isomorphism. It also follows that the natural map

sA— (5A).
is a quasi-isomorphism if A is proper. The composition
sA — S.A** n—) A*,
is then also a quasi-isomorphism. By abuse of notation, we also denote it by n*.

Lemma 4.43. Let A be a smooth and proper DG category. Then Hperf(A) admits a
homotopy Serre functor given by S = (—) @ 4 A*.

Proof. Tt was shown in [43] that S descends to a Serre functor on H?(Hperf A) = D.(A). Tt
remains to demonstrate that there is a quasi-isomorphism n: Hperf(A) — (sHperf(A))".
Since Serre functors are unique, such 1 would then necessarily be a DG lift of the bifunctorial
isomorphisms 7 of the Serre functor on D.(A).

We prove a more general statement. Let P € Hperf(A) and @ be any DG A-module.
Consider the natural morphism functorial in P

P ® 4 Homy(A, k) — Homy (Hom 4 (P, A), K).

It is an isomorphism on representable P and hence a homotopy equivalence on P € Hperf(A).
We thus obtain a bifunctorial homotopy equivalence

B: Homu (Q, P ®4 Homy (A, k)) — Hom 4 (Q, Homy(Hom 4 (P, A), k)).
By Tensor-Hom adjunction, the RHS is canonically isomorphic to
Homy (Q ®4 Homy (P, A), k),

and since P € Hperf(A), the natural morphism @ ® 4 Hom 4(P, A) — Hom4(P,Q) is a
homotopy equivalence. Thus 5 can be rewritten as a homotopy equivalence

n: Hom 4 (Q, P ®4 Homy (A, k)) — Homyg (HomA(P7 Q), k),
or, in other words, as

n: Hom4(Q, SP) — Homa(P, Q)*. O

Example 4.44. For X a smooth and proper scheme over Kk, the enhanced derived category
Z(X) is smooth and proper, and hence admits a homotopy Serre functor lifting the Serre
functor on D2, (X) from Example

As before, a homotopy Serre functor S induces a Serre trace map
Tr: Homu(a, Sa) — K, = Ngq(idg) (@) = Ng,s0()(idg)-
As in Proposition we have
Tr(B o a) = (—1)d8@ de® Tr(Sq o B).
for any a,b € A and any « € Hom 4(a,b), S € Hom 4(b, Sa).
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4.8. G-equivariant DG categories for strong group actions. Let A be a small DG
category with a strong action of a finite group G. That is, with an embedding of G into the
group of DG automorphisms of A.

Definition 4.45. The semi-direct product A x G is the following DG category:
e ObAXx G =0bA,
e For any a,b € Ob(A x G) their morphism complex is
Homwa(a,b) = {(a,g) | o€ Homi‘(g.a,b),g S G}

with deg 4, (e, 9) = deg 4 o and daxg(@,9) = (daa, g),
e The composition in A x G is given by

(a1,91) 0 (a2, 92) = (@1 0 g1.002, g192).
e For any a € Ob(A x G) the identity morphism of a is (idg, 1g).

One can think of this as taking A and formally adding for every object a € A a closed
degree 0 isomorphism a — g.a for every g € G. We then impose relations: these isomorphisms
compose via the multiplication in G, and their composition with the native morphisms of A
is subject to the relations

(4.46) goa=g.aog Vge G ae A

Therefore an action of A x G is equivalent to the action of A and an action of G subject
to . Here by action of G we mean the action of the above tautological isomorphisms
corresponding to the elements of G.
We have a natural embedding
nA—=>AxG

given by the identity on objects and « — («, idg) on morphisms. On the other hand, the
1 1

projections (a, g) = aog+— « and (a,g) = gog™t.a — g~ ' give rise to the decompositions
(4.47) Hom 4 (a, b) = @) Hom a(g.a, b) = €D Homa(a, g~".b).
geG geG

We can think of these as decompositions of the diagonal bimodule:

(4.48) AxG=PA, =P A

geG geG
where g denotes the autoequivalence g: A — A. Both decompositions respect the A-A-
action and so the direct summands are themselves A-.A-bimodules. The induced right and
left actions of any h € G on the first decomposition are given by

id
Ag — Agh,

(-
Ay 25 4y,
and similarly for the second decomposition.
The action of G on A induces the action of G on Mod-A where each g € G acts via the
extension of scalars functor g* with respect to the action functor g: A — A. A G-equivariant
A-module is a pair (E,€) where E € Mod-A and € = (e4)4e¢ is a collection of isomorphisms

¢ E = g*F ge i
such that
€hg =F s B LY B E = (hg)*E g,heqG.
The DG category Mod® - A has as its objects G-equivariant A-modules and as its morphisms
the morphisms between the underlying A-modules which commute with the isomorphisms 1.
See [21], Section 2.1] for further details. The following generalises the classical correspondence

between representations of a group and modules over the associated skew group algebra [35]
Chapter 5, Remark 5.56]:
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Lemma 4.49. There are mutually inverse isomorphisms of categories
Mod-(A x G) = Mod®-A.

Proof. Given a G-equivariant A-module (E,€) we can extend the action of A on E to the
action of A x G by having g act by ¢;: E, = Ej-1, = (9" E)4. Conversely, given a A x G-
module E we can define a G-equivariant structure on the A-module 7, E by defining ¢, to
be the action of g. These operations are functorial and mutually inverse. O

Generalizing the setting from Section for any subgroup H C G there is a functor
L AXH > AxG

given by the identity on objects, and by the identity times the inclusion on morphisms. This
functor induces restriction and induction functors

Resd = 1,.: Mod-(A x G) — Mod-(A x H),
Ind$ = *: Mod-(A x H) — Mod-(A x Q).
From the viewpoint of equivariant modules, the restriction functor can be written as
Resa : Mod®- A  —  Mod"-A
(B, (eg)gec) = (B, (eg)gen)
on objects and as the identity on morphisms. Similarly, the induction functor is

Ind% : Mod™-A - ModC-A
(B, (@nen) = (B e ! B> ()aec)

on objects where for every g € G

. * * plk
‘o’ @[f]eG/Hf E%@[f']EG/Hg /e

maps the f-permuted component in the domain to the gf’-permuted component in the target
via f*e, when [f] = [gf'] € G/H and h € H is such that gf’ = fh. A similar formula applies
to morphisms.

For us actions by symmetric groups, and in particular symmetric powers of categories,
will be of interest. The n-fold tensor power A®" of a DG category A has as objects n-tuples
a1 ® -+ ® ay of objects of A and has morphism complexes

Hom gen (a1 ® -+ @ ap, b1 @ - - @ by,) = Homg(a1,b1) Rk - - - @k Hom 4 (ayp, by,).

We therefore have a natural strong action of the symmetric group S, on A®™ by permuting
the factors of objects and the factors of morphisms.

Definition 4.50. Let A be an enhanced triangulated category. We define S™ A, the n-th
symmetric power of A, to be the semidirect product A®™ x S,,.

The corresponding triangulated category is Dc(S™A) = HO (Hperf(S™A)). We have
Mod(S™A) = Mod®" (A®™)
by Lemma It follows from the decomposition that this further restricts to
(4.51) Hperf(S™A) = Hperf (AZ™),

where Hperf " (A®™) is the full subcategory of Mod®" (A®™) consisting of the equivariant
modules which are perfect in Mod(A®") after forgetting the equivariant structure. Since
HperfSr (A®™) was the definition of the completed n-th symmetrical power S"A of Ain [211
Section 2.2.7], that category is equivalent to the Hperf hull of our S™.A. This discrepancy
is due to us working in the Morita enhancement setting, where to pass to the underlying
triangulated category one first takes the Hperf hull, and then its homotopy category.
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4.9. The numerical Grothendieck group and the Heisenberg algebra of a DG
category. Consider a smooth and proper DG category V. The Grothendieck group of V,

Ko(V) = Ko(Dc(V)),
comes equipped with the Euler (or Mukai) pairing
<[a], [b]>X = X(Homyperfy(a, b)) = Z(—l)” dim Hom%c(v)(a,b).
nezZ

Example 4.52. The Euler pairing is in general neither symmetric nor antisymmetric. A
simple example is given by the Grothendieck group of Ko(P!) = Ko(DP,, (P)). It has a
semiorthogonal basis given by the classes {[O], [O(1)]} for which the matrix of x is

6 )

This matrix is clearly not diagonalisable over the integers.

Proposition 4.53. Let V be a smooth and proper DG category.
(1) For every pair of objects a, b of D(V),
([a), 1), = (18], [Sal), = ([5~"8] [a]),.

where S is the Serre functor on D.(V).
(2) The left and right kernels of x agree.

Proof. This is Lemma 4.25 and Proposition 4.24 of [48]. O

The numerical Grothendieck group K§*™ (V) of a smooth and proper DG category V is
Ko(V)/ ker(x). We further set K{*™(V, k) := K§"™ (V) @z k.

Proposition 4.54 ([50, Theorem 1.2}, [49, Theorem 1.2]). The numerical Grothendieck
group K{"™ (V) of a smooth and proper DG category V is a finitely generated free abelian

group.

As x is non-degenerate and integral on K§*™(V), we call the pair (K§"™(V), x) the Mukai
lattice of V.

Ezample 4.55. For V = Z(X), where X is smooth and projective, the Euler form can be
computed by Hirzebruch-Riemann-Roch (see, for example, [I1} Section 6.3]):

x(Hom(a, b)) = x(a” @b) = /X ch(a” ®@0b) - td(Tx).

This implies that the kernel of x equals the kernel of the Chern character map to Chow
groups tensored with Q.

Definition 4.56. Let V be a smooth and proper DG category. We write Hy, for the idempo-
tent modified Heisenberg algebra Hgnum(y), ). The corresponding Fock space representation
is denoted by Fy.

Example 4.57. For V = Z(P!) as in Example X is nondegenerate and its Smith normal
form is the unit 2 x 2 matrix Ids. Therefore,

Hzpry & Hz2 10, = Hz(ptupt)
by Corollary

Lemma 4.58. Let A, B be smooth and proper DG categories, and let F: A — B be a DG
functor. Then F*: D(A) — D(B) and F,: D(B) — D(A) preserve compactness and induce

F7Kg™(A) = K™ (B),
F.: K§"™(B) — Kg™™ (A).
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Proof. As explained in[f.23] for any A and B, not necessarily smooth or proper, the extension
of scalars functor F'*: Mod-A — Mod-B always restricts to a functor Hperf(A) — Hperf(B).
Thus its derived functor preserves compactness.

We now show that Fi: Mod-B — Mod-A restricts to Perf(A) — Perf(B), whence its
derived functor preserves compactness. As F) is tensoring with the B-A-bimodule Bg, it
suffices to show Bp to be A-perfect [I, Prop. 2.14]. Let b € B. For an A-module ,Br to be
perfect it suffices, since A is smooth, for it to be k-perfect [I, Cor. 2.15]. In other words, for
any a € A the total cohomology of the k-module ,Br, has to be finite. This holds since B is
proper.

The remaining assertions now follow by adjunction of F* and F,. Indeed, for any a € D.(.A)
and for any b € D.(B) we have

X(F*(a), b) = (~1)" dim Homp, () (F*(a), b)

= 3 (-1 dim Homb, 4 (a, F.(5)) = x(a, F(b)).

Thus F* and F, take ker x to ker xy and so induce maps of numerical Grothendieck groups. [J

5. THE DG HEISENBERG 2-CATEGORY

Let V be any smooth and proper DG category. We fix this choice throughout the rest
of the paper. Now, recall from Section [£.4] that we work with DG categories up to Morita
equivalence, viewing them as enhanced triangulated categories. Replace therefore V by its
perfect hull Hperf ). This doesn’t change the Morita equivalence class of V. However, it
ensures that V is homotopy direct summand complete and admits a homotopy Serre functor.
Note that, as explained in Section [£.7] any homotopy Serre functor S induces a Serre trace
map Tr: Homy (a,Sa) — K for any a € V.

In this section we define a Ho(dgCat)-enriched bicategory Hy, the Heisenberg category
of V. This category is a monoidal Drinfeld quotient of the perfect hull of a simpler strict DG
2-category H{, which we set up in the following paragraphs. We take the Drinfeld quotient
to impose certain relations in Hy, which we only expect to hold on the level of homotopy
categories, unlike the relations we impose on HY, which must hold on the DG level.

5.1. The category H/,: generators. The objects of H), are the integers N € Z.

As in the additive setting of Section[3] we have 1-morphisms labeled Q, for a € V. However,
as we have only a homotopy Serre functor, we need to more carefully distinguish between
the left and right duals of Q,. The 1-morphisms are therefore freely generated by

e P,: N— N+1,

e Q.: N+1— N,

e Rp: N— N +1,
for each @ € V and N € Z. Thus the objects of Homy, (N, N') are finite words in the
symbols P,, Q, and R, with a € V, such that the difference of the number of Ps and Rs and
the number of Qs is N’ — N. The identity 1-morphism of any N € Z is denoted as 1.

The 2-morphisms between two 1-morphisms form a complex of vector spaces. These vector
spaces are freely generated by the generators listed below, subject to the axioms of a (strict)
DG 2-category as well as the relations we detail in the next section. As before, we represent
these 2-morphisms as planar diagrams, using the same sign rules as in Remark We recall
that diagrams are read bottom to top, i.e., the source of a given 2-morphism lies on the lower
boundary, while the target lies on the upper boundary.

We now list the generating 2-morphisms. For every o € Homy (a,b) there are arrows

Py Qa Ry

1§

Pa Qb Ra
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These 2-morphisms are homogeneous of degree |a|. The remaining generators listed below
are all of degree 0. By convention a strand without a dot is the same as one marked with
the identity morphism. Any such unmarked string is an identity 2-morphism in HY,. The
identity 2-morphisms of the 1-morphisms 1 are usually pictured by a blank space.

For every a € V, there is a special arrow marked with a star:

Ra

6.1) %

PSa

Furthermore, for any objects a,b € V there are cups and caps

1 1 Re Qa Qo Pq
Ja a0
as well as crossings of two downward strands:
Qo Qa
6:2) ><
Qo Qb

We recall again the sign convention for reading planar diagrams from Remark 3.3] As
before, we often “prettify” diagrams by smoothing them out.

We give each 2-morphism space a DG structure. With the grading defined above, it
remains to define the differential. If f is a single strand with one dot labelled «, then d(f)
is the same diagram with the label replaced by d(«). In particular, the differential of a
strand labelled with the identity is d(id) = 0. The differentials of the remaining generating
2-morphisms — the caps, the cups, the crossings, and the star — are zero. The differential
of a general 2-morphism is then determined by the following graded Leibniz rules for 1- and
2-compositions. These follow from the definition of a DG bicategory:

e d(hoy g) =d(h) o1 g+ (—1)"hoy d(g),
e d(hoyg) =d(h)os g+ (=1)"hoyd(g).
For convenience, we define four further types of strand crossings from the basic one in
(5.2) by composition with cups and caps:

Qb Pa Qb Pa Rb Qa Rb Qa
Pa Qb Pa Qb Qa Rb Qa Rb

(5.3)
Pb Pa Pb Pa Rb Ra Rb Ra
Pa Pb Pa Pb Ra Rb Ra Rb

5.2. The category H),: relations between 2-morphisms. In the preceding subsection
we gave the list of the generating symbols for 2-morphisms. We obtain all 2-morphisms in HY,
as 1- and 2-compositions of these symbols, subject to the axioms of a strict DG 2-category
and a list of relations we impose in this section.
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First, we impose the linearity relations:

6.4 aHg ks cra e

for any scalar ¢ € k and any compatible orientation of the strings.
Neighboring dots along a downward string can merge with a sign twist:

(5.5) ig - (_1)a||/3$goa,

A dot can swap with a star according to the following rule:

(5.6) ia _ iSa.

Dots may “slide” through the generating cups and crossing as follows:

(5.7) am _ ma am _ ma

Pa Qb Pa Qb Qb Ra Qb Ra

K

Note that when drawing diagrams, dots need to keep their relative heights when doing these
operations in order to avoid accidentally introducing signs (cf. Remark below).
There are two sets of local relations for unmarked strings: the adjunction relations

(5.9) = | =

and the symmetric group relations on downward strands

TR

Finally there are three relations involving a star-marked string

QSa
(5.11) =0, = Tr(a),

Qa

where « € Homy (a, Sa), and
Ra Qb Ra Qb

(5.12) =

Psa Q Psa Qo
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The relations are the analogues of the relations . As leftward caps involve an
R but rightward cups involve a P, a star needs to be added between the two. Similarly, to
get a consistent diagram a star must appear in both sides of , the analogue of the left
relation from .

