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1. Introduction. Quantum groups were originally defined as Hopf al-
gebra deformations of universal enveloping algebras of complex semisimple Lie
algebras. A dual approach was taken by Faddeev, Reshetikhin and Tahtajan [17],
who defined quantized coordinate rings of classical groups by taking a noncom-
mutative deformation of the coordinate ring of G. This is a two-step process: first
they define a matrix bialgebra (called the FRT-bialgebra), and then specialize to
1 a central group-like element in it. Let G be any of the classical groups SL(n),
O(n), or Sp(n) (for n even in the latter case). The FRT-bialgebra A,(G) is an
associative graded C-algebra generated by n? elements of degree 1 (thought of
as the coordinate functions on the space of n x n “quantum matrices”) subject
to a set of homogeneous quadratic relations depending on a non-zero parameter
q € C. The algebra A,(SL(n)) is the quantized coordinate ring of n x n matrices,
and is thoroughly studied from combinatorial and ring theoretic aspects, see for
example [15], [10], [2], [9]. It is a noncommutative deformation of the coordinate
ring of the space of n x n matrices, a polynomial algebra in n? indeterminates,
whose GL(n) x GL(n)-module structure is given by the Cauchy formula (see for
example [16, Section 11.5.1]).

For G = O(n) or G = Sp(n), the algebra A,(G) is a deformation of the
coordinate ring O(C(G)) of the cone C(G) of G (see e.g. [6]). Therefore the
Hilbert series of the graded algebra A,(G) coincides with the Hilbert series of
O(C(G)). Moreover, the problem of finding a normal form for the elements of
Ay(G) (e.g. giving a monomial basis of Ay(G) together with the corresponding
rewriting rules) is closely related to the similar task for O(C(G)). In this paper
we initiate the combinatorial study of O(C(G)).

We shall work over the base field C of complex numbers, and throughout
the paper we assume that n > 3 is a positive integer. Recall that the orthogonal
group is

O(n) = {M e CV" | MTM =TI},

the set of n x n matrices over C whose transpose is their inverse. For n = 2m > 4
even, the symplectic group is

Sp(n) = {M € CV*" | MTJM = J},

where J is the n x n matrix obtained by glueing m copies of <_01 (1)> along the

main diagonal. Now let G be any of O(n) or Sp(n). Then G is a subset of C™*"
defined by polynomial equations.
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By the cone C(G) of G we mean the Zariski closure in C™*" of
{cM|ceC, MeG}cC™.

Note that the subset of C"*™ in the above line is not Zariski closed in general,
see Example 6.3. We have the embeddings

G — C(G) — Cc™"

of affine algebraic varieties. Restriction of functions induces the C-algebra sur-
jections

(1) O(C™™) 5 0(C(G)) 2 0(G)

between the corresponding coordinate rings. Here O(C™"*") = Clay; | 1 < i,j <
n] is an n?-variable polynomial algebra, where x;; is the function assigning to
M € C™" its (i,j)-entry. It is endowed with the standard grading. Since C(G)
is a cone, the surjection ¢; transports the grading to O(C(G)). So denoting by
O(C(G))q the degree d homogeneous component of O(C(G)) we have O(C(G)) =

@O(C(G))d. The group G x G acts on C"*" by
d=0

(g,h) - M = gMh™" for g,h € G and M € C"*",

with matrix multiplication on the right hand side. The subvarieties C(G) and
G are both G x G-stable, and we have the induced G x G-action on the corre-
sponding coordinate rings. The C-algebra homomorphisms ¢ and @9 are G x G-
equivariant.

1.1. The content of the paper. In Section 2 we determine the structure
of the representation G x G on O(C(G)) (see Theorem 2.3). Using some known
formulae for the dimensions of the irreducible representations of GG, this allows us
to deduce in Section 3 the Hilbert series of the graded algebra O(C(G)) when G is
O(3), O(4), or Sp(4), and the same is done for SO(4) in Section 4. Moreover, for
the same groups G we compute in Section 5 also the Hilbert series of O(C(G))V*Y,
where U is the unipotent radical of a Borel subgroup in G. The vanishing ideal

I(C(G)) ={f € O(C™™) | f(eg) =0Vg € G, Ve C}

of C(G) for G = O(n) or G = Sp(n) (i.e. the kernel of ¢; from (1)) was described
by Weyl [20], who proved that these ideals are generated by explicitly given
quadratic elements. In Section 6 we present in modern language the proof of this
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result in the case of O(n). As a consequence of the calculations in Section 3 we
observe that the algebra O(C(O(3))) is not Koszul, hence the ideal Z(C(O(3)))
has no quadratic Grobner basis. In Section 7 we present a Grobner basis of
Z(C(O(3))); in addition to the 10 quadratic generators it has 5 cubic elements.

Several calculations in the paper were performed using the online CoCalc
platform [18].

