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ON THE INVERSE OF THE POMERANCHUK THEOREM
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■ Vi

In  th is no te  we prove the  inverse of th e  Pom eranchuk theorem  for logarithm ically 
rising to ta l cross sections.

R ecen t m easu rem en ts  on to ta l  cross sections an d  fo rw ard  sca tte rin g  
am p litu d es [1] reveal th e  fo llow ing basic  fe a tu re s  in  th e  10 — 2000 GeV energy- 
region:

1) T h e  to ta l  cross sec tions rise  w ith  in creasin g  en erg y  a n d  th is  rise is 
com patib le  w ith  a lo g arith m ic  law ;

2) th e  d ifference o f th e  p a rtic le  a n d  a n ti-p a rtic le  to ta l  cross sections 
decreases w ith  increasing  energy  an d  th is  decrease is co m p a tib le  w ith  an  inverse 
pow er law ;

3) T he fo rw ard  sc a tte rin g  am p litu d es  are  n o t d o m in a n tly  rea l.
In  1 9 5 8  P o m e r a n c h u k  p ro v ed  [ 2 ]  t h a t  fo r  b o u n d ed  to ta l  cross sections 

p ro p e rty  3) invo lves p ro p e rty  2 ) .  M ore p rec ise ly , if  in  th e  a sy m p to tic  reg ion  3) 
is fu lfilled  an d  to ta l  cross sections te n d  to  c o n s ta n t lim its , th e n  these  lim its  
are th e  sam e fo r a p artic le  an d  its  a n tip a r tic le  h i t t in g  th e  sam e ta rg e t .  H ow ever, 
as m en tio n ed , re c e n t m easu rem en ts  do n o t  in d ica te  th e  b o u n d ed n ess  of to ta l  
cross sections a t  in fin ite  energ ies, an d  fo r a rb itra r ily  ris ing  cross sections one 
can n o t p ro v e  th e  zero a sy m p to tic  lim it o f th e  difference o f  th e  p a rtic le  and  
a n tip a rtic le  to ta l  cross sec tions. T here  ex is ts  a p ro o f on ly  on th e  ra tio  o f th e  
p a r tic le -  a n tip a r tic le  cross sec tions [3].

T herefo re  we consider th e  p rob lem  h ere  from  th e  inverse  p o in t o f view . In  
th is  no te  we p rove using  d ispersion  re la tio n s  t h a t  from  th e  assu m p tio n  th a t  
1) and  2) h o ld  a sy m p to tic a lly  3) follows also  in  th e  a sy m p to tic  energy  region. 
M ore p rec ise ly , we re p e a t P o m e r a n c h u k ’s line  of th o u g h t in  o rd e r to  show  
th a t  if

i) th e  to ta l  cross sec tions rise w ith  som e pow er ß of lo g a rith m  (ß 1) 
and  if

ii) th e  d ifference o f  th e  p a rtic le  a n d  a n tip a r tic le  to ta l  cross sections 
rem ains f in i te , th e n

th e  re a l to  im ag in a ry  ra tio s  o f b o th  th e  p a rtic le  an d  a n tip a r tic le  fo rw ard  
sc a tte rin g  a m p litu d es  are b o u n d ed .
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These tw o  am p litu d es  w ill be d en o ted  b y  f  a n d / ,  w hereas th e ir  sum  a n d  
d ifference  will be labe lled  b y  f + a n d /_ :

A  = / + / ;  / -  =  / - / ■  ( i )
T h e  rea l an d  im a g in a ry  p a r ts  o f  a n y  a m p litu d es  w ill be d e n o ted  b y  D  a n d  A .  
W e w rite  th e  tw ice  s u b tra c te d  d isp ers io n  re la tio n s in  th e  form  [4]:

D(E) I =  J .
B(E) J - Т Р Н - » Н ] т | 1В Д - % ) ]  +

E f  -  E 2

(E , T  E)
2X(.

E f  -  m 2

+

p 2 Çm A ■ (

л  J e. p ' 2

A  ■ {E'  T  E )d E '
+  —  1 ------ 5------ ;-----------  +

'2 ( E ' 2  -  E 2)

+ - ^ P  
4 я 2 Г E '  • (о +  a) T  E  ■ (ff — a) d E '  

p \ E ' 2  -  E 2)

( 2)

H e re  p ,  E  an d  m  are  th e  la b o ra to ry  m o m en tu m , en e rg y  a n d  th e  re s t  m ass o f 
th e  incom ing  p a r tic le , re sp ec tiv e ly . D(m) an d  D(m) a re  th e  tw o su b tra c tio n  
c o n s ta n ts , th e  s u b tra c tio n  b e ing  m ad e  a t  zero la b o ra to ry  m o m en tu m . In  
th e  in teg ra l o v e r th e  p h ysica l reg ion  we have s u b s titu te d  A  b y  th e  to ta l  cross 
sec tio n  using th e  o p tica l th eo rem :

A  = (3 )

T h e  th resh o ld  o f  th e  u n p h y sica l reg ion , E 0, is th e  la b o ra to ry  energy  o f  th e  
in co m in g  p a rtic le  co rrespond ing  to  th e  CMS energy  w hich  is eq u a l to  th e  sm a l­
le s t  m ass o f th e  p h y sica l co n tin u u m  h av in g  th e  q u a n tu m  n u m b ers  o f  th e  in i­
t i a l  s ta te .*  T he po lynom  re p re se n ts  th e  pole c o n tr ib u tio n s , w here E t is th e  
b eam  la b o ra to ry  en erg y  co rresp o n d in g  to  th e  CMS en erg y  eq u a l to  th e  re s t  
m a ss  mt o f th e  po le. X ( is p ro p o rtio n a l to  th e  coup ling  c o n s ta n t sq u are  o f  th e  
co llid ing  partic les  to  th e  pole [4]:

X t  = a
(m, — mt)2 — m2 

4 mf

* The laboratory  energy corresponding to  у» energy in the CMS is:

_  s  — mf  — m2 
------- 2 ^ t----- ’

w here т< is the ta rg e t mass.