We do not have an equivalent of the right relation in because to define the map ¥ we
need the natural isomorphism Hom(b, Sa) = Hom(a, b)* afforded to us by the genuine Serre
functor. In the present DG setup we only have a homotopy Serre functor which only gives
us a natural homotopy equivalence Hom(b, Sa) — Hom(a,b)*, but not its natural inverse.
We can’t therefore define the map W. More spefically, of the two composants 1, and 5 of

the term W(id) described after Remark in Section we have 1, but not ;. However,
the two relations in (3.11]) and the left relation in (3.12)) together are equivalent to the map

.o

QuPpy ————— PpyQq @ (Hom(a7 b) ®xk 1)

o]

PyQq ® (Hom(a,b) @k 1) ———— QqP,

being the left inverse of the map

while the right relation in (3.12)) is equivalent to it being the right inverse.
Thus, having imposed the equivalents of the two relations in (3.11]) and the left relation in

(3.12), to have the equivalent of the right relation in (3.12)) we only need the map {><, %]

be a homotopy equivalence. We impose it in Section [5.4] by taking the Drinfeld quotient by
its cone.

5.3. Remarks on the 2-morphism relations in Hj,. Let us remark on some of the above
relations for 2-morphisms and their consequences.

Remark 5.13. The reader familiar with the categorifications of Khovanov and Cautis—Licata
[31), 13] or the classical Heisenberg algebra might find the appearance of the third type of
1-morphisms, i.e. R,, confusing. In the Fock space representation constructed in Section [7]
the 1-morphism Q, is sent to a pushforward functor ¢, , while P, and R, are sent to the left
adjoint ¢ and right adjoint ¢}, respectively. In H, this is expressed by the relations
which state that there are adjunctions of 1-morphisms (P, Q,) and (Q., R,) for any a € V.
Up to homotopy, the Serre functor lets us switch between left and right adjoints: ¢, and
¢!, are identified in the homotopy category (note that in Khovanov’s case the Serre functor
is trivial, while in the Cautis—Licata setting it is a shift by 2, see Examples and .
However, on the DG level, there is only a canonical natural transformation ¢%, — ¢',. This
natural transformation is represented by the starred arrow . In Section |5.4] we take the
Drinfeld quotient by this arrow, forcing it to be an isomorphism on the homotopy level.

Remark 5.14. Since composing with the identity on either side doesn’t change 2-morphisms,
dots may freely “slide along” straight strands as long as the relative height of all dots is kept
the same. The interchange law introduces a sign when two dots slide past each other:

(5.15) 4 TBZ(_l)anma#.. %.

The axioms governing the differential in a DG 2-category are compatible with this super-
commutativity:

5.6 d(* Tﬂ) _ J #dﬂ (1) da# Tﬁ :(—Dlallﬁld( aT Lﬁ)

In particular, it does not matter which dot one “moves” to the bottom of the diagram.
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Lemma 5.17. Dots on upward-pointing strands merge without a sign change:

-

Proof. The same proof as in Lemma [3.14] applies. O

The sign rules also imply that merging of dots is compatible with the graded Leibniz rules
for V and Hompgy (N, N'). See (5.16) and note that in V we have:

d(Boa)=d(B)oa+(—1)#I5od(a).
Lemma 5.18. Dots may freely slide through cups, caps and all types of crossings:

Qa Pb Qa Pb Rb Qa Rb Qa
- U
(0% «

X XK

Proof. The same proof as in Lemma [3.13] applies. O

Q

Lemma 5.19. The following relations hold in HY, for all objects a,b,c € V.
(1) All allowed pitchfork relations:

-

Pa Qb Qa Pa Qb a Pa Pb Qa

)
w
2

2y

Qa Qb Ra Qa Qb a Qa Rb Ra
Qa Qb Pa Qa Qb a Qa Pb Pa

o
f7<
A
o

-

Ra Qb Qa Ra Qb a Ra Rb Qa

(2) All counterclockwise curls vanish:

Ra QSa

P
3 - -

(8) The symmetric group relations on parallel upward pointing strands of the same type:

Pa Pb Pa Pb Pa Pb Pc Pa Pb Pc
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Ra Ry R Ry Ra Ry R¢ Ra Ry R.

(4) The remaining allowed triple moves:

Pa Pb Q Pa Pb Qc Pa Qb Qc
Qa Rb R Qa Rb Rc Q
Proof. These are proved similarly to Lemmas [3.16] [3.17}, [3.18] and [3.24] One notes that the

a Qb Rc Qa Qb Rc
more complicated proof of Lemma [3.21]is not needed, as we do not require the left and right
mates of the downward crossing to coincide. O

a

(&

C

5.4. The category Hy: the perfect hull and homotopy relations. We construct the
Heisenberg category Hy out of category Hy, in two steps. First, we apply Definition to
form the perfect hull Hperf(H/,). This is no longer a strict 2-category, but a bicategory. It
has the objects of HY,, but the 1-morphism categories are replaced by their perfect hulls. In
particular, they are strongly pre-triangulated and homotopy Karoubi-complete.

The pre-triangulated structure we obtain on 1-morphism categories of Hperf(H},) allows
us to formulate the final relations we need to impose. Roughly, these postulate that certain
2-morphisms are isomorphisms in the homotopy category.

Let a,b € V. Since V is proper, Homy(a,b) has finite dimensional cohomology and
thus is a perfect DG k-module. Hence for any 1-morphism E € H, the tensor product
Homy (a,b) ®k E lies in Hperf(H,). Indeed, since any complex of vector spaces is homotopy
equivalent to the direct sum of its cohomologies Homy (a, b) @k E is homotopy equivalent to
@, H(Homy(a,b)) @k E which is a direct sum of a finite number of copies of E.

Similar to , we have the natural 2-morphism

9 Homy(a,b) @k 1 — QuPp
in Hperf(H},) obtained by adjunction from the map of complexes of vector spaces
de: Homy (a,b) — Homppers(ry,) (1, QuPb)
g = 3.
We no longer have its counterpart 1; as we do not have a map Homy (a,b)¥ — Homy (b, Sa).

The map ¥5% is closed of degree 0 since for any 8 € Homy(a, b) we have

A5 (B) = dtomgperee 1. Qup0) (U5(9) =05V (om0 ) = d (4B ) =\ =0.

Therefore the map 5 is also closed of degree 0.
Together with a crossing, 1o induces a natural degree zero closed 2-morphism

o]

(5.20) PyQq @ (Hom(a,b) ®k 1) ——— QuPs,
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and on the homotopy level, where 1, does exist, we would like (5.20) to be an isomophism.
Secondly, in the homotopy category of V, the functor S becomes an actual Serre functor.
In terms of the graphical calculus, this means that on the homotopy level we would like

(521) PSa — Ra

to be isomorphisms for all a € V.
We therefore take the monoidal Drinfeld quotient (see Definition [4.40) of Hperf(Hj,)
by the cones of (5.20)) and ([5.21)). This produces a Ho(dgCat)-enriched bicategory where

(5.20) and (5.21]) are homotopy equivalences:

Definition 5.22. The Heisenberg category Hy of V is the Drinfeld quotient of the h-perfect
hull of H), by the two-sided ideal generated by the 1-morphisms

Cone (Psa i Ra>

, Y2
Cone (Pan ® (Hom(a, b) Rk 1) u Qan>
for all a,b € V.

The graded homotopy category H*(.A) of a DG category A is defined to have the same
objects as A and morphism spaces Homg-(4(a,b) = P, Hi(Hom 4(a,b)). The graded
homotopy category H*(Hy) of Hy is similarly defined by replacing the 1-morphism categories
with their graded homotopy categories. In particular, each Hom g« g,,)(IV, N') is a Karoubian
category. In H*(Hy) one no longer has to distinguish between the 1-morphisms P and R
and thus one recovers the formalism of Section [3] including the labels on cups and caps.

Lemma 5.23. Relations (3.12) hold in H*(Hy).

Proof. The left-hand relation is just (b.12)) after identifying R, with Pg, and relabeling.
Relations and (5.12)) together with the curl relations of Lemma show that

Bﬂ ° [>< M : PyQq @ (Hom(a, b) @k 1) — PyQ, @ (Hom(a, b) ®x 1)
1

is the identity. Since in H*(Hy) the 2-morphism (5.20)) is an isomorphism, the other

composition
[><, M o Bﬂ = 3{ + U (id): QuPy — QaPs
1

is also the identity, as required. O

Corollary 5.24. There exists a canonical 2-functor
Hij ) — H*(Hy).

Proof. As all relations in Hi}lfi(’v) are satisfied in H*(Hy), there exists a canonical functor
H‘r}‘ff('v) — H*(Hy). Taking Karoubi completion gives the desired functor. O

Ezample 5.25. Let V = K, the field k considered as a single-object DG category concentrated
in degree 0. The Serre functor S on V is the identity. We have V = H*(V), the additive
construction H3d is Khovanov’s categorification of the infinite Heisenberg algebra [31], and
the 2-functor from Corollary is a fully faithful embedding of graded 2-categories. In
the DG construction we take the perfect hulls of the categories of 1-morphisms, so the
1-morphisms in H*(Hy,) are not only words in P and Q and their idempotents, but also finite
complexes thereof. The category Hy, is hence a DG enhanced triangulated hull of Khovanov’s
categorification. The isomorphism in HY(Hy) recovers the defining relation with
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central charge k = —1 from [I0} (1.5)], which was shown to be an alternative of Khovanov’s
presentation. We expect that our construction has analogues for central charges k # —1.

Ezample 5.26. Consider a finite subgroup I' of SL(2,C) with corresponding simple surface
singularity Y = A?/T" and minimal resolution X. Let Z(X) be the DG enhanced bounded
derived category of coherent sheaves on X. For V the full subcategory of Z(X) consisting of
sheaves supported on the exceptional divisor F, the category Hy is a DG enhancement of
the category H! introduced by Cautis-Licata [I3, Section 6].

Indeed, the exceptional divisor E decomposes into (—2)-curves E; labeled by the non-
trivial irreducible representations of I'. Let It be the vertices of the McKay quiver of I'.
Denote by 0 the vertex corresponding to the trivial representation. For i € It define

o _ Josl-1 iti=0
" | Og,(~1) otherwise.

The generators P; and Q; of H! for i € It correspond in H*(Hy) to 1-morphisms Pg, and
Qg,[1], respectively. As X is Calabi-Yau, its Serre functor is [2]. Thus the shifts chosen
above reproduce the grading on turns defined in [I3] Section 6.1]:

id[1] id[—1]

m7 m’ P; Qi’ Qi Pi7
P Q Q: B v U

id[—1] id[1]
One has
CoC[-2, i=j
(527) HOID*(SZ‘, 53) = C[—l], |’L - ]| =1

0, otherwise.

Thus a dot on a 2-morphism in H!" corresponds to a basis vector of either C[—2] or C[—1].
Picking such a basis, one obtains a 2-functor

H" — H*(Hy)
factoring through the 2-functor H?}ifi(v) — H*(Hy) of Corollary
Equivalently by [29] Theorem 2.3], instead of the sheaves &;, one could use the irreducible

representations V; of I' considered as skyscraper sheaves at the origin on the quotient stack
[A2/T]. In this setting one works in the ambient category Z([A%/T)]), see also Example

6. STRUCTURE OF THE HEISENBERG CATEGORY

In this section we deduce a number of properties of the Heisenberg category and we
investigate its relationship with the classical Heisenberg algebra.

6.1. The Heisenberg commutation relations: DG level. As observed in Remark [3.19]
the symmetric group relations (5.10) give us a canonical morphism K[S,] — End(QZ).
Similarly, by Lemma there are morphisms to End(P?) and End(R}). Endomorphisms
in the image of these maps are made up of unlabelled strands, thus they are closed and of
degree 0.

Remark 6.1. The homomorphisms Kk[S,] — End(P?) vary in a family over V®™. That is,
there exist natural functors

=P

ZN,N4n* S™Y — HornHv(N7 N +n),
where 8™V := V®" x G, is the semi-direct product of Definition On objects E’I\'?’Nﬂl is
given by

EG\F;,N+n(a1®"'®an) = Pa1 ...Pa

n
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and on morphisms by sending
(1@ ®@ap, o) for o; € Homy(as-1(;), bi), 0 € S,
to the braid corresponding to o followed by parallel vertical strands dotted with sy, ..., ay,:

Pb1 . an—lpb

aq Qp—1 Qo

n

Pa1 Pa2 Pa”

Similarly, we have canonical functors Eﬁ Nin sending a; ® -+ ® a, to Ry, -+ Ry, and

contravariant functors E'IS’NJFH sending a1 ® -+ ® an t0 Qqu, -+ - Qq,, -

We can further let NV and n vary by defining a 2-category Sym,, with objects N € Z,
I-morphism categories Homgym,, (N, N +n) = S"V and 1-composition given by the functors
S§MY @ 8"V — SMT2Y induced by Sy, X Sp, < Sn,4n,- We then have a natural functor
=P Hperf(Sym,,) — Hy and similarly for Q and R.

Let
1
€ 1= €iriv 1= ] Z o € K[S,]
o€Sy

be, as in Section the symmetriser idempotent in K[S,,]. Where we work with no other
idempotents of K[S,,] and no confusion is possible, we use the shorter notation e for egy.
Denote its image under any of the above maps again by e. The maps e are (strict) idempotent
endomorphisms of P?, Q7 and R? respectively, and hence split in H*(Hy). A standard
construction gives natural representatives of the corresponding homotopy direct summands.

Definition 6.2. Let Pg"), Q((Z") and Rg") be the convolutions of the twisted complexes

P .= | Sy pr izt pn fypr loe pr
deg. 0

QY ::{...éQgﬁQgéle—% QZ},

deg. 0

Rg">:={...i>Rgl—e>Rgi>Rgl—e> R” }
deg. 0

These are h-projective and perfect modules over the 1-morphism categories of H),. They
are h-projective since bounded above complexes of representable modules are semifree. They
are perfect since in the homotopy categories they are the direct summands of P?, QF, and
R? defined by the idempotents e. Thus, being h-projective and perfect, these modules define

1-morphisms of Hy, which we also denote by Pt(ln), ((Ln) and Rgn).
We can now state the main result of this section:
Theorem 6.3.
(1) For any a,b €V and n,m € N the following holds in Hy:
Pz(zm)PlSn) o~ Pén) P((Im)’ an)QIEH) o~ Ql()”)Q((lm)_
(2) For any a,b €V and n,m € N there exists a homotopy equivalence in Hy

min(m,n)
(6:4) @D Sym' Homy(a,b) @k Py QL™ — Q™Py",
i=0
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and thus the following holds in H*(Hy):

min(m,n)
QP = @ Sym’ Homyr-(v)(a, b) @k Py QU0
1=0

Remark 6.5. Dually, one can formulate a version of Theorem [6.3] using the 1-morphisms R
instead of P. That is, one has isomorphisms

R((Im)Rén) o~ Rl(7n) Rt(zm)

and a homotopy equivalence 2-morphism

min(m,n)
(6.6) Q™R — @ Sym' Homy (b, a)* @k Ry QU 7.
=0

In the graded homotopy category, identifying Hom g« (yy (b, a)* with Homg-(y)(a, Sb) and R,
with Pg, identifies with (6.4]).

Remark 6.7. The appearance of the symmetric powers of Homy (a, b) is related to the following
observation. Since e = e = eo for any o € S,,, one sees that any crossings of parallel strands
can be absorbed into the symmetrisers. In particular, for «, 5 € Hom(a,b) one has

(2) (2) (2) (2) (2)
Pb Pb Pb Pb Pb
B h « e [ Yo’ ®Q
o B be
(0%
P¢(12) PgQ) P((IQ) P((12) PgQ)

Thus i parallel strands are naturally labeled by elements of Sym?® Homy (a,b) (using the
Koszul sign convention as always).

In the remainder of this subsection we set up the maps occurring in Theorem [6.3| and
prove the relations in Theorem [6.3(1)[ which hold on the DG level. In the next subsection we
prove the relation in Theorem [6.3(2)| which holds on the homotopy level.

We begin with several remarks detailing some DG 2-morphisms between P(™s, Q(™)s and
R(™s which can be induced from those between P"s, Q"s and R"s:

Remark 6.8. We have the canonical 2-morphisms defined by e on degree 0 terms:
pr 5 plm) & pr
Any 2-morphism in or out of P! induces via pre- or postcomposition a 2-morphism in or
out of P{.
In the homotopy category, where as in any triangulated category all idempotents are split,
P&") is a direct summand of P?. The canonical 2-morphisms above become the morphisms of
inclusion of and projection onto this direct summand. Thus, pre- or postcompositions with

them are DG equivalents of taking the component corresponding to this direct summand.
The same holds for Qs, Rs, and any 1-composition of these.