2. The G x G-module structure of O(C(G))q4. Throughout this
section G stands for O(n), or for Sp(n) (where n = 2m is even in the lat-
ter case). The finite dimensional irreducible representations of G (as a lin-
ear algebraic group) are naturally indexed by a set A(G) of partitions. By
a partition we mean a non-increasing finite sequence of integers. Denote by
Par(n) :={A=(A1,..., ) | \i € No, Ay > -+ > A\, } the set of partitions with
at most n non-zero parts. Recall from [16] or [20] that we have

A(O(n)) = {Ar € Par(n) | [{i [ \i > 0} + [{i | \i > 1}] < n},
whereas for n = 2m even we have
A(Sp(n)) = Par(m).

Set A(G)g == {N € MG) | M1+ -+ A\, = d}. For A € A(G) denote by V)
the underlying vector space of the irreducible representation of G labeled by A,
endowed with the corresponding linear action of G. Note that V(i . o = C",
endowed with the defining representation of G (given by multiplication of column

vectors by matrices). We shall use the following well-known fact (see for example
[16, Section 11.3.1]):

Proposition 2.1. For A € A(G)4 the G-module V), occurs as a summand
in the dth tensor power T4(C") of C", and Vy is not a summand of T*(C") for
k > d with k — d odd, or for k < d.

The representation of G x G on O(G) is described by the Peter-Weyl
Theorem:

Proposition 2.2. We have the following isomorphism of G x G-modules:

0G)= P Va® W
AEA(G)
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Proof. The Peter-Weyl Theorem says that O(G) = @ Vi ® Vy,
AEA(G)
where V" stands for the dual of the representation V) (see for example [16, Theo-
rems 8.3.2 and 8.7.2.3]). Taking into account the fact that all representations of G
are self-dual, i.e. V), = Vy holds for all A € A(G), we get the desired statement. O
We mention that a basis of O(O(n)) consisting of so-called bidetermi-
nants is given in [3], extending for the orthogonal group the analogous theory for
O(C™™) (cf. [16, Section 13.4], [7], [5]). The case of O(Sp(n)) is treated in [4].

Theorem 2.3. Ford =0,1,2,... we have the following isomorphisms of
G x G-modules:

ld/2]
o= P wnen,

k=0 AeA(G)a—ak

where |d/2] is the lower integer part of d/2. In particular, for d > 2 we have

0C(@)a=0(C(G)a2® @ Vel
AEA(G)a

Proof. Note that ¢a(p1(zi;)) are the matrix elements of the defining
representation of G on C" (the maps ¢ and @2 are defined in (1)). Therefore
©2(O(C(Q))q) is the C-linear span of the length d products of the matrix elements
of the defining representation of G, hence p2(O(C(G))q) is the space of matrix
elements of the d-fold tensor power T¢(C") of the defining representation of G on
C™. It follows by Proposition 2.2 that ¢2(O(C(G))q) is isomorphic to EB VN ®
V, where the direct sum ranges over the A\ € A(G) such that V) occurs as a
direct summand in T%(C™). Hence by Proposition 2.1 we have p2(O(C(G))q) =
Ld/2]

EB @ V) ® V. The restriction to O(C(G))q of 3 is injective, since if
k=0 A\eA(G)a—ak

a homogeneous polynomial in O(C"*") vanishes on G, then it vanishes on C(G)
as well. Therefore we have O(C(G))q = v2(O(C(G))q), finishing the proof of the
first isomorphism. The second isomorphism follows from the first by induction
ond. O

3. Some Hilbert series. Recall that the Hilbert series of a graded

algebra A = @ Ag (with finite dimensional homogeneous components Ay) is the
d=0
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formal power series
H(A;t) =) dime(Ag)t? € Z[[t].
d=0

For G = O(n) or G = Sp(n) introduce the following function hg : Ny — Ny:

(2) ha(d):= > dime(V))?.
AEA(G)g
As a consequence of Theorem 2.3 we get the following:

Corollary 3.1. For G = O(n) or G = Sp(n) we have

oo [d/2]

H(OC(G));t) =Y Y ha(d — 2kt

d=0 k=0

3.1. The case G = O(3).

Theorem 3.2. We have the equality

ad 2 i3 L ad 45
H(O(C(O(3)));t) = —t + » <2d; 3) poa _ L5+ 51&(1 _6tz;4+ att — 1>

d=0

Proof. We have A(O(3))s = {(d,0,0),(d—1,1,0)}, except for d = 3 or
d = 1, when A(O(3))1 = {(1,0,0)} and A(O(3))3 = {(3,0,0),(2,1,0), (1,1,1)}.
Moreover, V(400) can be identified with the space of 3-variable spherical har-
monics of degree d (see for example [11, Section 5.2.3]), and so dimg(V(4,0,0)) =

d+2 d
( * — = 2d + 1. Moreover, the restriction to the special orthogonal

2 2
group SO(3) of the representation on V(4_ 1 o) is isomorphic to Vi4_1,0,0), whence
dime(Vig-1,1,0)) = dim(Vig_1,00)) = 2(d = 1) + 1 = 2d — 1. Furthermore, V{3 1 1
can be identified with the third exterior power of C3, so dimc¢(V(1,1,1y) = 1. Thus
we have

