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Mátyás Domokos

Communicated by P. Koshlukov

Dedicated to Vesselin Drensky on his 75th birthday

Abstract. The cone of a classical group G is an affine G × G-variety.
The aim of this note is to initiate its combinatorial study in the cases when
G is the complex orthogonal or symplectic group (the case of the general
linear group being well documented in the literature). The coordinate ring
of the cone of G is a finitely generated commutative graded algebra. First
the G×G-module structure of its homogeneous components is determined.
This is used to compute the Hilbert series of this coordinate ring in the cases
when G is the orthogonal group O(3), O(4), the special orthogonal group
SO(4), and when G is the symplectic group Sp(4). It is concluded that
the coordinate ring of the cone of O(3) is not Koszul, hence the vanishing
ideal of this cone has no quadratic Gröbner basis (although it is minimally
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1. Introduction. Quantum groups were originally defined as Hopf al-
gebra deformations of universal enveloping algebras of complex semisimple Lie
algebras. A dual approach was taken by Faddeev, Reshetikhin and Tahtajan [17],
who defined quantized coordinate rings of classical groups by taking a noncom-
mutative deformation of the coordinate ring of G. This is a two-step process: first
they define a matrix bialgebra (called the FRT-bialgebra), and then specialize to
1 a central group-like element in it. Let G be any of the classical groups SL(n),
O(n), or Sp(n) (for n even in the latter case). The FRT-bialgebra Aq(G) is an
associative graded C-algebra generated by n2 elements of degree 1 (thought of
as the coordinate functions on the space of n × n “quantum matrices”) subject
to a set of homogeneous quadratic relations depending on a non-zero parameter
q ∈ C. The algebra Aq(SL(n)) is the quantized coordinate ring of n×n matrices,
and is thoroughly studied from combinatorial and ring theoretic aspects, see for
example [15], [10], [2], [9]. It is a noncommutative deformation of the coordinate
ring of the space of n × n matrices, a polynomial algebra in n2 indeterminates,
whose GL(n)×GL(n)-module structure is given by the Cauchy formula (see for
example [16, Section 11.5.1]).

For G = O(n) or G = Sp(n), the algebra Aq(G) is a deformation of the
coordinate ring O(C(G)) of the cone C(G) of G (see e.g. [6]). Therefore the
Hilbert series of the graded algebra Aq(G) coincides with the Hilbert series of
O(C(G)). Moreover, the problem of finding a normal form for the elements of
Aq(G) (e.g. giving a monomial basis of Aq(G) together with the corresponding
rewriting rules) is closely related to the similar task for O(C(G)). In this paper
we initiate the combinatorial study of O(C(G)).

We shall work over the base field C of complex numbers, and throughout
the paper we assume that n ≥ 3 is a positive integer. Recall that the orthogonal
group is

O(n) = {M ∈ Cn×n |MTM = I},

the set of n×n matrices over C whose transpose is their inverse. For n = 2m ≥ 4
even, the symplectic group is

Sp(n) = {M ∈ Cn×n |MTJM = J},

where J is the n× n matrix obtained by glueing m copies of

(
0 1
−1 0

)
along the

main diagonal. Now let G be any of O(n) or Sp(n). Then G is a subset of Cn×n
defined by polynomial equations.
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By the cone C(G) of G we mean the Zariski closure in Cn×n of

{cM | c ∈ C, M ∈ G} ⊂ Cn×n.

Note that the subset of Cn×n in the above line is not Zariski closed in general,
see Example 6.3. We have the embeddings

G ↪→ C(G) ↪→ Cn×n

of affine algebraic varieties. Restriction of functions induces the C-algebra sur-
jections

(1) O(Cn×n)
ϕ1−→ O(C(G))

ϕ2−→ O(G)

between the corresponding coordinate rings. Here O(Cn×n) = C[xij | 1 ≤ i, j ≤
n] is an n2-variable polynomial algebra, where xij is the function assigning to
M ∈ Cn×n its (i, j)-entry. It is endowed with the standard grading. Since C(G)
is a cone, the surjection ϕ1 transports the grading to O(C(G)). So denoting by
O(C(G))d the degree d homogeneous component of O(C(G)) we have O(C(G)) =
∞⊕
d=0

O(C(G))d. The group G×G acts on Cn×n by

(g, h) ·M = gMh−1 for g, h ∈ G and M ∈ Cn×n,

with matrix multiplication on the right hand side. The subvarieties C(G) and
G are both G × G-stable, and we have the induced G × G-action on the corre-
sponding coordinate rings. The C-algebra homomorphisms ϕ1 and ϕ2 are G×G-
equivariant.