Remark 6.9. Let a: P — P in H{,.  Recall that when illustrating maps of twisted
complexes we only draw their non-zero components. In the homotopy category P} splits as

P @ PEL”), where P{" is the complement summand. By Remark the 2-morphism

e n
Pa
eqe = J{eae

€ n
Pa
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gives in the homotopy category the Pg") — P((I") component of a. Note, that so does

e n 1-—e n € n l—e n
P P P Pa
e ‘= ae
l1—e 1—e
e n n € n n

However on the DG level ae contains extra information. Indeed, both morphisms are
defined by a map of twisted complexes with a single component P! — P!. These two
maps P! — P aea and ae, are different even in the homotopy category: eae has a single
component Pg") — P((ln), while e also has a PEL") — P((zn) component.

If o supercommutes with e we have another 2-morphism P((Ln) — P((In) given by

e pr 1—e PZ e pn 1—e pn

e R T

1—e n e n
pr P

It is homotopic to ae and thus to eae: consider the degree —1 twisted complex map comprising

degree i — (i — 1) components given by a. As operations on «, both preserve the degree and

commute with the differential. In particular, if « is closed of degree 0, so are ae and &.
When « is an image of some o € S,, under =F, it commutes with e because in K[S,,]

ge = e = eo.

Hence & is well defined and homotopic to ege = e. Thus, all  are homotopic to id = id.
Similar considerations apply to a 1-composition of several powers of Ps. Let o € S, and
let a be a 2-morphism

. pnipn2 Tom o (1) pTo(2) o (m)
a: Pa1 Pa2 s Paf,’z - Paa(l) Pao<2) s Pao('rn) .

If o supercommutes with the symmetriser e of each Py, then we have a map

P(’nm) — P(na(l))P(na(2)) . P(na(m))

Qo (1) Qo(2) - Qo (m)

a&: P{r)p(ne)

2 . e

defined by the twisted complex map comprising degree i — ¢ components »  «. Note that
Pg}’l) Pg,f) .. ng,:”') is the product of the twisted complexes defining each individual ng” ) and
thus a twisted complex whose degree i element is the direct sum @, , ., _;PpiPpz.. Py

where the multi-index (i1,...,14,) gives the degrees in each twisted complex of the product

where each P((Z;j) comes from. By ) « above we mean the map sending each (iy,...,1,)-
indexed summand of the source to the (i1, ...,,)-indexed summand of the target via a. In
the simple case when o =id and a = a1aa ... oy, with a;: PRI — PZ7 we get & =@y ... ay.

Now, let n = ZZO n;, let ¢ : S, — S, be the embedding of S,, as the permutation group
of n;-tuples of elements, and let S,, x --- x S, < S, be the subgroup of permutations
which respect the partition (ny,...,n,,). If p € S, is such that ZP(p) is a morphism

nipna ny Mo (1) pTo(2) Mo (m)
PaiPaz - . Pom — Pal i Paliy -+ Palinys

then p = ¢(o)7 for some
T=(T1,...yTm) € Spy X -+ xSy, .

Indeed, by its definition the 2-morphism ZP(p) has only unmarked strings which can only go

from P,, to P,, and not some other Po;. Thus p must send each n;-tuple in the partition

(n1,...,nm) of n, in some order, to the corresponding n; = ny(,-1(;))-tuple in the permuted

partition (n4(1),...,Ny(m)). Thus doing p is the same as individually permuting the elements

of each n;-tuple by some 7 € S,,, X -+ x S, and then doing ¢(c) to permute the n;-tuples.
Now, 7 commutes with the symmetrisers e,,, € K[S,,] C K[S,,] since

i

Ten; = (T1y e oy Tic1s€nys Tidls -« s Tin) = €n, T
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The corresponding map

7: Plropinz) | plrm) _y plm)p(nz) - plnm)
ay az Am ai az

Am 7

is the 1-composition of the maps 7;: Py — Pyi described above, each of which is homotopic
to id. Thus T itself is homotopic to id.

On the other hand, ¢(o) commutes with the symmetrisers e,,, since their action is contained
within each n;-tuple. The corresponding map
P((;Z") - Pl(lno(l))P((an<2)) o P((lna('/n))

o (1) a(2) a(m)

(6.10) 6(0): POIP()

9 -
—_—~

is then a 2-isomorphism, whose inverse is ¢(c~1). In particular, in the simplest possible case
m =2 and o = (12), we get a 2-isomorphism

(6.11) ¢(12): P{rIp(n2) =, plna)pln),
Similar considerations apply to 1-compositions of powers of Qs and Rs.

Remark 6.12. Let a: P} — P}. Arguing as in Remark we see that if o commutes with
the symmetrisers of P and P}, it defines a 2-morphism

a: P — P,
Suppose such « lies in the image of the functor ZP. Then, as per Remark we have
a=2P(B) E7(0), for 8 € Homyen(a”,b"™), o € S,,.

We saw in Remark that ZF(0): P? — P? commutes with e and the corresponding map
&: P — P is homotopic to the identity.
For any 7 € S,, we have in SV

Tof=7(B)oT,

and hence 8 commutes with e if and only if e(8) = . In other words, if and only if § lies in
the image of the canonical embedding

¥: Sym"™ Homy (a,b) — Homyen (a™, b").

In particular, for any v € Sym” Homy (a,b), ¥(y) commutes with e and hence its image
under =P gives a well-defined map

B(7): PO = Py € Sym™ Homy(a, b).

By the above, up to homotopy, all the maps P{” — P,()") induced from those in the image of
=P are of this form.

Throughout this section, we draw diagrams to define morphisms between 1-compositions
of PMg and QMs,

Any diagram defining a morphism « between the corresponding 1-compositions of P"s
and Q"s defines a morphism ece between those of P(Ms and Qs as detailed in Remark

If @ commutes with the symmetriser differentials of source and target 1-compositions of
P"s and Q"s, it furthermore defines a morphism & between 1-compositions of P(™s and Q(™)s
as detailed in Remark

The two morphisms eae and & thus produced are homotopic. In this subsection, working
on DG level, we only want to work with the (—) construction of Remark as it can produce
termwise DG isomorphisms of twisted complexes. Thus we only consider the diagrams which
commute with the symmetriser differentials. In Section[6.2] working in the homotopy category,
we employ arbitrary diagrams and use the symmetrising e(—)e construction of Remark
It produces twisted complex maps concentrated in degree 0, which can only be homotopy
equivalences. We stress again, that in the homotopy category there is no difference between
the two constructions.
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It is crucial for our proofs that the construction of a morphism between 1-compositions
of PMs and Qs from a diagram defining the morphism between the corresponding 1-
compositions of P(Ms and Q(™)s is compatible with 2-composition, that is — with vertical
concatenation of diagrams. For the (=) construction this is automatic. For the e(—)e
construction this means that any two diagrams « and 8 we compose must satisfy

(6.13) eaefle = eafle

In this subsection, we use diagrams which commute with the symmetrisers and use the
(=) construction, so this is not an issue. In §6.2| we use arbitrary diagrams and use the e(—)e
construction, so we check the condition 1’ by hand. In Section [6.2.1] u this is a simple
idempotent absorption argument: the symmetriser idempotent of a subgroup can be absorbed
into the symmetriser idempotent of the group. In Section [6.2:2] a more elaborate argument is
necessary and we show that only holds up to a desired numerical coefficient.

We use the following conventions to simplify the diagrams in the context of this section:

(1) A box containing a™ at the top or the bottom of the diagram denotes both 1-
: (n) (n),
morphisms Py’ and Qg ’:

We never use type R 1-morphisms, so the orientation of the attached strands makes
clear what is meant.

When such box occurs inside the diagram, it is the symmetriser idempotent eg,, .
Note that in the context of e(—)e construction, the boxes at the top and the bottom
can also be viewed as occurences of symmetriser idempotents. We mainly use this
notation to differentiate between the LHS and the RHS of the condition . For
example, if we start with diagrams

Qr P Py QT
m—i n—i
o= 8=
n—1i1 m-—i
Pt Qe Qr 2
then the induced morphisms between Qa )P and P n—i) Slm ) a

am—i

eae = efe =
anfi a™™ [
and the LHS and the RHS of - are
a™ a”
eaefle = ’ q? ’ qm—i eaffe= n—1 m—1
a™ a™

(2) Upwards strands are coloured blue, downwards strands red and counterclockwise
turns green (clockwise turns will not appear in the argument):
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—
Sk—|o

This colouring is solely for the convenience of the reader and does not have any
additional meaning.

(3) We denote multiple unadorned parallel strands all starting at one box and ending at
another box by a single thick strand labelled with the strand multiplicity.

Thus, an upward braid of thick strands of multiplicities ny,...,n, permut-
ing m boxes al*, ..., al™ defines a 2-isomorphism between the corresponding
1-compositions of Py, It depends only on the permutation type o € Sy, of the braid.
Moreover, as seen in Remark. 6.9 it commutes with the symmetrisers and thus defines
the 2-isomorphism ¢ (o) of - between the corresponding 1-compositions of P(m).

For example, the 2- 1somorphlsrn P,(lm)Pén) P;()" PEZ") of - is
b" a
}<
Lam ] [ ]

(4) A thick strand from box a™ to box b™ labelled with an element

a € Sym" Homy (a, b)

denotes the 2-morphism
=P
E (¥(a)
of Remark [6.12] As it commutes with the symmetrisers, it defines a 2-morphism

—_—

1 (a) between the corresponding symmetric powers of Ps or Qs
For example, suppose that « is an elementary symmetric tensor

1
a=01 Ve Van = — Y 0a) G
gES,
A thick strand labelled « is the sum of all permutations of n parallel strands adorned

with the a;s. In particular, for even degree o and 3 we have

: P P

oo =3[4T

a2 P2 P2
L | : :

N\

With the above notation in mind, we have immediately:

Proof of Theorem . We claim that the 2-morphisms

%‘”*V

Lo ] !b”\ ]

are inverse to each other. Indeed, as (—) is compatible with the compositions, we can vertically
concatenate the diagrams and then apply Lemma n- (3)| multiple times to get the claim.
Thus we have the relation PEZ”) P[()n) ~ Pl()n)P((lm . The second relation Qa Q,()n) = Q,()" Q,(lm)
is implied by a similar pair of diagrams but involving downward strands. (]
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6.2. The Heisenberg commutation relations: homotopy level. Next, let us construct
the 2-morphism giving (6.4)). Defining a map

gi: Symi Homy, (a,b) ®« Pl()"_i)ng*i) — ng)P,()").
is equivalent to defining a map
Gi: Symi Homy(a,b) — Hompg,, (PI()"_i)ng*i), ng)Pl()n)).

For any o € Sym’ Hom(a, b), define

bnfi amfi

Now, define g := >, g;. The map g does in general not have an inverse on the DG level.
However, we can define an inverse map f in H*(Hy). To define a map

fi: QP = Sym' Homyr- (v)(a, b) @i Py~ Q™ ™,
we define a map
fi: (Symi Hom g vy (a, b))*% Homyy,, (Q((lm) Plgn), PZ()"_i)QELm*Z')),
or equivalently a map
fi’: Sym’ Hom g+ vy (b, Sa) — Hom g« (g1, (Q((lm)P,()"), Pén_i)ng*i)),
b)* = Hom(b, Sa) in H*(V). Set

~

where we use the identification Hom(a,

bn—i am—i

Finally, set

S0

We now show that f and g are inverse isomorphisms in H*(Hy). The proof is entirely
combinatorial: one composition follows from repeated application of the second relation

in (3.12)), which holds in H*(Hy) by Lemma The other follows from relations (5.11)).
The reader uninterested in combinatorics may want to skip ahead to Section [6.3}

6.2.1. The composition g o f is the identity. For simplicity, in this section we denote the
image of any closed degree zero 2-morphism of Hy, in H*(Hy) by the same symbol as the
original 2-morphism.

Remark 6.14. Choose a basis { ¢} for H*(Homy(a, b)) with dual basis {3} of H*(Homy (b, Sa)).
Let I = (£1,...,¢;) be a multi-index. Then the dual to ¢, V-V 3, € Sym* H*(Homy (a, b))

is %ﬁt}i V-V )€ Sym" H*(Homy (b, Sa)), where m(I) = [[m;(I)! with m;(I) the
number of times the index j appears in I.
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Let ¢>:° . denote the 2-morphism g; o f;. We have

m—i,m—i,%

It does because we can absorb the middle idempotents into the top or bottom ones. We can
move elements of (or their sums) of S,,_; (resp. S;,—;) in the middle idempotents all the
way up or down their strands where they can be viewed as elements of the corresponding
subgroup Sy, < Sy, (resp. Sm—; < Sm). Pre- or postcomposing with these does not change
the symmetriser idempotent of S,, (resp. Sp,).

Adding s downwards strands on the left and ¢ upwards strands on the right, we denote the
resulting 2-endomorphism of Q((LerS)PZ(,”H) by qﬁi’f%mq’i. Relabeling slightly, with a choice
of basis as in Remark this gives

]

Es+m+i bt+n

N
Es-l—m-l—i bt+n+ﬂ

where the arcs are labeled by [¢, V ---V B, and ,6’2/1 VeV BZ_ respectively. One notes that

s,t _ stm,t s,t  _ s,t+n
¢m,0,i = ¢070,i and o = ¢0,0,i .
To simplify notation, write ¥, ; :== ¢,.° . for the symmetric situation.

Lemma 6.15.

n—1
; (n—1)!
wg,o = —m/Jgfm + ;(_1) mlﬁ}hki,r

Proof. First move the left-most downwards strand of ¢2’0 all the way to the left. To do so,
one has to untwist n down-up double crossings, introducing n terms of the from —1#271’1 via
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relation ([3.12)):
0 1,0 0
n,0 — ¢n—1,n,0 - nwn—l,lv

or graphically,

% *J
n n =

n — —nz n—1 n—1

g

Now move the rightmost upwards strand of ¢}£1,n’0 all the way to the right. To do so,
one has to untwist with n — 1 downwards strands, introducing n — 1 terms of the form

—0n o n-11"

1,0 1 1,0
¢ 1,m,0 = ¢n71,0 —(n— 1)¢n72,n71,1’

14

%% el

-

Repeat the last step for —(n — 1)¢,~ 2 n_1,1, Obtaining —(n — 1)¢}_,, and (n —1)(n —2)
terms of the form ¢n_37n_272.

L

where the dots are marked with 8, V 8¢ and ) V 3}, respectively. Recursive application of
this procedure yields the desired formula. (]

Rearranging and changing indices by 1, we obtain

(616) wrlL,O :wn+10+ n+1 +Z H_l . ),¢7lz 1,1°

The remainder of the argument is now just repeated application of this formula.
Lemma 6.17.
wi,o = 1/’9L+1,0 +(2n+1) 2,1 + n2¢271,2~
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Proof. For n = 0, this is just equation (6.16]). Using induction and (6.16]) we get

n+1
Uhi10 = Uny10 + (n+2)9, 11+Z(_1)i+17(n+1)! h1—ii
n+1, n+1, n+1, — (n—|— 1— i)! n+1—i,3
n+1
0 0 i1 (n+1)! 0
= ¢n+1,0 + (n + 2)¢n+1,1 + ;(_1) * (TL +1— ’L)' n+2—iai+

+2(n+1—1)+ 1)¢2+1—i,i+1 + (n+1—1)° 2—i,i+2>'

Carefully rearranging terms, one obtains

n+ 1)! n+ 1)! n+ 1)!
7/’24—1,0"‘(”"'2) 2-5—1,1"‘% 91-5-1,1"'(—( ) +(2”+1)( )) 2,2-1-

(n—1)! n!
n+2
+ 1)! (n+1)!
-1 ”1(717 1) (2 2—-0)+1
+;_;(( e TV Gy B 2O+ D
_ n+1)!
(—1)* IM(” +3- €)2> 1/12+2—e,e
n+1)! n n+1)! n
+ <( i ) (—1)" 2 ( 1 ) (-1) “12>¢8,n+2,
which one easily checks to be equal to
7/’2+2,0 + (2n + 3)7/1$L+1,1 + (n+1)? 2,2~ U
Lemma 6.18.
k 1\ 2
ZZ)]S,O = ZZ'(Z> 7/12—1‘,1'-
i=0

Proof. For k = 1 this is immediate from (6.16). Assume that the identity holds for some
integer k. Then

k i\ 2
k+1 . 1
0,0 — ZZ!(@') Vi—iir

i=0
We can now substitute in the identity of Lemma [6.1

k 2
Ak ) .
(%1 = ZZ! (z> (wlgiﬂ,i + (2(k —1) + 1)¢27i,i+1 + (k- 2)2"/}21‘1,1’+2)

=0

Rearranging gives

Yo+ (F + G+ )0k,
i k 2 k' 2
3 (o(5) et ) e

= 2)!<€ f 2>2(k — 4+ 2)2)1/),3“4,2

i 2 k2
+ (k'<k> + (k — 1>!(k B 1) 12>w8,,€+1.
Again, one easily checks this to be equal to

k+1 2
Afk+1
E l!< i ) ¢2+1—z‘,i- 0

i=0



THE HEISENBERG CATEGORY OF A CATEGORY 67

Corollary 6.19.