(2d — 1)+ (2d +1)> =8d* +2 ford ¢ {0,1,3};
12 for d = 0;
32 for d = 1;
12 452 4 72 for d = 3.

hO(z)(d) -
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It follows by Corollary 3.1 that that for d > 2 or d = 0 we have

2
1432452+ -+ (2d+1)* = ( d;?’) for d # 1;

9 ford=1.

dim(O(C(0(3)))a) =

o0

2
This shows H(O(C(O(3)));t) = —t + Z ( d; 3> t?. Using that

e EOIGOE

<d)3 £ 1+62 414

dt) 1—t2 (1 —12)4
d=0 d=0
we get
i(2d+3) 1+ 6t + 2
=
= (1—1)
whence
1+ 6t + t2 1+ 5t + 5t2 — 63 + 4t* — ¢°
H(O(C(O(S)))7t) = W —t= (1 _ t)4 ’ 0

Proposition 3.3. The quadratic algebra O(C(O(3))) is not Koszul.

oo
Proof. For a graded C-algebra A = @ Ay, the Poincaré series of A is
d=0

ZdlmTord (C,C)t ZdlmExtA((C C)t?
d=0 d=0

It is well known that if A is Koszul, then the equality
(3) H(O(A), —t) - P(O(A),t) = 1

holds in the power series ring Z[[t]] (see [12], [8]). Up to degree 9 the terms of
1/H(O(C(0(3))), —t) are the same as the corresponding terms of the polynomial

(1+1)* <1+Z5t—5t2 —4t4—t5)d>
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which are
—7330t7 + 17883t% + 11539¢" + 5129¢% + 1912¢° + 628¢* + 1833 + 46t + 9¢ + 1.

Thus the coefficient of ¢ in 1/H(O(C(O(3))), —t) is negative, hence it can not be
a Poincaré series. Therefore the equality (3) can not hold for A = O(C(0(3))),
whence O(C(O(3))) is not Koszul. O

Remark 3.4. Our focus on the Koszul property is motivated by the
connection to the construction of certain quantum groups (see the Introduction).
In fact it was advertised in [13], [14] that quadratic (and in particular, Koszul)
algebras should play a distinguished role in quantum group theory.

3.2. The case of O(4).

Theorem 3.5. We have the equality

14 9t + 27t% + 193 — 30t* + 34¢° — 350 + 2147 — 78 + 19
(1—12)7 '

H(O(C(0(4))); 1) =

Proof. For d=3ord> 5 we have A(O(4))q = {(d —2,1,1,0), (d—
k,k,0,0) for k = 0,...,]d/2]}. For d < 2 we have to omit (d — 2,1,1,0),
whereas for d = 4 the set A(O(4))4 contains also (1,1,1,1). The dimension of
V) for A € A(O(4))4 is given in the following table. Note that the space V{4,000
can be identified with the space of spherical harmonics of degree d in 4 variables,
d+3 d+1

3 ( 3
Vid—2,0,0,0) as an SO(4)-module, whereas V{; ;1 1) can be identified with the 4th
exterior power of C*. We read off the dimension of Vid—k,k,0,0) for k > 0 from [19,
Formula 3.28].

hence its dimension is ) . Moreover, V(4_21,1,0) is isomorphic to

d

(d,0,0,0) d—k:,k;0,0),lgk:g{J(d—2,1,1,0) (1,1,1,1)

2

dime(Vy) H (d+1)? ‘ 2(d+1)(d — 2k + 1) ‘ (d—1)2 ‘ 1
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It follows that for hg4)(d) defined in (2) we have

d/2]
d+1)*+(d—1)*+4 > (d+1)*(d-2k+1)* ford¢ {0,2,4)
k=1
howy(d) =1 ford=0
117 ford =2
| 1707 for d = 4.

So for d ¢ {0,2,4} we have
25 10 , 32, 2
=3 - —d° — - 2
ho)(d) 3d + 3d + 3d 3d+
by Corollary 3.1. A routine calculation yields that

1 ford=0
118 for d =2
1825 ford =4
p(d)  for d ¢ {0,2,4},

dim(O(C(0(4)))a) =

where
1 2 20 85 10
d) = —d + Zd° + =d* +4d® + —=d> + —=d + 1.
p(d) = gd'+ 3d” + “d +dd 4 pd 4 d
We have p(0) =1, p(2) = 119, p(4) = 1825, so

p(d) for d # 2

(4) dime (O(C(0(4)))a) = {p(d) —1 ford=2.