1.1. The content of the paper. In Section 2 we determine the structure
of the representation G × G on O(C(G)) (see Theorem 2.3). Using some known
formulae for the dimensions of the irreducible representations of G, this allows us
to deduce in Section 3 the Hilbert series of the graded algebra O(C(G)) when G is
O(3), O(4), or Sp(4), and the same is done for SO(4) in Section 4. Moreover, for
the same groups G we compute in Section 5 also the Hilbert series ofO(C(G))U×U ,
where U is the unipotent radical of a Borel subgroup in G. The vanishing ideal

I(C(G)) = {f ∈ O(Cn×n) | f(cg) = 0 ∀g ∈ G, ∀c ∈ C}

of C(G) for G = O(n) or G = Sp(n) (i.e. the kernel of ϕ1 from (1)) was described
by Weyl [20], who proved that these ideals are generated by explicitly given
quadratic elements. In Section 6 we present in modern language the proof of this
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result in the case of O(n). As a consequence of the calculations in Section 3 we
observe that the algebra O(C(O(3))) is not Koszul, hence the ideal I(C(O(3)))
has no quadratic Gröbner basis. In Section 7 we present a Gröbner basis of
I(C(O(3))); in addition to the 10 quadratic generators it has 5 cubic elements.

Several calculations in the paper were performed using the online CoCalc
platform [18].

2. The G×G-module structure of O(C(G))d. Throughout this
section G stands for O(n), or for Sp(n) (where n = 2m is even in the lat-
ter case). The finite dimensional irreducible representations of G (as a lin-
ear algebraic group) are naturally indexed by a set Λ(G) of partitions. By
a partition we mean a non-increasing finite sequence of integers. Denote by
Par(n) := {λ = (λ1, . . . , λn) | λi ∈ N0, λ1 ≥ · · · ≥ λn} the set of partitions with
at most n non-zero parts. Recall from [16] or [20] that we have

Λ(O(n)) = {λ ∈ Par(n) | |{i | λi > 0}|+ |{i | λi > 1}| ≤ n},

whereas for n = 2m even we have

Λ(Sp(n)) = Par(m).

Set Λ(G)d := {λ ∈ λ(G) | λ1 + · · · + λn = d}. For λ ∈ Λ(G) denote by Vλ
the underlying vector space of the irreducible representation of G labeled by λ,
endowed with the corresponding linear action of G. Note that V(1,0,...,0)

∼= Cn,
endowed with the defining representation of G (given by multiplication of column
vectors by matrices). We shall use the following well-known fact (see for example
[16, Section 11.3.1]):

Proposition 2.1. For λ ∈ Λ(G)d the G-module Vλ occurs as a summand
in the dth tensor power Td(Cn) of Cn, and Vλ is not a summand of Tk(Cn) for
k > d with k − d odd, or for k < d.

The representation of G × G on O(G) is described by the Peter-Weyl
Theorem:

Proposition 2.2. We have the following isomorphism of G×G-modules:

O(G) ∼=
⊕

λ∈Λ(G)

Vλ ⊗ Vλ.
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P r o o f. The Peter-Weyl Theorem says that O(G) ∼=
⊕

λ∈Λ(G)

Vλ ⊗ V ∗λ ,

where V ∗λ stands for the dual of the representation Vλ (see for example [16, Theo-
rems 8.3.2 and 8.7.2.3]). Taking into account the fact that all representations of G
are self-dual, i.e. Vλ ∼= V ∗λ holds for all λ ∈ Λ(G), we get the desired statement. 2

We mention that a basis of O(O(n)) consisting of so-called bidetermi-
nants is given in [3], extending for the orthogonal group the analogous theory for
O(Cn×n) (cf. [16, Section 13.4], [7], [5]). The case of O(Sp(n)) is treated in [4].