In other words go f = 1.

Proof. Without loss of generality we can assume that m > n, say m = n + j. We will induct
on j. We already considered the case that j = 0.
We ignore the left-most string and use the induction hypothesis to obtain

n

+j+1, n-+j 1,0

8,070 n:ZZ( i )(Z)(anr] 1,n—1,0"
i=0

As in the first step of the proof of Lemma [6.17] we have

1,0 N 40,0
¢n+y in—ii ¢n+] i+1,n—i, + (n - 7’)¢n+j—z’,n—i—1,i+1'

Thus,

n .
n+i+tln R AW R AN -\ 40,0
0,0.0 = Z Zl( ; ; (Pnjitin—iit (=)D i inio1it1)

=0

Grouping terms, this is

o5
:1<€!(n2j) (Z) +(€_1)!<ij> (Eill>( €+1)>¢n+3+1 £n—,0°

This is easily shown to be equal to the desired expression

- n+j7+1\/n ,
Z€'< Y ) <€)¢2gj+lf,n&£' 0

£=0

6.2.2. The composition f o g is the identity. We have

][]

N
fiego=[am ] [ b |

>

7

m—1

’ pn—i ’ a

When i # j, every combination of summands of the middle symmetriser idempotents produces
a diagram which contains a left curl and hence vanishes. Thus f; o g; = 0if ¢ # j.
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When i = j, we claim that the composition condition (6.13)) holds up to a coefficient:

m—1

’ pn—t ’ a

S
(6.20) o] [ ] =

= e

2

’ bn—i ’am—i
Indeed, the pair of the middle idempotents in the LHS of (6.20)) are a 2-morphism
11
(6.21) — Y oor

og€ESm 7TES7L

where o denotes 1-composition. We first observe that if o ¢ S,,—; Xx.S; < Sy or 7€ S; XS, _;
the resulting diagram contains a left curl and hence vanishes. Let

g = (am_i,ai) S Sm—i X Si,

T = (Ti,Tnfi) S Si X Sn,i.
On the diagram coresponding to this summand, we can slide o; along the central bubble and
compose it with 7;. We obtain a counterclockwise bubble of ¢ parallel strands with a single
element 7;0; € 9; inserted into it. Unless this element is idg,, the resulting diagram contains
a left curl. When it is idg,, we get an unmarked i-stranded counterclockwise bubble which is
the identity endomorphism of 1 and hence can be erased. On the remaining diagram, we can
absorb 0,,_; and 7,,_; into the top or bottom idempotents and thus obtain the diagram on
the RHS of .

Thus when expanding the middle idempotents in the LHS of the non-vanishing

diagrams are given by the summands

Om—i ©1 Vj O1 Ui_lolan—i Om—i € Sm—i, Vi € S, Tni € Sn—y
of (6.21]). There are (m — i)lil(n —7)! of them and each produces the diagram on the RHS of
(6.20)), whence the equality in (6.20]) holds.
By the left relation in (3.12) the RHS of (6.20) is

T
AT e

Since g =Y g; and f =, i!(") (%) fi, it follows that f o g =id. This finishes the proof of
Theorem

6.3. The transposed generators. Given any partition A of n write ey € K[S,] for the
corresponding Young symmetriser. It is a minimal idempotent of K[S,,]. Thus, similar to the

definition of the 1-morphisms P,(zn) and Q,(ln)7 it induces 1-morphisms P{} and Q in Hy.
Recall the transposed generators p((l1 ) and ql(l1 ), n € Z~o from Section We have
the antisymmetriser idempotent corresponding to the partition (1™)

1
€sign = E z; sgn(a)a € k[Sn]
oESy

on which S, acts by the sign character. Let Pflln) and Ql(lln) be the corresponding 1-morphisms
defined analogously to Definition [6.2}

Arguing as in Remark we see that elements of Sym"” Hom(a, b) define morphisms
from PS" to Pgln), while those of A" Hom(a,b) define morphisms from P to Péln).

The category HY, has a covariant autoequivalence F' which



THE HEISENBERG CATEGORY OF A CATEGORY 69

e is identity on objects and 1-morphisms,
e on 2-morphisms it multiplies the crossings by —1, while preserving all other generating
diagrams.

The induced autoequivalence F' of Hy, swaps the 1-morphisms above with those of Section [6.1
F(PP) =P, F(PI) =P, FQ)=QM), FQ")=Q.
Thus the relations of Theorem [6.3] also hold for the transposed 1-morphisms.
Lemma 6.22. IfV is pretriangulated, then for any a € V we have in Hy isomorphisms
Pay = Pa[l] and Qqpy = Qu[—1],

and isomorphisms

P((l?l)] ~p(")p]  and Q((:[zl)] =~ QU [—n].

Proof. We prove the statements about Ps. Those about Qs are proved similarly with a twist
in the sign; see the end of the proof below.

Let i: a[l] — a be the degree —1 morphism in V defined by id,. Let ¢': Py — Pg be
the corresponding morphism ;z in H),. Finally, let ¢: P,p1) — Pg4[1] be the degree zero
morphism in H{, defined by ¢/. It is an isomorphism as it has an inverse .~ : P,[1] — Pan
which is similarly defined by id,.

By definition, P((;[Il)] is the convolution of the twisted complex

Etriv 1—etriy Etriv 1—etriy
Pan) Pany Pan) Panp
deg. 0
while is Pt(lln)[n] the convolution of
sign 1—esign sign 1—esign
L e, prip] —EE prp] S prjg] TEE iy
deg. 0
Consider the following map of twisted complexes
Etriv 1—eqgriy Ctriv 1—egriy,
P P P P

e

Caign PZ[n] 1—esign PZ’[TL} % PZ[’I’L] im; Pg[n].

We claim that ¢™: PZM — P7[n] intertwines the idempotents ey, and egign:

n n
L €triv = Esignl -

It follows that ™ is closed of degree 0. We conclude that it is an isomorphism, as (™ is one.
To prove the claim, it suffices to show that degree —n map ™ : PZ[l] — P? intertwines

€triv and egign. This is a straightforward verification in Hg, We give the details for n = 2;
the general case follows in the same manner.
When n = 2, we have

=5 (1 1+2).
o =3(T T-X).
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The 2-morphism T T is the identity map, and clearly % intertwines the identity maps. It
remains to show that it intertwines >< and —><, that is:

)

To see this, recall that according to our convention explained in Remark the diagram
; 1 ? 1 should be read as ? { I ; - Since i has degree —1, the graded interchange law states

biti = (O =t

AN

For @, let i: a — a[l] be the degree 1 morphism in V' defined by id,. Let +': Qqu1) — Qq be

Consequently:

the corresponding morphlsm i i in Hj,. Moreover, let ¢: Qu1) — Qa[—1] be the degree zero
morphism in HY, defined by ¢/. Again, it is an isomorphism with inverse ;=1 : Q,[—1] — Qa1
defined similarly by id,. The rest of the proof is similar.

This result affords us the following further relations:

Proposition 6.23.
(1) For any a,b €V and n,m € N the following holds in Hy:

PUIP( = PIVRL™, QG = QM)
(2) For any a,b €V and n,m € N we have a homotopy equivalence in Hy,:

min(m,n) {

@ /\Homy(a, b) ®x P,()n_i)lem D — QU™ P(n

i=0
and thus the following holds in H*(Hy))

min(m,n) ;

QIR = (@ /\Hompy- ) (a,b) @ Py QM"Y
=0

The above also holds with the roles of (1™) and (n) interchanged.
Proof. Replace a with b[—1], resp. with b[1] in Lemma to get (up to a shift) claim[(T)|from
Theorem Claim follows similarly from Theorem using the identification

Sym‘Hom(a[1],b) = Sym’(Hom(a, b)[—1]) = /\(Hom(a, b))[-1]

of graded symmetric powers. For the final statement, apply the automorphism F'. O
Ezample 6.24. Let T' C SL(2,C) be a finite subgroup. In Example we defined the
1-morphisms P; = Pg, and @; = Qg,[1] for each ¢ € Ir. Thus the 1-morphism QE”) of H' in
[13] corresponds to the 1-morphism QgT—)u' From ([5.27)) one obtains
Cllj@C[-1], i=3j
Hom*(gi[i]']a g]) = C7 <Za.7> =-1
0

otherwise.
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The k-th exterior power of C[1] ® C[—1] is @?:0 C[k — 24]. Identifying it with H*(P¥)[k], we
see that Proposition agrees with [I3] Proposition 2]:

PP = PP, Qe = e,

) e (PR [k @k PN QUMY ifi = j e I,
ng)Pj(n) o Pj(’VL)QS:‘"L) ® P;TL—I)QEW—I) if <Z,]> _ 71,
P if (i, ) = 0.

6.4. Grothendieck groups. Recall the definition of the numerical Grothendieck group
K§"™ of a DG category given in Section It is the quotient of the usual Grothendieck
group by the kernel of the Euler pairing. Recall from Section that we write Hy, for the
idempotent modified Heisenberg algebra of the lattice (K§"™(V), x). We note again that we
use the numerical Grothendieck group to ensure that this algebra has trivial centre.

In this section we compare Hy to the Grothendieck group of the Heisenberg category Hy,.
Let Ko(Hy, K) be the k-linear category with the same objects as Hy and morphism spaces

HOHlKO(Hwk)(N, N/) = KO (HOIIlHV (N, N/), k),

where for any DG category A we set Ko(A, k) = Ko(A) ®z k. As forming Grothendieck
groups is functorial, the 1-composition of Hy, induces the composition on Ko(Hy, k).

A closed string diagram defines an endomorphism of 1. Some of these endomorphisms are
non-trivial and are not subject to any relations. For example, those defined by clockwise
bubbles, the compositions of clockwise cups followed by clockwise caps. Thus the categories
Hompy, (N, N') are not Hom-finite. Thus we cannot use the Euler pairing to obtain the
corresponding numerical Grothendieck groups.

Remark 6.25. For V = dg—Vectf( the Hom-spaces of Hy,, while infinite-dimensional, are
controlled by End(1) and the degenerate affine Hecke algebra [31], Proposition 4]. Some version
of this observation is expected to hold more generally, see for example [I3] Conjecture 2]. It
is not however clear how to define the degenerate affine Hecke algebra in our generality. We
intend to return to this question in future work. Instead, we use an ad-hoc definition of the
numerical Grothendieck group given in Definition below.

To kill the centre, we need to at least quotient each Ky (HomHV(N , N, k) by the classes
[Po] and [Q,] for [a] in the kernel of the Euler pairing on Ko (V), as well as by any direct
summands of these coming from the symmetric group action on parallel strands.

To formulate this, recall the functors of Remark

EX Nin: 8"V = Homp,, (N, N + n).
Taking h-perfect hulls we obtain functors
ENNin: Hperf(S™V) — Homp, (N, N +n),
and similarly contravariant functors E% Nin- These further package up into 2-functors
=P, =9 Hperf(Sym,,) — Hy.

As these are integral parts of the structure of Hy,, we expect them to descend to the numerical
Grothendieck groups. We thus make the following definition:

Definition 6.26. Let I be the two-sided ideal of Ko(Hy,, K) generated by the images under
ZP and ZQ of the kernels of the Euler pairings on Ko(Hperf(Sym,,), k). The 1-category
K§"™ (Hy, K) is the quotient of Ko(Hy, K) by I.

Remark 6.27. Recall the 1-morphisms P} and Q) defined in Section The ideal I contains
the classes [P2] and [Q}] for all @ € V with [a] in the kernel of the Euler pairing and all
Young diagrams A.

If I is generated by these classes, then using the Giambelli identity, I is in this case
equivalently generated by classes of the form [P,(ln)] and | ,(ln)], see for example [I3] Remark 6].
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This is exactly the minimal ideal one needs to quotient out in order for the Heisenberg
algebra to have no centre.

In general, however, there may exist images of additional homotopy idempotents in the
kernel of the Euler pairing on Ko(S™V, K). In order to catch these and to obtain the expected
natural morphisms K{"(Sym,,, k) — K{"(Hy, K) one needs to use the less intuitive
definition of I given above.

At the outset, we completed V to Hperf )V, see the introduction to Section o} We can
therefore choose a basis of K§"™ (V) consisting of the classes of objects of V. The elements
(n

Pa ) and qé") indexed by the objects a in this basis generate the Heisenberg algebra Hy .
Theorem implies that there is a canonical morphism of k-algebras

w: Hy — Kgum(H\;, k)
sending the generators p,(ln) to the class of Pgn) and q((ln) to the class of Q((ln).
Theorem 6.28. The map w: Hy — K§"™ (Hy, K) is an injective map of K-algebras.

Proof. In Section [7] we construct a categorical analogue of the Fock space together with a
2-representation of Hy on it. By Corollary [B.8] this 2-representation induces on the level of
K-groups a homomorphism of algebras

(6.29) Hy & K§"™(Hy, k) — End | @ K§"™(SYV, k)
N>0

As 1 € K§"(8%, k) = k is annihilated by Hy, \ {10} and is fixed by 1y, Lemma m
produces an embedding

(6.30) Py — @@ K™ SNV, k)
N>0

of the classical Fock space. Hence the representation (6.29)) of Hy, on
P K5 SMY, k)

N>0

is faithful. Therefore 7 is necessarily injective. (]

Surjectivity of 7 is a considerably subtler question, due to the possible appearance of
additional homotopy idempotents when taking the perfect hull Hf,. This is closely related to
the question of whether Kiu™(SNV, k) and

FY = @ QSym" Ky (V, k),
k1+2ko+--=N i
the degree N part of the Fock space are isomorphic. To the authors’ knowledge, there exists
no general criterion for this, cf. the remarks in Section [8:2]

Conjecture 6.31. If the canonical morphism F\],V — Kivm(SNV) is an isomorphism, then
S0 1S .

The main content of the conjecture is that on the level of Grothendieck groups the operation
of taking perfect hulls only adds the classes [P((zn)] and [ ((Ln)] as additional generators. On
the homotopy categories, taking the perfect hull corresponds to taking the triangulated
hull and Karoubi completion. Thus, alternatively, the statement is that the only relevant
idempotents in the homotopy category are those arising from the action of the symmetric
groups on parallel upwards or downwards strands. We prove a converse to Conjecture [6.31
in Section B3l

We want to stress that a 2-representation of Hy, is completely determined by the images
of P, Qqu, Ra, and the generating 2-morphisms. Thus the possible appearance of additional
idempotents in Hy, (i.e., w being possibly non-surjective) does not complicate the construction
of categorical Heisenberg actions.
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Example 6.32. Taking V = k, the 1-morphisms in Hy, are homotopy direct summands
of one-sided twisted complexes of direct sums of Px and Q. As Homy(k, k) = K, such
one-sided complexes are actual complexes and their morphisms are morphisms of com-
plexes. Idempotents of such complexes must be idempotent in each degree. It follows that
Ko(Hy, k) = K§"™(Hy, K) coincides with the Grothendieck group of Khovanov’s category
[31]. By the main result of [I0] this further coincides with the infinite Heisenberg algebra.

In general, 1-morphisms in Hy, may be one-sided twisted complexes with non-trivial higher
differentials. One cannot then simply take idempotents in each degree. The conjecture says
that the situation is however no worse than in S™V.

6.5. Quantum enhancement. Several previous works on Heisenberg categorification, like
[13], use a quantum deformation of the Heisenberg algebra. This quantum Heisenberg algebra
H{, has coefficients taken from k[t,¢~!], where ¢ is a formal variable.

For a graded vector space V define

V] = Z dim V,,t".
nezZ

Using this, the unital algebra H' ﬁ) is defined by the same generators and relations as H,,
except that relation (2.9)) is replaced by

min(m,n)

qi"py™ = [Sym" H* Hom(a, b)) py" Mg
k=0

Its idempotent modification Hy; is then obtained exactly as in Section
Ezample 6.33. For n € N, let [n] denote the quantum integer
AL

[n] = 1t R A o 2
Note that when setting ¢ = 1 in the last expression, one gets [n] = n. Define moreover
[n] := [-n] for n € Z.(. Suppose that there is a set of generating objects of V such that

Hom-spaces between these objects satisfy
[H* Hom(a, )] = [(a,b),].

If moreover the form y is symmetric, then our definition coincides with [45] Definition 5.1]
(see also [13, Equation (6)]). These conditions hold e.g. in Example

Since Hy, is graded, K§"™(Hy, k) is an algebra over K[t,t71], where ¢ acts via the shift.
Similarly, K" (SNMV, k) is naturally a K[¢, ¢t~ !]-module, such that K§"™ (Hy,, K) acts K[t, ¢t ~]-
linearly on it. Hence, there is a K[t,t~1]-algebra homomorphism

K" (Hy, k) = Endy, ) [ €D K5™(SVV, k)
N>0
Proposition 6.34. The morphism m extends to an injective map of K[t,t~1]-algebras
7 HY, — K{"™ (Hy, k).