We can rewrite p(d) as a linear combination of binomial coefficients as follows:

(5) p(d) = (dT) _ 14<d;2> +34(d;3> —60<d;5> +40<dg6>.

It follows from (4) and (5) that

1 14 34 60 40

H(O(C(0O(4)));t) = —t* + A G- 1o a_pe Ao

which gives the formula in our statement. O
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3.3. The case of Sp(4).
Theorem 3.6. We have the equality

2 3
HOE(Sp)): ) = HEAEIEL

Proof. We have A(Sp(4))s = {(d — k,k) | k=0,1,...,]d/2]}, and by
[19, Formula 3.29],

dime(Vig_gry) = é(d+ 3)(d—k+2)(k+1)(d—2k+1).

It follows that

b e bos 3 p 3 6, 97 5 481
fispa)(d) = 51207 T560% t1a0? T20% 1 tan?
29683 5 4069 , 473
2+
a0 Te0® Tt t
(see (2) for the definition of ha(d)). By Corollary 3.1 we obtain
1 1 47 1 2243
dime (O(C(Sp(4 = dt° d’ d® 4+ —d" 4+ = S
ime(OCSPNa) = 3550567 + 75604 + 201607 T 2% T 14200
49 121279 2063 . 121883 709
—d’ d* d3 P+ —d+1
T2 T 0050 T 6 T as200 @ T 210" T
d+17 d+8 d+9 d+ 10
= _ —1 12 .
(7)o (U57) s () ()
It follows that
~1 8 18 12
H(O(C(Sp(4)));t) = + - +

A—0f (1—0° (1-00  (1—p

giving the formula in our statement. O

4. The cone of the special orthogonal group. The special or-
thogonal group is the index two subgroup in O(n) defined as

SO(n) = {M € O(n) | det(M) = 1}.

For n odd the scalar matrix —I belongs to O(n)\ SO(n), hence the cone of SO(n)
coincides with the cone of O(n). For n = 2m even both scalar orthogonal matrices
I and —I have determinant 1, hence {¢M | M € SO(2m), ¢ € C*} is disjoint
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from {cM | M € O(2m) \ SO(2m), ¢ € C*}. In particular, the cone of SO(2m)
is properly contained in the cone of O(2m). The irreducible representations of
SO(2m) are labelled by

ASO@2m)) ={A€Z™ | (M, Am—1, |Am]|) € Par(m)}.

For A € A(SO(2m)) write W), for the corresponding irreducible representation of
SO(2m). For A € A(O(2m)) write Vy, Lg(() ;n)) for the restriction of the O(2m)-
module V) to the subgroup SO(2m). For A € Par(m)

Wy when \,, =0
6 v 2m) ~ m
(©) A iso 2m)— {WA ® Wy when Ay, > 0,

where A° := (A1,..., Am—1, —Ap) and we have dimc(W)) = dimc(W)o) for all
A € Par(m) (see e.g. [16, Page 422]).

Set A(SO(2m))q = {\ € A(SO(2m)) | A1 + -+ + A1 + |Am| = d}.
Proposition 2.1 implies by (6) the following:

Proposition 4.1. For A € A(SO(2m))y the SO(2m)-module W occurs
as a summand in T4(C?*™), and W is not a summand of TF(C*™) for k > d with
k —d odd, or for k < d.

Repeating verbatim the proof of Theorem 2.3 and referring to Proposi-
tion 4.1 (instead of Proposition 2.1 we get the following:

Theorem 4.2. Ford=0,1,2,... we have the following isomorphisms of

SO(2m) x SO(2m)-modules:

d/2]
ocEoem)) =@ P Wmew.
k=0 AeA(SO(2m))q—_2x

In particular, for d > 2 we have
O(C(SO(2m))a = 0CEOCM)as® @ WheWh.
AEA(SO(2m)) 4
As a consequence of Theorem 4.2 we get the following:

Corollary 4.3. We have the equality

o d/2]
H(O(C(SO(2m)) Z > hsoem)(d — 2k)t%,

d=0 k=0
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where

hso@my(d) == Y dime(W))%
AEA(SO(2m))a

4.1. The Hilbert series of O(C(SO(4)).
Theorem 4.4. We have the equality

2 1 43
H(O(C(S0(0):1) = - 9<t1+_957+ t

Proof. Wehave A(SO(4))q = {(d—k, k), (d—k,—k) | k=0,1,...,|d/2]}

and
dimC(W(d_k7k)) = dim(C(W(d—k,—k)) =(d+1)(d—2k+1).
Consequently,
Ld/2]
hsoy(d) = (d+1)*+2 > (d+1)*(d - 2k + 1)°
k=1
::%P+§&+4f+¥§f+¥§d+L