Theorem 2.3. For d = 0, 1, 2, . . . we have the following isomorphisms of
G×G-modules:

O(C(G))d ∼=
bd/2c⊕
k=0

⊕
λ∈Λ(G)d−2k

Vλ ⊗ Vλ,

where bd/2c is the lower integer part of d/2. In particular, for d ≥ 2 we have

O(C(G))d ∼= O(C(G))d−2 ⊕
⊕

λ∈Λ(G)d

Vλ ⊗ Vλ.

P r o o f. Note that ϕ2(ϕ1(xij)) are the matrix elements of the defining
representation of G on Cn (the maps ϕ1 and ϕ2 are defined in (1)). Therefore
ϕ2(O(C(G))d) is the C-linear span of the length d products of the matrix elements
of the defining representation of G, hence ϕ2(O(C(G))d) is the space of matrix
elements of the d-fold tensor power Td(Cn) of the defining representation of G on

Cn. It follows by Proposition 2.2 that ϕ2(O(C(G))d) is isomorphic to
⊕

Vλ ⊗
Vλ, where the direct sum ranges over the λ ∈ Λ(G) such that Vλ occurs as a
direct summand in Td(Cn). Hence by Proposition 2.1 we have ϕ2(O(C(G))d) ∼=
bd/2c⊕
k=0

⊕
λ∈Λ(G)d−2k

Vλ ⊗ Vλ. The restriction to O(C(G))d of ϕ2 is injective, since if

a homogeneous polynomial in O(Cn×n) vanishes on G, then it vanishes on C(G)
as well. Therefore we have O(C(G))d ∼= ϕ2(O(C(G))d), finishing the proof of the
first isomorphism. The second isomorphism follows from the first by induction
on d. 2

3. Some Hilbert series. Recall that the Hilbert series of a graded

algebra A =

∞⊕
d=0

Ad (with finite dimensional homogeneous components Ad) is the
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formal power series

H(A; t) :=

∞∑
d=0

dimC(Ad)t
d ∈ Z[[t]].

For G = O(n) or G = Sp(n) introduce the following function hG : N0 → N0:

(2) hG(d) :=
∑

λ∈Λ(G)d

dimC(Vλ)2.

As a consequence of Theorem 2.3 we get the following:

Corollary 3.1. For G = O(n) or G = Sp(n) we have

H(O(C(G)); t) :=

∞∑
d=0

bd/2c∑
k=0

hG(d− 2k)td.

3.1. The case G = O(3).

Theorem 3.2. We have the equality

H(O(C(O(3))); t) = −t+
∞∑
d=0

(
2d+ 3

3

)
t2d =

1 + 5t+ 5t2 − 6t3 + 4t4 − t5

(1− t)4
.

P r o o f. We have Λ(O(3))d = {(d, 0, 0), (d− 1, 1, 0)}, except for d = 3 or
d = 1, when Λ(O(3))1 = {(1, 0, 0)} and Λ(O(3))3 = {(3, 0, 0), (2, 1, 0), (1, 1, 1)}.
Moreover, V(d,0,0) can be identified with the space of 3-variable spherical har-
monics of degree d (see for example [11, Section 5.2.3]), and so dimC(V(d,0,0)) =(
d+ 2

2

)
−
(
d

2

)
= 2d + 1. Moreover, the restriction to the special orthogonal

group SO(3) of the representation on V(d−1,1,0) is isomorphic to V(d−1,0,0), whence
dimC(V(d−1,1,0)) = dim(V(d−1,0,0)) = 2(d − 1) + 1 = 2d − 1. Furthermore, V(1,1,1)

can be identified with the third exterior power of C3, so dimC(V(1,1,1)) = 1. Thus
we have

hO(3)(d) =


(2d− 1)2 + (2d+ 1)2 = 8d2 + 2 for d /∈ {0, 1, 3};
12 for d = 0;

32 for d = 1;

12 + 52 + 72 for d = 3.
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It follows by Corollary 3.1 that that for d ≥ 2 or d = 0 we have

dim(O(C(O(3)))d) =

1 + 32 + 52 + · · ·+ (2d+ 1)2 =

(
2d+ 3

3

)
for d 6= 1;

9 for d = 1.