Proof. We need only show that 7 is a map of K[t,#~1]-algebras, that is, 7 is compatible with
the t-action on the source and the target. This is straigthforward from the definitions. [

Letting H. fj C HY, denote again the subalgebra generated by the set
{a{™1y:a € M,k <0,n>0},

the quantum Fock space is obtained as the induced representation

Fl, = Indg‘t’ (trivg) = HY, ® Hi- K[t,t ™.

t—
v
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The embedding (6.30]) is also compatible with the shift, so it can be enhanced to

Py — @@ K§™(SYV, k).
N>0

7. THE CATEGORICAL FOCK SPACE

As in the additive case, we construct a category called the categorical Fock space from the
symmetric powers of the DG category V. We show that the Heisenberg category Hy, acts on
this categorical Fock space. The relation between this representation and the classical Fock
space representation is explored in the next section.

7.1. Symmetric powers of DG categories. Recall from Definition that the Nth
symmetric power of V is defined as SNV = V¥V x Sy.

Ezample 7.1. If X is a scheme, then SNZ(X) = Z(XV)S~ is Morita equivalent to the
standard DG enhancement Z([X" /Sy]) of the N-th symmetric quotient stack of X. We
thus have D.(SNZ(X)) = Db, ([XV/Sx]), the derived category of Sy-equivariant perfect

coh

complexes on X¥ [21, Example 2.2.8(a)].
Definition 7.2. For any 1 < k < N define the group monomorphism
tg: SnN—1 = SN,
by identifying Sy _1 with the subgroup of Sy consisting of permutations which keep % fixed.

Lemma 7.3. The group Sy admits the following decomposz'tion into Sn—_1-cosets:
N

SN:Z(U 11(Sn-1) Z (Sn-1)
i—1

i=1
This observation can be used to rearrange the complete decomposition (4.48) of the
diagonal bimodule of SV as follows.

Corollary 7.4. There is the following direct sum decomposz'tions of the diagonal bimodule:

SNy EB V1® 00 (SVTV); @ Vie (SMY) a0

i=1 i=1
where the left and right indices denote taking the left and right arguments of the bimodule
SNV and applying the following:
e foriin {1,...,n}, the map i: Ob(SNV) — Ob(V) projects to the i-th factor,
o foriin {1,...,n}, the map i: Ob(SNV) — Ob(VEWN =) projects to all factors but
i-th,
e fori, jin {1,...,n}, the map (ij): Ob(SNV) — Ob(SNV) transposes i-th and j-th
factors.
We illustrate this notation. Let a = a1 ® -+ ®an, b=b; @ --- @by € S¥V. Then
, (8YV), =Homgny (01 @ @ay, by © -+ @ by),
and our notation gives

Q(ivl)g = Homy(al, bz),

b (io(u) (SN?lV)j) = Homgn-1y (a2 ®@ -+ ®an, b2 @ - ®@b;i1 ®b1 ®biy1 ® - ®bN) .

It is clear that there is natural inclusion of DG k-modules
Homy (a1,b;) ® Homgn-1y (a2 @ -+ - ® an, ba @ -+ @ b;—1 b1 @ bj11 ® - Qby)

[

Homgny (a1 ® - ®@an, b1 ® --- @ bw),
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and the proof below demonstrates that summing this over all ¢ € {1,..., N} gives a complete
decomposition of the diagonal bimodule.

Let us stress that the index maps i, ¢ and (ij) are maps of sets and are not functorial.
Thus the expressions like 11 in Corollary are not S™VV-bimodules by themselves: while

Q(iV1)g = Homv(al, bi)
is perfectly well-defined, one cannot uniquely pick out the first factor in some
o € Homgny (b, V')

to act with it on Homy (a1,b;). Nonetheless, if we use Lemma to decompose a with
respect to the permutation type into Y «;, then each a; does act naturally on the summand
V1®5, (19) (S N _1V) ;- Thus we can view Corollary as an isomorphism of SN V-bimodules,

with the index maps indicating the left and right actions of SNV on the decompositions.

Proof of Corollary[7.4} First, by the decomposition (4.48)) we have:
SV @ (Y,
gESN

We then use the decomposition Sy = Ef\il(li)bl(SN_l) from Lemma to obtain

@ V®N @ @ V®N (12)e1 (o)~

gESN i=1 c€ESN_1

The V®V-bimodule isomorphism (V®V) 1), (o) =
implies that

(19) (V®N)L1(U) given by a — (1i) - «

N
@ @ V®N (li)bl o) g@ @ (12) ®N)L1(U)'

i=1 o0c€SN_1 i=1 c€SN_1

Now we can decompose V&V into 1V ® ; (vew _1))1, which further gives us

N N
@ @ (14) (V®N)L1(a) = @ @ N ® To(14) (V®(N_l))aoi'

i=1 c€ESN_1 i=1 0cESN_1

Finally, by (4.48) we have SY~1V = Docsy_, (V@’(N’l))g and therefore

GNB @ N1 ® io(14) (V®(N_1))

=1 c€SN_1

@ V1 ® fo(14) (SN 1V)

This establishes the first decomposition. The second decomposition is proved similarly. [J

ool

Recall from Section that SNV and V® have the same objects, while the morphisms
of SNV are generated under composition by those of V&V plus the formal isomorphisms
corresponding to the elements of Sy. Thus the data of a DG functor from SNV to some DG
category B is the data of a functor V®~ — B plus the data of where the formal isomorphisms

go.
Definition 7.5. Let a € V. Define the functor

bo: SNV = SNy
to be the extension of the functor

V®(N_1) a®id V®N

which sends the formal isomorphisms of Sy_; to those of Sy via t1: Sy_1 — Sy, the
embedding as the subgroup of permutations which are trivial on the first element.
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As explained in Section [£.2.3] we have three induced functors
o5 Mod-SNTY — Mod-SNV,

Gax: Mod-S"V — Mod-SN 1V,
¢, : Mod-SN7WV — Mod-SNV,
which form two adjoint pairs (¢, ¢ax) and (da«, ¢,). The action of the first two functors on
representable objects can be described as follows.

Lemma 7.6. Let h" denote right representable modules, as per Section[{.2.1 Then:
(1) For any a; ® - @ any_1 € SN~V we have
qSZ(hr(al Q- ® aN,l)) “h"(a®a; ®---Q@an—1).
(2) For any ay ® -+~ @ ay € SNV we have

N
Gax (W (a1 @+ ®@an)) = @Homv(a,ai) @h(ag @ -a;--Qan)
i=1

Proof. For Part we have:
pr(h (a1 ® - ®ay-1)) =h(a1® - @an_1) Dsv-1y 6, S V=W (a®a; @ @ ay—1).
For Part we have
bax(h (a1 ® - ®an)) == h"(a1 ® - @ an) Dsxy SV Vy,
By Corollary [7.4] we have

N
SV, 2P iVa ® 1009SV VY
i=1
and hence
N
h(a1 @ ®an) Dsvy SN Vs, 2P aVa @ ay000 100 @ar0-cay (VEN D X Sy 1)
i=1
Since in SN~V we have a2 ® Qa1 a1 Q11 Q...a8 Za1® G- Qay, we have

N
Pax (W (a1 @ -+ @ an)) = @Homv(a,ai) Qh (a1 ® -a; - Qap). O

=1

Lemma shows that the bimodule 4, S NV defining ¢ is always right-representable.
Thus it is always right-perfect and right-h-projective. On the other hand, by Lemma
the bimodule SN¥V,_ defining ¢,. is always right-h-flat, but is right-perfect and right h-
projective if and only if V is proper. Similarly, S¥V,, is always left representable, while
6. SNV is always left-h-flat, but is left-perfect and left-h-projective if and only if V is proper.
We conclude that when V is proper both 4, SNV and SVV,,, are left- and right-perfect and
left- and right-h-projective. In particular, they define 1-morphisms in EnhCatﬁCg and, by
abuse of notation, we denote these again by ¢! and ¢, respectively.

The twisted inverse image functor ¢!, is not a priori a functor of tensoring with a bimodule.
However, in presence of a homotopy Serre functor, it is quasi-isomorphic to one:

Proposition 7.7. Let V be proper and assume that V admits a homotopy Serre functor S.
Then there is a quasi-isomorphism of DG functors

1
*a 't ¢§a = Qg
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Proof. Let E € Mod-S™N~1V. By Corollary [7.4{ we have

N
(bgaE =F RsN-1p ¢,SQSNV =2F QsN-1y (@ saVi Qx SN_lVio(li)) :

i=1
The homotopy Serre functor S on V comes with a quasi-isomorphism 7: V — (sV)". Since
V is proper, n*: gV — V* is also a quasi-isomorphism. Hence so is

N N
(7.8) E®sn-1y (@ sa Vi ®k SNIViO(h-)> — FEQgn-1y (@(ZV(L)* Rk SNIVio(li)) .

=1 =1

Since io(li)SN_IV are representables, we have
HomsN—lv(io(1z’)SN_1V7 E) = Eio(u) = E@sv-1y SN_lVio(u)

and therefore

N N
EQsn-1y <@(1Va)* & SNlVio(li)) = @(iva)* ® Homgn-1y, (io(u)sNilV, E) .
=1

i=1
Since V is proper, ;V, are perfect as k-modules. Thus the natural map

N N
@ (iva)* & Homstlv (io(li)SN_lv, E) — @HomsN—lv (iva ® io(li)SN_lv, E) 5
i=1 i=1
is a quasi-isomorphism. Finally, by Corollary [7.4] again, we have

!

N
P Homgn-1y, (V ® 108" MV, E) = Homgn -1y (S¥Vy,, E) = ¢, E. O
=1

Corollary 7.9. Let V be proper and assume it admits a homotopy Serre functor S. The
bimodule approzimation Apx(¢') is a right- and left-perfect and left-h-projective SN =1V -
SNV-bimodule.

Proof. By the definition of the bimodule approximation functor in Section |4.3] for any
be SNV, the fibre b Apx(¢!) is the SN V-module ¢! (h"(b)). By Proposition ¢! (h" (b))
is quasi-isomorphic to ¢%,(h"(b)). Since the latter is the representable object A" (¢4(b)), we
conclude that the former is perfect.

Now let ¢ € S¥V. We have
Apx(¢,), = ¢, (SNT'V), = Homgn-1y ((S¥V)g,, S¥7'V) = Homgn-1y, (dax(c), S¥71V).

It is well known that the dualisation functor sends h-projective and perfect modules
to h-projective and perfect modules [I, Section 2.2]. By Lemma and proper-
ness of V, the SV ~1V-module ¢,.(c) is h-projective and perfect, hence so is its dual
Homgn-1y (@ax(c), SN7IV). O

7.2. The categorical Fock space Fy,.. In Section 5] we fixed a smooth and proper enhanced
triangulated category V & EnhCatif. That is, V is a smooth and proper DG category
considered as a Morita enhancement of the triangulated category D (V) = H(Hperf V). As
V is smooth and proper, it admits an enhanced Serre functor S given by the bimodule V*
[43], and in Section we proved that it lifts to a homotopy Serre functor S on Hperf V.
Replacing V by Hperf V if necessary, we can assume that V itself admits a homotopy Serre
functor S.
We then defined the Heisenberg 2-category Hy of V. It was constructed in two steps:

(1) First, we defined in Sections and a strict DG 2-category HY,. Its object set
is Z, its 1-morphisms are freely generated by formal symbols P,,R,: N — N + 1
and Qz: N — N — 1 for a € V, and its 2-morphisms are certain string diagrams
connecting up the endpoints which correspond to Ps, Qs, and Rs of the source and
target 1-morphisms.
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(2) Next, in Section we took the perfect hull (see Section of H), and then a
monoidal Drinfeld quotient (see Section [{.6)of Hperf(HY,) by a certain 2-sided ideal
Iy, of 1-morphisms. This was to make each R, homotopy equivalent to Pg, and
impose a certain homotopy relation on Ps and Qs. The resulting Ho(dgCat)-enriched
bicategory is the Heisenberg 2-category Hy .
Our next aim is to construct a 2-representation Fy, of Hy analogous to the Fock space
representation of a Heisenberg algebra.

Lemma 7.10. The Yoneda embedding of EnhCatif into Hperf(EnhCatif) s a quasi-
equivalence. In particular, both of these are DG enhancements of the strict 2-category
EnhCaty. of enhanced triangulated categories.

Proof. The procedure of taking the perfect hull does not change the Morita equivalence class
of a DG category and, if the DG category is pre-triangulated and its homotopy category
is Karoubi-complete, it does not change the homotopy category either. The 1-morphism
categories HomEnhCatig (A, B) of EnhCatng are defined so that their homotopy categories
are Dp_perf(A-B) In pa:rticular7 they are triangulated and Karoubi-complete. We conclude
that taking the perfect hull of EnhCa‘cﬁg does not change its homotopy 2-category. O

C

We therefore make the following definition.

Definition 7.11.

(1) The strict DG 2-category FY, is the 1-full subcategory of dgModCat (see Section
whose objects are symmetric powers SNV with N € Z. By convention, SVV is the
zero category if N < 0 and is the unit object k of dgModCat if N = 0.

(2) The categorical Fock space Fy, of V is the Ho(dgCat)-enriched bicategory which
is the perfect hull of the 1-full subcategory of EnhCatﬁf whose objects are the
symmetric powers SNV with N € Z.

7.3. The representation ®{,;: the generators. In this and the next section we carry out
the first step of the construction outlined in Section and define a strict DG 2-functor
,: Hl, — F,.
Objects: For any object N € Z of H), we define
P, (N) = SMV.
1-morphisms: The 1-morphisms of Hj, are freely generated by P,,Rq: N — N + 1 and
Qu: N = N —1forallaeVand N € Z. We define ®|, on morphisms by setting

(I)IV(P(L) = ¢Z;
Q/V(Qa) = ¢a*’

(I)QJ(RG) = ¢l1
where ¢, ¢+, and ¢}, are the DG functors we constructed in Section for any a € V and
NeZ

For clarity, we write P, (respectively, Qq, R,) for ¢*, (respectively, ¢ux , ¢.), when
considered as the image of P, (respectively, Qq, R,) under ®3,.

Ezample 7.12. Let X be a smooth projective variety and V = Z(X) be the standard
enhancement of Di’oh(X ). As per Example the symmetric powers SNV of V are Morita
enhancements of the derived categories Z([X" /Sy]) of the symmetric quotient stacks of X.
Functors P, and @), are the DG enhancements of functors PV and Q((zl) defined by Krug in
[33, Section 2.4], while Qg-1, correspond to the left adjoints considered in [33], Section 3&

8.6

The higher powers Pén) and Qg”) will arise automatically from our calculus, cf. Example

Example 7.13. Let a,b € V and let a; ® --- @ ay € SNV. Let h"(a; ® --- ® ay) be the
corresponding representable module in Hperf(SNV).
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(1) We have

QuP.h" (a1 ® -+ @ an) = gy dh (a1 @ - @ an)
= ¢b*hT(a®al & - ®GN)
= HOIIlv(b7 a) X hT(al R ® aN) P

N
D <@Homv(b,ai)®hr(a®a1®~'tf¢~'®a1\;)>.

i=1
(2) On the other hand,

PoQuh" (a1 @ - @ an) = ¢y h (0 @ - @ an)

N
>~ gF <@Homv(b, @)@ (a1 @G ® aN)>

=1

b=

HOHlv(b7 CLZ') ® ¢ZhT(a1 ® - d\l e ® GN)
1

o
Il

Homy (b,a;) @ W (a®a1 @@+ ® an).

L D-

q
Il
-

2-morphisms: The 2-morphisms of HY, are generated, subject to relations, by four sets of
generating 2-morphisms, cf. Section [5.1}

Py Qq Ry
(1) The marked arrows %a , ia and ?a .
Po Qo Ra
Rq
(2) The Serre relation %
Psa
Qa Pa Rae Qa

(3) The cups and caps N N, U and U
Pa Qa Qa Ra

We define @/, on these generating 2-morphisms as follows:

(1) Given o € Homy(a,b), we have a natural transformation of functors SN =1V — SNV

a®id:  ¢,=a®id — ¢, =b®id.