By Corollary 4.3 we get

, 1 1, 29 193 , 11
mmwwﬁmw@=%$+§f+ﬁf+wﬁﬁgf+§mu

d+3 d+4 d+5 d+6
=— 12 —~ 2 :
(57) w2 () - (57) +(5)

-1 12 30 20

A—pt (d—tp (Q-0F (1-p7"

It follows that

H(O(C(50(4)));t) =

giving the formula in our statement. O

5. U x U-invariants. For G € {O(3), O(4), Sp(4), SO(4)}, denote by
U the unipotent radical of a Borel subgroup of G. Recall that dim((’)(C(G))gXU)
equals the number of irreducible G° x G°-module direct summands of O(C(G))q,
where G° denotes the identity component of G. Recall that the identity compo-
nent of O(n) is SO(n), whereas Sp(n) is connected.
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5.1. U x U-invariants in O(C(O(3))). By the remark above, by Theo-
rem 2.3 and the description of A;(O(3)) in the first paragraph of Section 3.1 (recall
that each irreducible O(3)-module restricts to an irreducible SO(3)-module) we
have

d+1 ford>2ord=0

@mowwﬁﬂﬁﬂwz{l for d =1

It follows that

d

H(O((O() 50 = 5

1 Cl—t422 -3 142248 -t
1—t (1= (1=t -t

By a linear change of coordinates we may switch to the orthogonal group
preserving the non-degenerate quadratic form associated to the symmetric matrix

, so consider

=

Il
_— o O
SO = O
S O =

0(3,8) = {M e C¥3: MTpM = B}, SO(3,8) = {M € O(3,5) | det(M) = 1}.

The Lie algebra of a Borel subgroup B in SO(3, ) is spanned by F11 — Ess,
E19—E»3, where Ej; stands for the matrix unit having entry 1 in the (7, j) position
and zero in all other positions. The element E1; — F33 spans the Lie algebra of
the maximal torus

0 0
T={ 1 0 ||zeCXy
0 —1

z

O O W

in SO(3, 8), and the Lie algebra of the unipotent radical U is spanned over C by
Eq3 — Eb3. Write x;; for the standard coordinate functions on C3x3 (and also for
their restriction to the cone of O(3,3)), and set

T11 Ti2 T13
X =\ w1 w22 w3
r31 TI32 I33

For a square matrix M with entries in a commutative ring, we write det(M)
and Tr(M) for the determinant of M and for the trace (the sum of the diagonal
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entries) of M. Explicit computation yields the following bases in O(C (G))dUXU

ford=1,2,3:

O(C(0(3, 8))){ *Y'= Spanc{ws:}

O(C(0(3,8)))5 *V= Spanc{a3;, z31222 — 21732, Tr(XTBXB)}
O(C(O(?),ﬂ)))éjXU: SpanC{:Ugl, x31(x31$22 — x21x32), acngr(XTﬁXB), det(X)}
So up to degree 3, the algebra (’)(C(O(3)))UXU is generated by w31, 31720 — 221232,
Tr(XTBX ), det(X). The above U x U-invariants are in fact invariant as elements

in O(C™*™). They are T-eigenvectors, so they are highest weight vectors in the
SO(3,8) x SO(3, 3)-module O(C™*™).

5.2. U x U-invariants in O(C(0(4))).
Proposition 5.1. We have

13t =20 — O 4T
B (1—-t)(1—12)?

H(O(C(0(4)"*7;1)

Proof. For A € A(O(4)) denote by €(\) € {1,2} the number of irre-
ducible SO(4)-module direct summands in the irreducible O(4)-module Vy, hence
£(\)? is the number of irreducible SO(4) x SO(4)-module direct summands in the
irreducible O(4) x O(4)-module V) ® Vx. Set No(d) = Z e(\)?. By

AEA(O(4))q
Theorem 2.3 we have
Ld]
dime (O(C(0(4))); ") = > No(a)(d — 2k).
k=0

Now

2+4|d/2] ifd>5o0rd=3

1 ifd=0,1
Now(d) = ’
oW =15 if d =2
11 ifd =4,

We conclude that for d =2f or d = 2f 4+ 1 with d > 5 we have

dmmxxaangﬂb_2ﬂ+4f+1_—(z>—2<fT1>+4<f;2)
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and one can check that in fact the same holds except for d = 2, for which
2f% +4f + 1|21 — dimc(O(C(GR))Y*Y) =7~ 6 = 1. It follows that

-1 2 4
2 (1-27 " { t2)3) (L+1),

H(OC(O@) ;1) = 2 1 (

from which our statement easily follows. O

5.3. U x U-invariants in O(C(SO(4))).
Proposition 5.2. We have

14 t2

H(O(C(SO(4))V*V; 1) = (S5

Proof. By Theorem 4.2 we have
ld/2]
dimec(O(C(SO(4))7*Y) Z IA(SO(4)) g—2k]-

Moreover, |A(SO(4))q| = 1+2|d/2]. It follows that for d = 2f or 2f + 1 we have

dimc(O(C(SO(4)) ™) = f2 +2f +1 = —<f T 1) " 2<f;2>’

implying in turn that

H(O(C(SO4))V*V: ) = ((1 :12)2 + a _2t2)3) (1+1). O

5.4. U X U-invariants in O(C(Sp(4))).
Proposition 5.3. We have

1

H(O<C(Sp(4))UXU;t) = (1—t)(1— t2)2 :