(4 )
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Since we assum e ii), i t  is enough  to  prove th a t

or

lim
D

<  oo an d  lim
E - *  OO A + E - « .

lim D + <  oo a n d  lim
E-+ °° A + E - -

D

*+

D_

H ypo th esis  i) is e q u iv a len t to

( 5 a )

( 5 b )

I A  + I ~  cE {ln  E )ß (6)

asy m p to tica lly , th ere fo re  in  E q . (2) all te rm s  b u t  th e  la s t one (w hich  we 
denote  b y  D h ) a u to m a tic a lly  fulfil th e  in eq u a litie s  (5). In s te a d  o f  (5) i t  is 
su ffic ien t to  prove th e  follow ing in eq u a litie s :

and

lim
D%

E-.» A +

lim
Dh_

E-* oo A+

<  OO

<  OO .

( 5 c )

( 5 d )

In  A p p en d ix  1 we ca lcu la te  th e  in teg ra l D h+ for ß  =  0 ,1 ,  2 and  show  ex p lic itly  
th a t  th e  lim it  o f (5c) is e q u a l to  zero. F o r  a rb i t r a ry  v a lu es  o f ß ^  1 we reca ll 
(see e.g. [5]) th a t  a n a ly tic ity  and  crossing req u ire  th e  following fo rm  th e  o f 
am p litu d e  in  case o f log a rith m ica lly  ris in g  cross sec tions:

lim  /+
E —~

f r o m  w h i c h  w e  g e t  [ 5 ]  t h e  s a m e  r e s u l t  a s  f o r  i n t e g e r  v a l u e s  o f  ß.
I n e q u a l i t y  ( 5 c )  c a n  a l s o  b e  p r o v e d  f o r  a  v e r y  g e n e r a l  c a s e .  F i s c h e r  e t  a l  

h a v e  g i v e n  n a m e l y  [ 6 ]  a n  u p p e r  b o u n d  f o r

i f  a+ rises u n b o u n d ed ly :
É?+ =  D+/A+

л  I d  E  
In Ej E

T his m ean s th a t  in e q u a lity  (5c) is zero  if  q+ is p o s itiv e . F o r th is  l a t te r  we 
recall th e  th eo rem  o f K h u r i  and  K i n o s h i t a  [7] w ho show ed t h a t  fo r an  
u n b o u n d ed ly  rising  cross section  D + c a n n o t s ta y  n e g a tiv e  a t  all energ ies.
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T u rn in g  now  fina lly  to  in e q u a lity  (5d) we reproduce  in  A p p en d ix  2 
th e  re su lt  o f P o m e r a n c h u k ,  w h ich  s ta te s  t h a t  th e  crossing  odd  te rm , D _  

ap p ro ach es  to

e —“ 2 л 2  jEx

i f  th e  d ifference, Acr, of th e  a n tip a r tic le  a n d  partic le  cross sec tions rem ain s 
c o n s ta n t  b ey o n d  a  ce rta in  v alue  E v  C om bin ing  th e  lim its (6) a n d  (5) we a rriv e  
to  p ro v e  (5d) a n d  hence th e  w hole s ta te m e n t.

W e th u s  conclude  th a t  e x tra p o la tin g  th e  observed p ro p e rtie s  1) —3) u p  
to  in f in ite  energ ies th e y  are co m p a tib le  w ith  dispersion re la tio n s  in  th e  sense 
t h a t  3) follows fro m  1) and  2), a lth o u g h  th e  inverse s ta te m e n t m ay  n o t  he 
p ro v e d .

I  am indebted to Dr. J an  F ischer  for valuable com m ents and suggestions.

Appendix 1

The crossing even part of the high energy integral

1. a an d  a a re  co n stan t b ey o n d  E j

Dh ~  E 2 X ■ (a +  g) 
E 2)

. Г  X ■ (a 
J £l x(x2 -

da: ~  E  In E j -  E
E ,  + E

E i .

2. a an d  a a re  lo g a rith m ica lly  ris ing : a ~  (In E f  ; ß  =  2 (fo r / 3 = 1  th e  
p ro ced u re  is e ssen tia lly  th e  sam e [8]).

Dh_ ~  E 2 Г  } n 2 x d x  „  е Г (
J e , x2 - E 2 J EllE

(ln E  +  In x f
X2 -  1

da;

E  ln2 E  Г  -  dX +  2 E  ln  E  Г  I n x d x  +  Г  l f xdx
J e ,IE X2 — 1 J E,/E X2 — 1 J EllE X2 — 1

I f  E  — OO

D[J. ~  Cj ln 2 E  +  c2E  ln  E j: udu
shu

+  CoE Г  ~ d u
shu

T h e la s t  te rm  is zero , th e  second in te g ra l is f in ite  an d  non-zero , th e re fo re :

-D+ ~  c1  ln 2 E  +  c2 E  • ln  E , 

w h ere  Cj an d  c2 a re  som e co n stan ts .
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Appendix 2
The crossing odd part of the high energy integral

Acs =  a — a is c o n s ta n t  beyond  E x

_  E :t А а Г  d* , EDh_ -------------- -----------------------=  A a -------
4л2 J  e , x(x 2  — E 2) 4л J о

du
1 — и

Aa  _ ,  E  E  In
2л2 E 1
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