We set
Py Qq Ry
| Yo |=(eidr, o | to|=(@oid.mde,| to|=(oid).
Pa Qb Ra

We denote these natural transformations by P,, Q. and R, respectively.
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(2) With x,: ¢%, — ¢, as in Proposition we set

Ra
P!, % = *qa,
PSa
(3) As seen in Section we have adjunctions (¢¥ - da.) and (da. 4 ¢},). We set:
1 1
(I)/ o * counit_ . / o | counit .
o I e L o I e R L
Pa Qll QCL Ra
Ra Qa unit ! Qa Pa unit
o | A | =4 gln], @[ A | = i gu.;].
1 1

(4) We have an isomorphism of functors S¥ =2y — SNy
(12) t a0 dp = dp 0 ¢
given objectwise by the transposition (12) € S,,. We set

Qb Qa

P, >< = (12),.

Qa Qb

Remark 7.14. The differentials on natural transformations in ¥}, match those in Hj,. For
the dots this follows from d(a ® id) = d(«) ® id, while all the other defining transformations
(the Serre map 7, adjunctions and the transposition) are closed.

Ezample 7.15. In the notation of Example [7.13] the adjunction unit id — Q, P, is given on
representables by embedding A" (a1 ®- - -®ap) as id, ®h" (a1 ®- - -Qay ) into the first summand.
The adjunction counit P,Q, — id is induced by the evaluation maps Homy (a,a;) ® a — a;,
followed by the transposition (17) and the universal morphism out of the direct sum.

Ezxample 7.16. Using the decomposition of Corollary we have for any SV V-module E

QvRa(E) = ¢y, (E) = Homgny (4,(SY V), E)
N
= Homsny(3Va @ SVV, E) & @) Homsny(:Va @ 151 S™V, E).
i=1
The adjunction counit @, R, — id is given by projecting onto
Homgny(oVe @ SVV, E)
followed by the morphism induced by the map kK — ,V, sending 1 — id,:
Homgny(oVe ® SNV, E) — Homgny,(SVV, E) 2 E.

To see this, note that by the description of adjunction units and counits for Tensor-Hom
adjunction [2| Section 2.1] our adjunction counit comes from the natural evaluation map

Homgny (SN Vg, E) @sviry SNy, B, > fog— Y flg)
via the identification of the left-hand side with Homgny (4, SV 1V, , E) via the isomorphism
f— f®1. Thus our counit is the map
Homgny (5, SNV, E) = E

given by f+— f(1). Since 1 € 5, SNV, lies in the component Hom(a,a) ® SMV, we can
project to that. Then evaluating at 1, ® 1 g~y is first mapping Homgny,(Hom(a, a) @ SNV, E)
to Homgny,(SYV, E) and then identifying this with E. This gives the claim.
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Ezample 7.17. Let I' < SL(2, C) be finite and V as in Examplesand Let A} denote
Clz,y] x T, the skew group algebra. Its abelian category of modules Mod-A} is equivalent to
Coh([C?/T]), the abelian category of coherent sheaves on the quotient stack. We can therefore
view the algebra Al as a Morita DG enhancement of D2, ([C?/I']) and view SV A! as a
Morita DG enhancement of D (Sym®™ [C2/T]). In Hperf SN Al take the full subcategory
corresponding to the sheaves supported at the origin (0,...,0) € Sym® [C?/T'] where 0 is
the origin of C2. Its homotopy category is the target of the 2-representation considered
n [I3, Section 4]. The functors P; and Q; representing P, and Q; from Example @ as
well as the natural transformations defined above are the same as those constructed in [13]

Section 4.3]. Again, the higher powers Pi(n) and QZ(-") arise automatically from our calculus

(see Example and Section [8.1)).

7.4. The representation ®|,: the Heisenberg 2-relations. We now prove the following:

Theorem 7.18. The images assigned in Section to the generating 2-morphisms of HY,
satisfy the Heisenberg 2-relations of Section[5.2. We thus have a strict DG 2-functor

), H), — F),.
We verify the Heisenberg 2-relations of Section in a series of lemmas.

Lemma 7.19. Let o be a 2-morphism in HY, between 1-morphisms N — N’ which only in-
volve Ps and Qs. The natural transformation ®},(«) of DG functors Mod-SNV — Mod-8N'Y
is completely determined by its action on representable modules h™ (a1 @ -+ @ an).

This Lemma means that any relation in Hj, whose source and target only involve Ps and
Qs can be verified in F, by checking it on the representable modules.

Proof. By definition, ®}, maps Ps and Qs to the functors of extension and restriction of
scalars. These are tensor functors — they are given by tensoring with a bimodule. In other
words, they lie in the image of the fully faithful functor

®: A-Mod-B — DGFun(Mod-A, Mod-B),

described in the section Section [£:3] Its right adjoint is the bimodule approximation functor
Apx and the fully faithfullness of ® implies that a natural transformations of tensor functors
is completely determined by its image under Apx. The claim now follows, since Apx is the
restriction to the diagonal bimodule, i.e. to the representables. (]

Lemma 7.20. The straightening relation (5.9) is satisfied in F,:

() () (L)

for any allowed orientation and labeling of the strands.

Proof. Caps and cups are sent to the unit and counit morphisms of adjoint pairs of functors.
The claim now follows from the standard relations

(FI% reF £ F)=idp  and (G5 GFG 5 G) = idg
satisfied by any adjunction (F' 4 G) with unit  and counit e. O
Lemma 7.21. Relation is satisfied is FY,: dots may slide through cups and caps.
Proof. We need to show that the following pairs of maps are equal for any o € Homy (a, b):

P, Q; \ o it .
(1) PQy —Z% Py <MY i and PQy —4292y P, S iq;
unit

)

(2) id 5 QuF, Qualo, 0 Py and id 22 Qbe Lol 0P,
(3) QbR ldb Q R counit ld and QbR Qa 1da Qa . counit ld,
(4)

1 Bl B Qu

id i R0, Le@hey B0, and id 2 R, Q, —,
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By adjunction, (1) and (2) are equivalent, as are (3) and (4). We will show (1). The proof of
(3) is similar, using the description of Example [7.16

From Example it follows that

N
(7.22) P.Qph" (a1 ® - ®an) = GBHomv(b7 a;)@h" (a®a1 ®---a;--- ®ay).
i=1
The map P,Qiq, is given on each summand by applying a to the second factor. It lands in
N
@Homy(b,ai) QMNOR®ar @ -a;-+ - ®ay).
i=1
The counit map takes each summand and evaluates the first factor on the second factor:

N
@Homy(b,ai) QMNbRa @ a;--Qany) > h" (a1 ® - Rayn).
i=1
Computing the second composition in a similar way, we see that the equality of these
compositions is equivalent to the commutativity of the following diagram:

Hom(b,a;) @ h"(a®a1 @ ---G; - - @ an) 1d®a, Hom(b,a;,) @ h"(b®a1 @ -+ a; - ® an)

Jo |

Hom(a,a;) ® h"(a® a1 ® ---a;--- @ an) h'(a ® - ®an)

This diagram commutes by the functoriality of tensor product. ]

The next observation is immediate from the construction.

Lemma 7.23. Relation (5.8)) is satisfied in F},. That is, dots move freely through crossings:

a
o (o) =2 (7).
Lemma 7.24. The symmetric group relations (5.10)) hold in F?,.

Proof. For the double crossing, the identity ((12).)? = id follows from the fact that (12)? = id
in SNV. The triple move similarly follows by splitting the steps as

(12) 0 (23) 0 (12) = (23) o (12) o (23). O
Lemma 7.25.
(1) The composition relation (5.5) holds in F,. Namely, (Qy Loy Qo) o (Q. Q——ﬂ> Q) is
QBoa

equal to (—=1)1°lIPl. Q. =% Q,.
(2) Relation (5.6) holds in F,. Namely, (Psy 2 Ry) o (Psq Loay Psy) is equal to
(Ra 22 Ry) 0 (Psq 225 Ry).

Proof. Part is clear from (B ® id) o (a ® id) = (B o ) ® id, taking the sign rules for
contravariant DG functors into account. Part is a consequence of naturality of the Serre
morphism n*. (|

Lemma 7.26. For every a,b € Ob(V) and a1 ® --- @ ay € SNV there exists a natural
isomorphism on representable objects

pra(hr(al R ® aN)) = (Homy(b, a) ® hr(al Q- CLN)) &) PaQb(hr(al R CLN)).
The image of
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under ®), embeds P,Qp(h" (a1 ® --- ® an)) as the second summand.

Proof. The first assertion follows from Example [7.13] The image of the crossing under 9, is:

unit

* * * AU Lk * it *
¢a¢b* — ¢a¢b*¢a*¢a = ¢a¢a*¢b*¢a % ¢b*¢a'
Here we used that the commutativity of the the tensor product implies that
¢b*¢a* = ¢b®a* = ¢a®b* = ¢a*¢b*'
The second assertion follows from the description of unit and counit maps in Example[7.15] O
The following gives a description of the image of the “starred cup.”

Lemma 7.27. The natural transformation

([ %
Qa Psa
is given by the bimodule map
C: 5. SNV @sny SNV, — SNTLY
f@hi=Tr(g,(foh)a) g,(foh),
where the notation indicates that we take the first summand in terms of the decomposition of

65 SNV, provided by Corollary . In terms of Example ¢ maps
QuPsa(h" (a1 ® -+ - ®an—1)) £ Homy(a,Sa) @h" (a1 ® --- @ an_1) D

N-1
& (@ Homy(a,a;) @ W (a®@a1 @ -+ a; - - ®GN1)>
i=1

onto the first summand, followed by applying the Serre trace map Tr.

Proof. Proposition [7.7] gives the star quasi-isomorphism on a. Then, similarly as in Exam-
ple 3:34] the counit is a projection onto the first summand from Corollary [7.4] followed by
the Serre trace applied to Hom(a, Sa). O

Lemma 7.28. The Serre trace relation on the right hand side of (5.11) holds in F,:

o || ¥, | =T,

Proof. Assume first that N = 0. Then we need to compute the image of A" (1) for 1 € S’V = k.
By Example the unit corresponding to the cup at the bottom sends this to

idy, € QuPa(h" (1)) = ¢usdih” (1) =2 Homy (a, a).
Composing with Qiq, P, sends this to & € Hom(a, Sa). Finally, the starred cup
¢ = counito(¢a *a)

sends « to Tr(a) by Lemma For general N, we need to compute the image of
h" (a1 ® - ®ap) for a; ® --- @ ay € SNV. We get the same computation as above but

tensored over K with the identity morphism of a; ® -+ - ® ay. |
Lemma 7.29. The left curl on the left side of (5.11)) vanishes in F,:
QSa
P!, =0
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Proof. This diagram decomposes as

(12). Quag, €
Qa QaQSaPSa — QSaQa a ds QSaa
where ( is as in Lemma [7.27} Using the notation of Example [7.13] the first step embeds

Qid, unit
e

QoW (a1 @ . @Hom a,a;) @ h"(a; & - ‘®an)

i=1
into the first factor of

QaQSaPSa(hr(al ®... aN))

N
=~ @Ho m(a,a;) @ Hom(Sa, Sa) @ h"(a; @ - ®aN)> @
v
@(Hom a,Sa) @ Hom(Sa,a;) @ h" (a1 & - S ®an)
N
@ om(a,a;) ® Hom(Sa,a;) ® h"(Sa® a1 @ - - -Aj~-~®aN)>
i

by tensoring with idg, € Hom(Sa, Sa). The crossing changes the order of the summands,
and the starred cap ¢ projects onto the summand

N
@Hom(a, Sa) ® Hom(Sa,a;) @ h" (a1 @ -+ a@; - @ an)

i=1

followed by the Serre trace applied to Hom(a, Sa). As the component corresponding to this
summand is zero after the first step, the whole composition vanishes. (]

Remark 7.30. The proof of Lemma [7.29] also explains why the right curls in Hy, are not
required to vanish. Therein the unit at the first step and the counit at the last step are both
given by diagonal maps, and hence they do not automatically compose to zero.

Lemma 7.31. The relation in (5.12)) holds in F?,, i.e.
Ra Qb Ra Qb

Psa Qb Psa Qb

Proof. To use Lemma [7.19] we prove the statement which is equivalent by adjunction:

ng Q\f ; ? Qb
Qa PSa Qb Qa PSa Qb Qa PSa Qb

In other words, ®), preserves the commutativity of the diagram

X

QaPSaQb _— QanPSa

m@%
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By Lemma the first crossing in ®},() embeds QqPs.Qp(h" (a1 ® -+ ® ay)), that is

N
(7.32) @(Hom(a, Sa) ® Hom(b,a;) @ h" (a1 ® -+ a@; - Q an) &
i=1

N
@@Hom(a,aj)®H0m(b,ai)®hr(5’a®a1 ®~-~CTi--~CtAj~--®aN)>,
i=1
7
into Q,QpPsq(h" (a1 @ --- ® ay)), that is

Qa (Hom(bv SCL) by hr(al ®- - aN)) 2] QGPSaQb(hT(al Q& CLN))
N
= @Hom(a,ai) ®Hom(b,Sa) @ h" (a1 @+ a@; - ®an) ® Qo PsaQp(h (a1 ® -+ @ ay)).
j=1

The second crossing changes the summand order. By Lemma v, (QL) projects onto

N
(7.33) @ Hom(a, Sa) @ Hom(b,a;) @ h" (a1 @ -+ a; - - Q an),
i=1
followed by Tr: Hom(a, Sa) — k. On the other hand, ¥}, (\L ﬂ) projects ([7.32)) directly onto

(7.33)), followed by the Serre trace. Thus the two sides are the same natural transformation.
O

7.5. From &, to ®y. In the previous two sections, we constructed a strict 2-functor

®),: H), —» F},
of strict DG 2-categories. Recall that F}, is a 1-full subcategory of dgModCat, the strict
DG 2-category whose objects are small DG categories, and whose 1-morphisms are DG

functors between their module categories. We next apply the lax 2-functor of bimodule
approximation defined in Section [4.3}

Apx: dgModCat — dgMor.

Its target is the DG bicategory dgMor whose objects are small DG categories and whose
1-morphisms are their DG bimodule categories. On objects, Apx is the identity map. On
1-morphisms, for any small DG categories A and B it is the DG functor

Apx: DGFun(Mod-A, Mod-B) — A-Mod-B,

defined by F +— F(A).

The 1-morphisms of HY, are generated by P,, Qqu, and R, for a € V. 2-functor @/, sends
these to DG functors ¢*, ¢ax, and ¢},. In Section we proved that the images of these
under Apx are left h-projective and right-perfect bimodules. We thus obtain a composition

P! Apx
H|, —% F{, — dgMor,

whose image is contained in the 2-full subcategory dgMory,,, of dgMor consisting of the
left-h-flat and right-perfect bimodules.

We remark that the 2-functor Apx does not send all 1-morphisms of F, to dgMory,,.
Indeed, by definition Homp, (0,1) consists of all DG functors Mod-k — Mod-V. For any
E € Mod-V we have the functor (—) ® E which Apx sends to E considered as k-V-bimodule.
Thus for any non-perfect E the corresponding tensor functor (—) ® E is a 1-morphism of F,

whose image under Apx isn’t right-perfect.

Recall the Ho(dgCat)-enriched bicategory EnhCatﬁf of enhanced triangulated categories
defined in Section We next apply a strict 2-functor

L: dgMory;,, — EnhCat;®.
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On objects, L is the identity map. On 1-morphisms, depending on which of the two definitions
of EnhCat{# one uses, L is cither the natural embedding

A—MOd—B]frp — A—MOd—Blfrpa
into the bar category of bimodules, or the natural embedding
A—MOd—Blfrp — .A—MOd—Blfrp/ .AC,

into the Drinfeld quotient by acyclics. On the level of homotopy categories, both are just the
standard localisation of DG bimodules by quasi-isomorphisms.
We thus obtain a composition

4 Apx
(7.34) v v, F, =, dgMory;,, L EnhCat{®.

The 2-functors @, and L are strict. In general, the 2-functor Apx is lax, but it follows
from Proposition that on the DG functors ¢, ¢4+, and qﬁil its coherence morphisms are
quasi-isomorphisms. Since L sends quasi-isomorphisms to homotopy equivalences, it follows
that the composition is a homotopy strong 2-functor.

Next, we take perfect hulls as per Section By definition, Fy, is the perfect hull of the
1-full subcategory of EnhCatﬂf comprising the symmetric powers S™VV. Thus it contains
the perfect hull of the image of . We thereby obtain a homotopy strong 2-functor
(7.35) Hperf () ~oA0eety) o

The Heisenberg 2-category Hy is the monoidal Drinfeld quotient of Hperf(H,) by the
two-sided 1-morphism ideal Zy, generated by the following two classes of 1-morphisms:

(1) For each a € V, the cone of the Serre relation 2-morphism

(7.36) Psa — Ra,
(2) For each a,b € V, the cone of the 2-morphism

o]

(7.37) PsQ. @ (1 ® Hom(a, b)) —— QqPs.