Proof. By Theorem 2.3 we have

Ld/2]
dimc(O(C(Sp(4)))5*Y) Z |A(Sp(4))a—2t]-
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Moreover, |A(Sp(4))q| = 1+ [d/2]. It follows that for d = 2f or 2f + 1 we have

dime(O(C(SO(4)))Y*V) = %fz . gf 1o <f —2|- 2)7
implying in turn that
Uxvy _ LEE
H(O(C(S0(4)":t) = 7= .

6. The vanishing ideal of the cone of the orthogonal group.
Recall that for 1 < 4,5 <n we denote by z;; € O(C"*") the coordinate function
mapping a matrix M € C"*" to its (i, j)-entry, so O(C™*") is the polynomial
algebra Clz;; | 1 < 4,5 < n]. Denote by X the n x n generic matrix whose
(i,7)-entry is z;;. Write X7 for the transpose of X, and for an n x n matrix M
over O(C"*") write M;; for the (i, j)-entry of M. The following statement is due
to H. Weyl:

Theorem 6.1. [20, Chapter V.A.4] The ideal Z(C(O(n))) is generated by
the following n® +n — 2 quadratic polynomials:

(XTX)ij7 (XXT)Z‘J' for1<i<j<n,
XTX)1 — (XX )y (XX — (XX D) fork=2,...,n

Remark 6.2. (i) Clearly, a minimal homogeneous generating set of the
ideal Z(C(O(n)) spans an O(n)x O(n)-invariant subspace in O(C"*™). The O(n)x
O(n)-module structure of the degree 2 homogeneous component of Z(C(O(n)) is
given (using the notation of Section 2) as follows:

Z(C(O(n))2 = Viap,...0) @ Vo.,...00 ® Vo,...0) ® Vi2,0,....0)

(recall that Vo....,0) 1s the 1-dimensional trivial O(n)-module, and Vi2,0....,0) can
be identified with the space of n-variable spherical harmonics of degree 2). This
shows that the generating set of Z(C(O(n)) provided by Theorem 6.1 is minimal.

(ii) A statement similar to Theorem 6.1 holds for the vanishing ideal of
the cone of the symplectic group, see [20, Chapter X.5].
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Example 6.3. Denoting by i the imaginary complex unit with i = —1,
1 10

the matrix A:= | —i 1 0 | satisfies AAT = 0= AT A, hence all the genera-
0 00

tors of Z(C(O(3))) given in Theorem 6.1 vanish on A. It follows that A belongs
to the cone C(O(3)). However, A is not a scalar multiple of an element of O(3).

For sake of completeness we provide a proof of Theorem 6.1 in modern
language. Write V' = C", and let ey,...,e, denote the standard basis vectors.
Identify C™*" with Endc(V) in the standard way, then G = O(n) is identified
with the subgroup of the general linear group GL(V) consisting of the linear
transformations that preserve the non-degenerate symmetric bilinear form (— | —)

on V given by
lifi=j
(ei | €5) = e
0if ¢ # j.

For a finite dimensional C-vector space W we write W* for the dual space of
W, and for a positive integer d we write TYW) = W @ --- @ W for the d-fold
tensor power of W. We shall make use of the standard identifications W @ W* =
Endc (W) and T4(W*) = T4(W)*. These induce an identification

T*(Ende (V) = Ende(T4(V))
via
TV RVHZVRV Q- - VoV =2THV)e T4V*) = TYV) @ T4V)*.
Write U, for the C-subspace
Uy = Spanc{M ® --- ® M € Endc(T%V)) | M € Endc(V)}.

Clearly Uy is a subalgebra of the noncommutative C-algebra Endc(T%(V)), called
a Schur algebra. It contains the subalgebra

U(G)g = Spanc{g ® --- @ g € Ende(T4(V)) | g € O(n)}.

Recall that the polynomial ring O(C™*") is graded in the usual way, and O(C™*")y4
stands for the degree d homogeneous component.

Lemma 6.4. There exists a unique C-vector space isomorphism

O(C™ ™) g — U, fef
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such that for any f € O(C"™)g and M € C"*"™ we have
F(M® @ M)=df(M)
Proof. Consider the isomorphisms
O(C™™)¢ = (T4 (Endc(V))*)% 2 (T(Endc(V))%)*.