We claim that sends these to null-homotopic 1-morphisms in Fy,. It suffices to check
that sends the 2-morphisms and 1) to homotopy equivalences. Recall that
in both definitions of EnhCatif in Section its 1I-morphisms are DG bimodules and its
2-morphisms are defined in terms of morphisms of DG bimodules. In first definition we take
bar morphisms and in the second we take the Drinfeld quotient of the usual bimodule category
by acyclics. In both cases, all usual morphisms of DG bimodules are valid 2-morphisms. We
say that a 2-morphism is a quasi-isomorphism if it is an usual morphism of DG bimodules
which is a quasi-isomorphism. All such 2-morphisms are homotopy equivalences: for bar
morphisms this is shown in [2] Cor. 3.8], while in the Drinfeld quotient by acyclics the cone
of a quasi-isomorphism is null-homotopic because it is acyclic. It thus suffices to check that
sends and to quasi-isomorphisms. For the former this follows by Lemma
and for the latter by Example[7.13

We conclude that sends all the 1-morphisms in Zy, to null-homotopic ones. By the
universal property of the Drinfeld quotient, lifts to a homotopy-lax 2-functor

®y: Hy = Hperf(HQ,)/Iy — Fy.

This homotopy strong 2-functor gives our categorical Fock space Fy, the structure of a
representation of the Heisenberg 2-category Hy:

Theorem 7.38. The constructions above give a homotopy strong 2-functor
q)vl HV — Fv,

that is, a 2-categorical representation of Hy on Fy,.
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Corollary 7.39. There exists a 2-categorical representation of Hy-(yy on the categories

H*(Hperf SNV).
Proof. This follows immediately by combining Theorem with Corollary |

If one is only interested in the action of homotopy categories, the functor Lo Apx above can
safely be ignored. More precisely, on homotopy categories one has a canonical isomorphism
bsa = ¢!, and hence one only needs to understand the functors ¢ and @a,«. As these functors
are already given by bimodules, the functor L o Apx simply restricts them to Hperf SN V.

8. STRUCTURE OF THE CATEGORICAL FOCK SPACE

8.1. The symmetrised operators. As described in Section [6.1] the 1-morphisms P, Qq
and R, induce 1-morphisms P, Q™ and R(™ of Hy, for n > 0 via symmetrisers. These
are represented by operators Pén), Qg") and Rg") on Fy. In order to explicitly describe the
effect of these operators on Fy,, we consider the functor

bgn: SNY — SNHny, R - Qany—a® - Ra®Ra; Q...an.
The 1-morphisms P, Q7 and R are the images of the functors
¢ Mod-SNV — Mod-SNT"Y,
Gan +: Mod-SVTV — Mod-SNV,
and

B s Mod-SNV = Mod-SNV,

under the functor L o Apx of Section with P(EO) = ng) = R((IO) = id. Recall that in
Definition [7.11] we defined the Fock space Fy as a 1-full subcategory of the 2-category
Hperf (EnhCatif) which by Lemma is a DG enhancement of the strict 2-category
EnhCaty, of enhanced triangulated categories. Thus 1-morphisms in the Fock space are
enhanced functors between enhanced triangulated categories. The underlying exact functors
have the following explicit description:

Lemma 8.1. Let a be an object of V. Then:
(1) The exact functor
P D(SNYV) = D (SVTY)

underlying the enhanced functor P} is isomorphic to the composition

. n SN4n

DoY) 20, b (5 @ §Yy) I, D (s,
where h"(a™) @ (—) is the evaluation of at h™(a™). This DG functor sends
any E € Mod-SNV to the module over SNV ® S™V whose fibers are given by the
tensor product over K of the fibers of h™(a™) and the fibers of E. As it sends acyclics
to acyclics, it descends to the derived categories as-is.

(2) The exact functor

g : D(SNV) — D (SNTY)
underlying the enhanced functor Q7 is isomorphic to the composition

Sn xS
g2 PN

R
D (SN Yy — N L (SNY @ 8™V) D (SVV),

where Homgny (A" (a™), —) is the right adjoint of h"(a™) ® (—). It is the DG functor
of taking Hom-spaces as SNV modules. With h"(a™) in the first argument, it is
isomorphic to the functor (—)qn of taking fibers over a™ € S™V. As it sends acyclics
to acyclics, it descends to the derived categories as-is.

Homgny (h"(a™),—)
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Proof. Since QJ is the 2-categorical right adjoint of P! and ®y, is homotopy monoidal, Q7 is
a homotopy right adjoint of P}l. Therefore ¢ is the right adjoint of p]'. We thus only prove
as follows by adjunction.

By definition, P} is the image of ¢}. under the functor L o Apx of taking bimodule
approximation, and then projecting to the derived category of bimodules. Since ¢}. is
already a tensor functor, it restricts to

&F . Hperf(SNV) — Hperf (SN TV),

and the corresponding exact functor p” is the H-truncation of this restriction.
We can view ¢4~ as the image of a™ € §™V under the DG functor

i"tNo(-)

61 S"V L DGFun(SNY, SV @ SNY) 2T
— DGFun(SNY, SNTmY) AN DG Fun (Hperf(SNV), Hperf(SN+mV))

where iV : S"V @ SNV — SN*"V is the natural inclusion. It can now be readily verified
that ¢ is isomorphic to the composition of the Yoneda embedding S™V — Hperf(S™V) with

Hperf(S™V)
iunit
DG Fun (Hperf(SNV), Hperf(S™V) ® Hperf(SNV))
(8.2) &=
DG Fun (Hperf(SNV), Hperf(S™V @ SVV))
e
DG Fun (Hperf(SNV), Hperf(SN+"V)) .
Since the DG category isomorphism
SV SNV (S, x Sy) x YNt
and the equivalence identify
(i )* s Hperf(S™V @ SNV) — Hperf(SNT"V)
with the induction functor
Indgf:g]v : HperfSn SN (VNHY  HperfSnen (YN+n),

the desired claim follows. O

Let ¢, . ; Pepriy,+> and (/)Ie“iv be the images of the idempotent ¢e,,,, : ¢pan —> Pon under the
functors (—)*, (—)«, and (=)', respectively. While the idempotents e, and ¢.,,,, are not
apriori split, the idempotents ¢7 ., e, +, and qb!etm always are. The splitting is obtained
by taking all elements invariant under the action of S, on a”. For example, given any
module E € Mod-SNV we consider the elements of ¢, (E) which are invariant under the
endomorphisms induced by o: a™ — a™ for all ¢ € S,,. These form a submodule which splits

the idempotent ¢} on E. In fact, ¢}, is the functor of tensoring with the bimodule

Etriv
¢anSNV = HomSNV(—,a” & —>7
and ¢ . is split by its submodule of elements invariant under the action of S,, on a”.

By construction, the 1-morphisms P\, Q™ and R{"™ are the images under projection
L o Apx to Fy, of the homotopical splittings of idempotents ¢}, ¢, +, and gbémv given by

the construction in Section Thus Pén)7 ((ln) and Ré") are homotopy equivalent to the
images under L o Apx of the genuine splittings of these idempotents. We thus have:

Corollary 8.3. Let a be an object of V. Let h™(a™)% € Hperf S™V be the submodule of
h"(a™) consisting of Sy -invariant elements. Then:
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(1) The exact functor
Pl D(SVY) = D(SVNTY)
underlying the enhanced functor Pén) is isomorphic to the composition

SN+n

T(q™)Sn _ Ind g M
D (§VY) LD TEE), 1y (§7) @ SNY) — N, p(SNFY),
(2) The exact functor
g™ : D(SNV) = D (SN TY)

underlying enhanced functor Ql(ln) is isomorphic to the composition

SnxSy

N+n SN4n N n Homgny (h"(a™)%",—) N
D(SNFY) — N py (SN @ STV D(SVV).

Proof. As before, follows by adjunction from

To prove the latter, recall that in the proof of Lemma @ we have established that p[ is
isomorphic to the HO-truncation of ¢(a™) where ¢ is isomorphic to the composition of the
Yoneda embedding and . The idempotent ety : @™ — a™ becomes split once we apply
the Yoneda embedding h"(—) and h"(a™)%" is the corresponding direct summand. Therefore
the idempotent ¢(eiv) is split and the corresponding direct summand of ¢(a,,) is given by

the image of A" (a™)%» under (8.2). Since pi™ s isomorphic to this direct summand of oy,
the claim folllows. O

The 1-morphisms Pg"), (™ and R™ satisfy a number of relations arising from the
relations between in Hy,. For example:

(1) There are adjunctions Pé") = Qg") and Q(a") - RZ(I").

(2) By Remark for every @ € Sym"(Hom(a, b)) there are natural transformations
P 2 P and Q)Y & QY.

(3) By Theorem for any a, b € V and n, m € N we have natural isomorphisms

(8.4) pm pim o pmpim) - gm gin) o (m gm),

and a homotopy isomorphism

min(m,n)
(8.5) P Sym’(Homy(a,b)) @ P"VQU — QUM B™.
i=0
Ezample 8.6. Let X be a smooth and projective variety. Continuing Example [7.12] we obtain

the symmetrised operators Pén) and Q((ln). These reproduce the remaining functors from [33]
Section 2.4] for the DG derived categories. Thus Corollary enhances the representation
defined by Krug to a 2-categorical action of H*(Hz(x)). On the homotopy categories, (8.4)

and (8.5 become

P pim) o pmpim) — glm) gn) o g(m gim),

min(m,n)
Q((lm)Pb(n) = @ Sym® Hom™(a, b) ®k Pb(n_z)Q((Imfi).
=0

This provides a new proof of [33, Theorem 1.4].

8.2. Grothendieck groups and the classical Fock space.



90 ADAM GYENGE, CLEMENS KOPPENSTEINER, AND TIMOTHY LOGVINENKO

8.2.1. Constructing a representation of the Heisenberg algebra. In Section [£.9] we defined

the numerical Grothendieck group K§"™(V, k) of a smooth and proper DG category V. As

finite tensor products of DG categories preserve both of these properties, V¥ is smooth

and proper. It is then evident from the decomposition of the diagonal bimodule, that

SNV is smooth and proper as well. Thus its numerical Grothendieck group is well-defined.
With this in mind, define the k-linear 1-category

End (@ Ko (SNy, k)>

to have as objects K" (SMV, k) := k @z KB (SNV), and as morphisms the k-linear maps
between these vector spaces. Thus a K-linear functor into this category is an idempotent-
modified version of a representation on the vector space @ Kg*™(SNV, k).

We next use the 2-functor ®y: Hy — Fy to define a 1-functor from K" (Hy, k) to
Dy K5 (SVV, k). Recall our definition of K§*™(Hy, K): it is the quotient of Ko(Hy, k)
by the two-sided ideal generated by the images under =¥, =9 : Hperf(Sym,,) — Hy, of the
kernel of the Euler pairing, see Section [6.4] To show that this two-sided ideal gets sent by
@y, to the kernel of the Euler pairing on @y Ko(SVV, k), we need the following lemma:

Lemma 8.7. The composition
Py 0=l Hperf(Sym,,) — Fy,
is the following 2-functor. On the object sets, it is id: Z — Z. On the 1-morphism categories
N — N +n, it is homotopy equivalent to the composition of L o Apx with the DG functor
Hperf (S"V) B2y DGFun (Hperf (SVV), Hperf (SVHV)) .

Proof. By definition, ®y o ZF is the perfect hull of the 2-functor

LoApxo®?, OESI

Sym,, EnhCat®.

On the 1-morphism categories N — N + n, the composition ®}, o E{j/ is the functor
¢: 8™V — DGFun (Hperf(SNV), Hperf (SN V),

defined in the proof of Lemma [8.I] Therefore, on the 1-morphism categories N — N + n,
the composition ®y, o =7 is the functor (L o Apx o ¢)*.
Since ¢ is isomorphic to
Sny Yoneda, Hperf (S™V) DGFun (’Hperf(SNV), Hperf (SN+"V))

the desired assertion now follows from the following fundamental fact. Let A and B be any
DG categories and F': A — B any DG functor. If F' decomposes as

A Xoredas g iperf(A) < B,

for some DG functor G, then F* is homotopy equivalent to
Yoneda

Hperf(A) G, p Yoreda, Hperf(B).
To see this, consider the commutative square

Hperf(A) - ¢ 4B

lYoneda lYoneda
Hperf (Hperf (A)) —— Hperf (B).
and observe that the DG functor
Yoneda: Hperf(A) — Hperf(Hperf(A))
is homotopy equivalent to the DG functor
Yoneda™: Hperf(A) — Hperf(Hperf(A)). O
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We can now construct the desired 1-functor:

Corollary 8.8. The 2-functor ®y: Hy — Fy, from Theorem[7.38 induces a 1-functor
KU (Hy, k) — End (EB Kgum(SNy, k)).
N

In other words one obtains a representation of KE'™(Hy, k) on @ K5*(SNV, k).

Proof. Functoriality of Grothendieck groups gives a 1-functor

®y: Ko(Hy, k) — End (@ Ko (SN, k)) :
N
We claim that any morphism Ko(SMV, k) — K°(S™V, k) in its image takes the kernel
of the Euler pairing y on Ko(SVV, K) to its kernel on K°(S™V, k). As per Section
the 1-morphisms to which ®y maps generating l1-morphisms Ps, Qs, and Rs of Hj, are
left- and right-perfect bimodules. Hence the same is true of all 1-morphisms in @y (HY,).
By construction, ®y,(Hy) lies in the Hperf-hull of ®y,(HY,), and thus the 1-morphisms in
®y,(Hy,) are also left- and right-perfect bimodules. By [2, Theorem 4.1] the corresponding
exact functors D.(SNMV) — D.(SMV) have left adjoints. Arguing as in Lemma we see
that the induced maps Ko(SVV, k) — K°(SMV, K) take ker x to ker x.
We thus have a 1-functor

®y: Ko(Hy, k) — End (@ Kium(SNy, k)) .
N

It remains to show that this functor descends to K§"™(Hy, K). For the definition of the
latter, see Section [6.4]

Let E € Hperf(S™V) be in the kernel of the Euler pairing. Let us view F as a 1-morphism
N — N +n in Hperf(Sym,,). By Lemma ®y, 0 ZP(E) is an enhanced functor whose
underlying exact functor is

s
nd >N+
SnXSN

_ I
D.(SMV) 22 p (s7y © SNY) Do (SN*+Y),

We have to show that its image lies in ker x, and thus the induced map of K§"™ is zero. Let
F € Hperf(SNV) and observe that

Oy 0 EP(E)(F) 2 IndgVi% (E® F) 2 Indg" s (F ® E) = &y, 0 EF(F)(E).

Above we already established that the underlying exact functor of any 1-morphism in the
image of @) takes ker x to kery. Thus ®y o ZF(F)(E) lies in ker y, and hence so does
¢y, 0 ZP(E)(F). By adjunction, ®y o Z2(E)(F) lies in ker x as well.

We have now established that on the level of Grothendieck groups @y, kills the image under
ZP and =9 of the kernel of the Euler pairing on Ko(Hperf(Sym,,),K). Since K§"™(Hy, k)
is the quotient of Ko(Hy, k) by the two-sided ideal generated by this image, we conclude
that ®y, descends to a functor K§"™(Hy, k) — End (@ y K§*™(SVV, k)), as desired. O

8.2.2. Genuine categorification. Consider ®y, as homomorphism of algebras and compose
it with the algebra homomorphism 7: Hy — K{"™(Hy, k) of Section to obtain a
homomorphism

Hy — End <@ Ko (SN, k)) :
N

The vector 1 € K§"™(S8%), k) = k is annihilated by all elements of Hy, \ {10} and is kept
invariant by 1. Lemma then implies that there is a graded Hy-module embedding

(8.9) ¢: Py =P R — PK™SYY, k)
N N

of the appropriate classical Fock space.
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The following is a generalisation of [33] Section 3.1]. For a partition A, write r(X); for the
number of parts of \ of size 1.

Corollary 8.10. Suppose that the following dimension formula holds:
dim K§"™ (SN, k) =[] dim Sym™ ™ Kg (v, k)

AN 4

where the sum runs over all partitions A of N and the product over all sizes i of parts of A.
Then 1s an Hy-module isomorphism. That is, F\, categorifies Fy.

Proof. The assumption and (2.16)) implies that the dimensions of the graded vector spaces
Fy and @y K5 (SVV, k) agree in each degree. Hence, these graded spaces must be
isomorphic. O

Ezample 8.11. The assumption of Corollary [B.10]is satisfied in the following cases:

(1) Let X be a smooth projective variety and V = Z(X) as in Examples and
Assume moreover that the numerical Grothendieck group satisfies a Kiinneth formula:

Kgum (VEN) = (Kgum () #.

This is the case, by Example [L.55] if the Chow groups of X tensored with Q satisfy
the Kiinneth property. A sufficient condition for this is that the Chow motive of X
is a summand of a direct sum of Tate motives [54]. Note that this is a very strong
assumption which is closely related to D2, (X) having a full exceptional collection.
It is already false for elliptic curves as we see in the counterexample in §8.2.3]

As the Chern character is additive on disjoint varieties, by Hirzebruch—-Riemann—Roch
we can replace Ko with K{"™ in [55] Theorem 1] to get a direct sum decomposition:

K" (SMY, k) = @ &) Sym™ VK (v, k)
AN i
where the sum runs over all partitions A of N and the product over all sizes i of
parts of .
Hence, V satisfies the assumption of Corollary [8.10}

(2) Let T' € SL(2,C) be a finite subgroup and V as in Examples [5.26] [6.24] and [7.17]
Then the dimension assumption for the usual K-groups follows from the combination
of [56, Proposition 5], Gottsche’s formula for the Betti numbers of Hilbert schemes
and the fact the topological and algebraic K-theories agree on the minimal resolution
of the quotient variety C2/T" (as both are described by the representation theory of
G [38, Chapter 4]). The Euler form equals the intersection form on the resolution,
which is given by the appropriate finite type Cartan matrix. This is known to be
non-degenerate. Hence, the kernel of x is trivial in each case, and the dimension
assumption descends to the numerical K-groups.

Remark 8.12. An alternative way to obtain Example in many cases is to combine
the main result of [I0] proving that the map

T HV — Kgum(Hy, k)

is an isomorphism when X = Spec(K) is a point (and hence also when DP_, (X) has a full

coh
exceptional collection) with our Theorem below.

8.2.3. A counterexample. We now give an example of = not being an isomorphism. Let X
be a smooth projective curve and n € Z< . Denote by

XN = xN/sy

the N-th symmetric power of X. This is a smooth projective variety of dimension N.
Let A be any partition of N. Write r; for the number of parts of size i in A. Define the
closed subvariety
X[\ cx¥V
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to be the fixed point locus of some o € Sy of cycle type A. Different choices of o produce
canonically isomorphic X [\]. Explicitly, X[A] consists of (z1,...,2x) where x; = x,;) for all
i€1,...,N. Thus X[\ = X* where k is the total number of parts in A\. The action of the
centraliser C'(0) C Sy on X ¥ restricts to X[\] as the action of Sy =[], S,, which permutes
the factors of X* which correspond to the parts of the same size in A\. The quotient variety is

XA/Sy=]]x.

For any ordering A',..., AP of partitions of N refining the dominance order, there is a
semiorthogonal decomposition

Deon ([XY/SN1) = (Deon (X [A']/Sx1), -, Deon (X [A]/ )

= <Dsoh <HX(T(/\1)L)> PRI >D?oh (HX(T(AP)I)> >

by [0]. As N = 2 has two partitions (A! = (2) and A\ = (1,1)), we have for the second
symmetric quotient stack the semiorthogonal decomposition

(8.13) Dl (1X2/S5]) = (Db (X), Dy (X @)

coh coh

Let now X be an elliptic curve. It is known that for each N > 1 the Abel-Jacobi map
realizes X) as a PNV~1-bundle over X, see [I2, Section 1.1]. Hence, by [39] there is a
semiorthogonal decomposition

Deon (X M) = (D (X), ..., Deoy (X))

N times
Combining this for N = 2 with (8.13)), we obtain a semiorthogonal decomposition
(814) D?oh([Xz/SQ]) = <Dth(X)7 D](?oh(X)V Dgoh(X)> .

Recall that
Ko(X) 2 Z @ Pic(X)
[F]— (rkF,det F)
is an isomorphism [28, Exercise 11.6.11]. From this we get that
Ki'(X) = Z@Pic(X)/Pic(X)=2ZaZ
[F] — (rkF, degdet F)
is also an isomorphism. Here Pic(X)/Pic’(X) = NS(X) is the Neron-Severi group of X.

Hence, by (38.14)
dim K§"™([X?/S,], k) = 6.

On the other hand, the dimension of the degree 2 part of the classical Fock space of X by

o) is

2+1-1 24+2-1
dim Sym' K" (X, k) + dim Sym? K" (X, k) = ( + ) > + ( + 5 ) =5.
Therefore, ¢ cannot be an isomorphism when X is an elliptic curve. By Theorem below
the same holds for 7.

8.3. The Fock space as a quotient. The following constructions are easier to express in a
monoidal setting, rather than in the 2-categorical setting we worked in so far. Thus, let H,,
be the Ho(dgCatl)—monoidal DG 1-category obtained from Hy, by identifying all objects
and all 1-morphism categories Hom(N, N + n) for fixed n € Z. Concretely, set

H, = @ Hompy,, (0,7)
nez
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with the monoidal structure given by the horizontal composition in Hy, via the identification
Hompy, (0, 71)®@Hompy,, (0, n2) = Homp,, (0, n1)@Homp,, (n1, n1+n2) — Homp,, (0, n1+n2).
Applying the same flattening procedure to Fy,, we obtain a DG category
(8.15) Fy, = P Hperf Perf(S™V).
n>0

In Fy we do not have a Hom-category isomorphism Hompg, (0, n2) = Hompg,, (n1,n1 + n2).
However, there is a natural functor between the two:

Hompr,, (0, n2) = Hperf Perf(S"V) (S1ver), Hperf(S"IV-Mod-(SmV Rk 8"21/)) —

lfrp

S,
Ind>n1+n2
Sny:Sny

Hperf (S"IV—Mod—S"1+"2V) ey = Homp,, (n1,n1 + na).
Using it, we obtain from the 1-composition of Fy a monoidal structure on F,, given by
Hperf Perf(S™V) @ Hperf Perf(S"2V) — Hperf Perf(S™1T"2V),

induced by the natural inclusion S™Y @ §"2Y — S™1tn2),

Applying the flattening to the 2-functor ®y,: Hy, — Fy, constructed in Section [7] we obtain
a DG functor ®y: Hy, — F,,. One can readily check that it is homotopy monoidal with
respect to the monoidal structures on H,, and F,, described above.

Next, take the functor L: dgMore,, — EnhCatif defined in Section restrict it to
the categories 8™V and apply the flattening. We obtain a DG functor

P Perf sV £ P PerfS"v.
Precomposing it with the inclusions Hperf S™V — Perf S™V we obtain the quasi-equivalence

P Hperf SV £ @) Perfs™y.

Since for any DG category A the Yoneda embedding PerfA — Hperf PerfA is a quasi-
equivalence, we further obtain a quasi-equivalence
Yoneda

(8.16) @ Hperf S™V EN @Perf&'"v S @’Hperf PerfS"V =F,,.

Corollary 8.17. The DG functor
=P
@HperfS"V — H,, v, Fy,

filters through the quasi-quivalence (8.16]) as a functor homotopic to

ld®n Hperf STV *
Proof. This follows from the proof of Lemma [8.7] and the fact that the composition

Apx
Hperf (S™V) DG Fun (Hperf(K), Hperf (S"V)) ==, Hperf (S"V)
is the identity functor. O

Remark 8.18. Corollary implies, in particular, that the DG-category € Hperf S™V is a
homotopy retract of Hy,, that is — a retract in the category Ho(dgCat').

In particular, Hperf V itself is a homotopy retract of H,,. Thus, on the level of underlying
triangulated categories, we have a faithful embedding D.(V) — D.(H,,).

As explained in Section the classical Fock space Fy, is isomorphic to H,,/I where I
is the left ideal generated by the q[:]) for [a] € K§*™(V, K) and n > 0. Moreover, as seen in

Section we have an embedding ¢: Fy, — @y Kp*™(S™MV, k).
Motivated by this, we define -
Fy =H,/T,
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where Z is the left ideal generated by objects Q, for a € V.

Lemma 8.19. The DG category @ Hperf S™V is a homotopy retract oflg‘\\/;. Specifically,
the following composition is a homotopy retraction:

=P rinfe =
(8.20) @’Hperf s"V — H,, Drinfeld, g,

Moreover, this composition is quasi-essentially surjective on objects.
Proof. In view of Corollary B.17] it suffices to prove that the homotopy retraction
®y:Hy, -+ F,,
filters in Ho(dgCat') through the Drinfeld quotient functor
H, - ﬂv/ I= ﬁ\/)

By the universal property of Drinfeld quotient (Theorem , it suffices to prove that ®y
sends all objects of Z to null-homotopic ones. By the definition of the monoidal structure on
H,,, it suffices to check this on objects Q, for a € V which generate 7 as a left ideal.

In fact, @y, sends all of these to zero. Indeed, we compute ®y,(Q,) by evaluating the
corresponding 2-functor on 1-morphisms Q, € Homp,, (0, —1). By construction, the 2-functor
®y, sends all objects n € Z.q to zero, and hence for any n < 0 it sends the whole 1-morphism
category Hompg, (0,7) to zero.

For the final claim, recall that 1-morphism categories of Hy are Drinfeld quotients of
the perfect hulls of those of HY,. We then take a further Drinfeld quotient to obtain Fy.

As taking Drinfeld quotient doesn’t change the objects of a category, the objects of f{; are
perfect modules over the 1-morphism categories HomH/v (0,m). We can therefore view them
as homotopy idempotents of twisted complexes over HomHQ} (0,m).

The objects of HomH§J (0,m) are words on P, Q, and Rs. In Hy,, P and R become homotopy
equivalent. Furthermore, the homotopy equivalence in Hy, allows us to turn any
subword QP into a direct sum of PQs and 1s. Since any word ending in Q is null-homotopic
in ﬁ;, we conclude that all objects of HomH§} (0,n) are homotopy equivalent in ﬁ; to direct
sums of words on just Ps.

It remains to show that any morphism between words on Ps in Hompgy (0,n) becomes

homotopic in ﬁ; to something that lies in the image of ZF. In other words, homotopic to a
diagram containing just the crossings. Since there are no Qs involved, we only need to show
that we can get rid of curls and of bubbles. The relations imply that counterlclockwise
curls are homotopic to zero, while counterclockwise bubbles are homotopic to scalar multiples
of identity maps.

Suppose we have a clockwise bubble. If there is no vertical string to the right of it, the
diagram can be written as a 2-composition filtering through a word ending in Q and hence
vanishes. If there is a vertical string to the right of the bubble, we use the homotopy relations
in Lemma to replace a downward string in the bubble and the (upward) vertical string
by a cup and a cap plus a double crossing. The replacement by a cup and a cap absorbs
the bubble into the vertical string and gets rid of it. The replacement by a crossing makes
the vertical string cross the bubble. We then use the symmetric group relations on upward
strands to move the bubble completely to right of the vertical string. If there are any more
vertical strings to the right of the bubble, we repeat this procedure.

A similar argument works for clockwise curls. If there are no vertical strings to the right
of it, the diagram passes through a word ending in Q and hence vanishes. If there are, we
can similarly move the curl to the right of string: the replacement by a cup and a cap turns
the curl into a crossing and gets rid of it, while the replacement by a double crossing makes
the vertical string cross the curl, and we can then use a triple move to finish moving the curl
completely to the right of the vertical string. (]
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We have shown above that ®y, filters through the Drinfeld quotient H,, — ﬁ, Let
Py, : f‘; —+Fy
be the corresponding quasi-functor. On the other hand, let the quasi-functor
=F. F, — 1':;;

be the composition of with the formal inverse of the quasi-equivalence (8.16)). By
Corollary m ®y, is a homotopy left inverse of =¥ .

Define the numerical Grothendieck groups Kj"™ (H,, k) and Kgum(f‘;, k) similarly to
the definition of K§"™ (Hy, K) in Section Namely, they are the quotients of Ko(H,,, k)
and Ko(f‘;, K) under the images of the kernel of the Euler form on ,, Ko(S™V, K) under Zp
and , respectively. Then K§"™(Hy, K) is the idempotent modification of K{"™(H,,, k).

By Lemma the map of K-groups induced by =¥ is injective. By our definitions, it
descends to an injective map of numerical K-groups, and so does any left inverse of it. We
thus obtain:

Corollary 8.21. The following composition is the identity map:

num ép num - (i num
K" (Fy, K) = Kg"™"(Fy, k) = Kg"™(Ey, K).
Corollary together with the morphism ¢ of gives an embedding of the classical
Fock space into the numerical Grothendieck group of the category Fy:

Ey =@ Fy S RSV, k) 2 K5 (Ey, k) = K3™ (Fy, k)

where

P Ey =P PR Sym™ M Kgmm (v, k)

n n>0A-1dn 1

and 7(A); is the number of parts of size 7 in .
We now prove a converse to Conjecture [6.31}

Theorem 8.22. If 7: Hy — K{"™ (Hy, K) s an isomorphism, then so are ¢ and =P

PP Q) sym™ ™ K (v, k) = P KE™(S™Y, k) = K5 (Fy, k).

n>0A-1dn 1 n>0

(W) with n > 0 and a € V. We have

Proof. Let I be the left ideal of H,, generated by Ay

quotient by I

ﬂv EV
S
(8.23) K3 (Hy, k) — K§'™ (Fy, k)

Drm» T(b\;

K™ (Fy, k).

The Drinfeld quotient induces a surjective map of the K-groups by [25, Proposition VIIL.3.1].
By our definitions, this descends to the surjective map of the numerical K-groups in .

By assumption of the Theorem, the map x is an isomorphism. By , the injective
map ¢ is then surjective, and thus an isomorphism. Now observe that the Drinfeld quotient
map kills 7r(I). The surjective map @ is therefore injective and thus an isomorphism. Its
right inverse 2% is then also an isomorphism. (]
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8.4. Reconstruction of the base category. It is natural to ask to what extent we can
recover the base category V from its Heisenberg category Hy. Given the nature of our
construction, the best we can hope for is to recover V up to Morita equivalence. This recovers
Hperf V, that is — the compact derived category D.(V).

We are not allowed to use our categorical Fock space Fy, in this reconstruction as it is not
built from Hy,, but directly from V. In particular, Fy, contains HperfV as the 1-morphism
category Homp,, (0,1). However, this gives us our strategy: we obtain our categorical Fock
space quotient ﬁ; intrinsically from Hy together with Z-grading which remembers the
flattening

H, = EB Homyy,, (0,n).
nez
If we could show that the natural functor of Lemma

@ Hperf sv ED, F,

is a quasi-equivalence, we could recover Hperf ) as 1-graded part F%; of f;; In Lemma
we come tantalisingly close: we show to be quasi-faithful and quasi-essentially
surjective on objects. In fact, in the proof of Lemma [B-19] we show that it is also quasi-full
on those morphisms in Fy, which come from the perfect hull of Hj,. The only morphisms we
can’t get so far are those added by taking the two Drinfield quotients — the first one to get
H,, and the second one to get Fy,.

We conjecture that one can get even these and thus is a quasi-equivalence. This

would allow one to recover HperfV as F%} For the moment, however, we only have:

Lemma 8.24. Let V and W be smooth and proper DG categories and assume that there is
a quasi-equivalence of Ho(dgCat)-enriched bicategories which is the identity on objects:

Hy 2 Hy.
Then:
(1) There is a Z-graded quasi-equivalence
Fy = Fyy.

(2) There are quasi-faithful quasi-essentially surjective functors
Hperf V — FL = FL, « Hperf W.

Proof. For the first claim, recall that we construct the categorical Fock space quotient ﬁ; as
the Drinfield quotient of Hy, by the left ideal I generated by objects Q, for a € V. We can
equivalently take I to be the left ideal generated by all 1-morphisms in Homyy,, (1, n — k) for
k> 0. Since the quasi-equivalence Hy = Hyy is identity on the objects n € Z it preserves
this ideal and hence descends to a quasi-equivalence Fy, = Fyy,.

The second claim follows directly from Lemma [8.19 O

This is enough to show that the Heisenberg categories of Z(P1) and Z(pt LI pt) are distinct:

Ezample 8.25. For the categories Z(P!) and Z(pt L pt) of Example our Lemma is
still enough to see that
Hzp) # Hzpeupt)-

The decomposition Z(pt L pt) = Z(pt) & Z(pt) induces a decomposition

HomH/Z(ptupt) (0,1) = HomH/I(pt) (0,1)® HomH/Z(pt) (0,1)
as follows. The objects of the Hom-space on the LHS consists of words with one more P than
Q. There is no morphism between two such words if the difference of P’s and Q’s indexed by
one of the two generating objects is positive in one of the words but nonpositive in the other
word. This decomposition then induces an orthogonal decomposition

—_—~

1 1
FZot) ® F1ipn:-
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By Lemma there exists a faithful and essentially surjective functor

DP,y(PY) = HO(Z(PY)) — HO(Frpn)).

coh

Therefore, if HO(I':I_Z;:)) had an orthogonal decomposition, so would have D2, (P'). But this
would imply that P! is disconnected.
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