The first of the above isomorphisms is given by the standard multilinearization
process: it assigns to the homogeneous form f € O(C™ "), the linear func-
tional f € T4(Endc(V))*, characterized by the property that for M, ..., My €
Endc(V), f(M; ® --- ® My) is the value at (M, ..., My) of the multilinear
component of the function End¢(V) x -+ x Endc(V) — C, (My,...,My) —
f(My + -+ My). The symmetric group Sy acts on T¢(Endc(V)) by permuting
the tensor components. Clearly f(Ml ®--®My) = f(Ms(l) ® - ® Mgy(g)) holds

for any permutation s € Sy, so f belongs to the subspace (T%(Endc(V))*)%.
Moreover, f +— f is an isomorphlsm because for any h € (T4(Endc(V))*)% we

have that h = f where f(M) = Jh(M ® - ® M). The second isomorphism

is given by restriction of an Sy-invariant linear functional on Td(End@(V)) to
the subspace T%(End¢ (V)¢ of symmetric tensors. This sends f — f. Observe
finally T¢(Endc(V))®¢ is spanned by M ®- - -@ M as M ranges over Endc(V), see
for example [16, Lemma 9.1.1]. So we have T¢(End¢ (V)¢ = U by definition of
the latter. O

For a subset S C Endc(T%(V)) denote by Z(S) the centralizer of S in
the algebra Endc(T%(V)); clearly Z(S) is a subalgebra in Endc(T%(V)). The
endomorphism algebra Endg(T%(V)) = Z(U(G),) is generated by the algebra
Endgr vy (TY(V)) = Z(Uy) and a single linear transformation B € End¢(T%(V))
given by

n
B(U1®"'®Ud):<vl|U2>Z€i®ei®v3®"'vd
=1

see for example [16, Section 11.3.2], where this is deduced from the first fundamen-
tal theorem for vector invariants of the orthogonal group (the algebra Z(U(G)q)
is called Brauer centralizer algebra). Since Uy and U(G)4 are semisimple subalge-
bras of Endc(T%(V)), by the double centralizing theorem for semisimple algebras
(see for example [16, Theorem 6.2.5]), one recovers them as the centralizer of
their centralizer. Thus we have

UG)a= Z(ZU(G)a)) = Z({B} U Z(Ua))
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= Z({B}) N Z(ZUa)) = Us " Z({B}).

This can be reformulated as follows:

Proposition 6.5. The kernel of the natural surjection U; — U(G)}
(given by restriction of linear functionals on Uy to the subspace U(G)q) is spanned
by the restrictions to Uy of the coordinate functions of the map

Endc(T4(V)) = Ende(T%(V)), Y +— BY —YB.

Proof of Theorem 6.1. Denote by @ the ideal in O(C™*"™) generated
by the n? +n — 2 quadratic polynomials in the statement. By definition of G
they vanish on G, and since they are homogeneous, they vanish on C(G) as well.
So @@ € Z(C(G)). The ideal @ is generated by homogeneous elements. Being
the vanishing ideal of a cone, Z(C(G)) is also a homogeneous ideal. Denote
by Qa4, Z(C(G))q their degree d homogeneous components. It remains to prove
that Qg = Z(C(G))q for all positive integers d. By Lemma 6.4 the isomorphism
p: O(C™ ™) g = UL, f — f maps Z(C(G))q to the kernel of the natural surjection
U; — U(G)y. Therefore by Proposition 6.5 it is sufficient to show that the
restriction to Uy of the coordinate functions of the map s : Endc(T4(V)) —
Endc(T%(V)), Y + BY —Y B are contained in the space 1(Q4). Now we compute
the restrictions to U, of the coordinate functions of x with respect to the basis
Eij, ® - ® Ej,;, of Ende(T4(V)) = T(Endc(V)), where

Eii(ex) e; for k=7
ij(ex) =
Ik 0 for k # j.

In order to do so we need to point out that under the identification End¢(T4(V)) 2
T4 (Endc(V)) the element B corresponds to

n
B = Z EZJ®E1]®1dV®®1dV
ij=1

n
For M = Z M;;E;j € Endc(V) we have

,j=1

n
M®M> Ey®Ey= Y MjjMyE;Ey® EqEy
k=1 05,5, t .kl
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n
=Y MyMyEy®Eq=> (Z MikMsk) E; ® By

i,k,s,l i,8,0 \k=1

and

n
Z Ep@E, | Mo M= Z M Mys EnEj; @ Epg Eys

k=1 WGtk
n
= Z My MysEy; @ Eig = Z Z My Mys | By @ Es
i,k,s,l i,8,0 \k=1

This shows that the restriction to Uy of the coordinate function of the map
corresponding to By ® Eg ® Eij, ® --- @ Ej;,;, is the image under p of

n
Tizgs *** Tigjy E TikTgk When i # s

1 k=1
n

d! 2 2 .
LTizjs " Ligja Z(xzk — zjy) wheni=s
k=1
the restriction to Uy of the coordinate function of the map k corresponding to
E; ® By ®@ Eiyj, ® - @ Ej,j, for © # s is the image under p of

1 n
E:L’Zﬁjg T xidjd E TkiTks,
) k=1

and the remaining coordinate functions of x restrict to the zero map on U,. Since

n n n
Z TikT sk, Z TriTps for i # s and Z(mfk —xil) belong to Q, this shows that the

k=1 k=1 k=1
restriction to Uy of each of the coordinate functions of k is contained in u(Qq),

and we are done. O

7. Grobner basis for the vanishing ideal of C(G).

7.1. Grobner basis for Z(C(O(3))). A Grobner basis of the vanishing
ideal of the cone of O(3, ) with respect to the degree reverse lexicographic or-
dering of the monomials, induced by the ordering x11 > x12 > x13 > x21 > Tog >
Toz > x31 > x32 > was of the variables is the following:

T12021731 — 2211722231 + T11T21732,

T12T21T32 — 2X11T22732 — 2X11T21733,
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T11223T32 — 1222133,

12723032 — 2X12X22733 — 2011023733,
T13T23%32 — 2T13T22T33 + T12223T33,
T3y + 2711713,

13T21 + 12222 + T11723,

T3 + 2711731,

T21T22 + X12231 + T11232,

$%2 — 213731 + T12%32 — £11233,
21723 — T12%32,

T22%23 + 13232 + T12733,

733 + 2713733,

T23x31 + 22232 + T21233,

£L§2 + 2x31733
The leading monomials of the elements in the above Grobner basis are

2 2 2 2 2
T39, T23X31, L3, L22X23, T21X23, L9, X21T22, T31, T13T21, L9,
213223732, 12423732, T11L23T32, T12X21X32, T12L21T31-

For a set {a,b,...} of variables denote by (a,b,...) the set of monomials
involving only the variables a, b, .... The standard monomials are the following;:

(w11, %13, 31, 33) U 12(211, T13, ¥31, ¥33) U T22(T11, T13, T31, £33)
Uxsa (@11, 213, €31, £33)T12232(T11, 13, T31, T33)

Uz12222(211, 13, 31, ¥33) L T22232 (@11, 13, 31, 33)
Uz1222232(T11, 13, 31, 33) U 21 (@11, 31, ¥33) U T23(®11, T13, ¥33)
)

Uz12223(x11, 13, T33) U X21232(x13, 31, 33) U £122T21 (@11, 33) U T2332 (233
A form of the Hilbert series H(O(C(G));t) reflecting the above list is

143t 32413 2t + 22 t2 t
HOCC) ) =—0—3i Ta_mpta_pti s

The quadratic elements in this Grobner basis form a minimal generating
set of the ideal Z(C(O(3)), since (up to our coordinate change) they form a C-
vector space basis in the linear span of the generators of Z(C(O(3)) given in
Theorem 6.1.
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Proposition 7.1. Regardless of the chosen term order in O(C™*™), the
ideal Z(C(O(3))) has no quadratic Grébner basis.

Proof. Suppose to the contrary that there is a term order such that
Z(C(O(3))) has a quadratic Grobner basis. Then the graded algebra O(C(O(3)))
is Koszul, see [8], [1]. This contradicts Proposition 3.3. O

7.2. Grébner basis for Z(C(Sp(4))). We do not know if O(C(G)) for
G =0(4) or G = Sp(4) is Koszul or not. In contrast with O(C(0O(3))), for these
groups G the first 50 coefficients of 1/H(O(C(G)); —t) are non-negative. On the
other hand, the quadratic generators for Z(C(G)) do not constitute a Grébner
basis with respect to the degree reverse lexicographic monomial ordering induced
by the ordering 11 > w12 > 13 > 14 > X21 > Too > Tog > Tog > T3l > Tz >
T33 > T34 > T4l > Tgo > T4z > Teq of the variables. For example, the Grobner
basis for Z(C(Sp(4)) has two cubic elements, in addition to 10 quadratic elements:

T11T32%41 — T14T33T41 + T13T34T41 — T11T31T42 + T14T31T43 — T13T31T44,
T21T32T41 — T24T33T41 + T23T34T41 — T21T31T42 + T24T31T43 — T23T31T44,
T12T21 — T11%22 — T34%43 + T33T44, T13T21 — T117T23 + T33T41 — T31243,
T14T21 — T112T24 + T34T41 — T31T44, T13T22 — T12T23 + T33T42 — T32T43,
T14%22 — T12T24 + T34T42 — T32T44, T14T23 — T13T24 — T32X41 + T31T42,
T12231 — £11232 + T14233 — T13T34, T22T31 — T21T32 + T24X33 — T23T34,

T12%41 — £11242 + T14T43 — T13T44, T22T41 — T21T42 + T24T43 — T23T44
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