This shows H(O(C(O(3))); t) = −t+

∞∑
d=0

(
2d+ 3

3

)
td. Using that

∞∑
d=0

(
2d+ 3

3

)
t2d =

1

6

(
d

dt

)3
( ∞∑
d=0

t2d+3

)
=

1

6

(
d

dt

)3 t3

1− t2
=

1 + 6t2 + t4

(1− t2)4

we get

∞∑
d=0

(
2d+ 3

3

)
td =

1 + 6t+ t2

(1− t)4
,

whence

H(O(C(O(3))), t) =
1 + 6t+ t2

(1− t)4
− t =

1 + 5t+ 5t2 − 6t3 + 4t4 − t5

(1− t)4
. 2

Proposition 3.3. The quadratic algebra O(C(O(3))) is not Koszul.

P r o o f. For a graded C-algebra A =
∞⊕
d=0

Ad, the Poincaré series of A is

P(A, t) =

∞∑
d=0

dim TorAd (C,C)td =

∞∑
d=0

dim ExtdA(C,C)td.

It is well known that if A is Koszul, then the equality

(3) H(O(A),−t) · P(O(A), t) = 1

holds in the power series ring Z[[t]] (see [12], [8]). Up to degree 9 the terms of
1/H(O(C(O(3))),−t) are the same as the corresponding terms of the polynomial

(1 + t)4

(
1 +

9∑
d=1

(5t− 5t2 − 6t3 − 4t4 − t5)d

)
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which are

−7330t9 + 17883t8 + 11539t7 + 5129t6 + 1912t5 + 628t4 + 183t3 + 46t2 + 9t+ 1.

Thus the coefficient of t9 in 1/H(O(C(O(3))),−t) is negative, hence it can not be
a Poincaré series. Therefore the equality (3) can not hold for A = O(C(O(3))),
whence O(C(O(3))) is not Koszul. 2

Remark 3.4. Our focus on the Koszul property is motivated by the
connection to the construction of certain quantum groups (see the Introduction).
In fact it was advertised in [13], [14] that quadratic (and in particular, Koszul)
algebras should play a distinguished role in quantum group theory.

3.2. The case of O(4).

Theorem 3.5. We have the equality

H(O(C(O(4))); t) =
1 + 9t+ 27t2 + 19t3 − 30t4 + 34t5 − 35t6 + 21t7 − 7t8 + t9

(1− t)7
.

P r o o f. For d = 3 or d ≥ 5 we have Λ(O(4))d = {(d − 2, 1, 1, 0), (d −
k, k, 0, 0) for k = 0, . . . , bd/2c}. For d ≤ 2 we have to omit (d − 2, 1, 1, 0),
whereas for d = 4 the set Λ(O(4))4 contains also (1, 1, 1, 1). The dimension of
Vλ for λ ∈ Λ(O(4))d is given in the following table. Note that the space V(d,0,0,0)

can be identified with the space of spherical harmonics of degree d in 4 variables,

hence its dimension is

(
d+ 3

3

)
−
(
d+ 1

3

)
. Moreover, V(d−2,1,1,0) is isomorphic to

V(d−2,0,0,0) as an SO(4)-module, whereas V(1,1,1,1) can be identified with the 4th

exterior power of C4. We read off the dimension of V(d−k,k,0,0) for k > 0 from [19,
Formula 3.28].

λ (d, 0, 0, 0) (d− k, k, 0, 0), 1 ≤ k ≤
⌊
d

2

⌋
(d− 2, 1, 1, 0) (1, 1, 1, 1)

dimC(Vλ) (d+ 1)2 2(d+ 1)(d− 2k + 1) (d− 1)2 1
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It follows that for hO(4)(d) defined in (2) we have

hO(4)(d) =



(d+ 1)4 + (d− 1)4 + 4

bd/2c∑
k=1

(d+ 1)2(d− 2k + 1)2 for d /∈ {0, 2, 4}

1 for d = 0

117 for d = 2

1707 for d = 4.

So for d /∈ {0, 2, 4} we have

hO(4)(d) =
2

3
d5 +

10

3
d4 +

32

3
d2 − 2

3
d+ 2

by Corollary 3.1. A routine calculation yields that

dim(O(C(O(4)))d) =


1 for d = 0

118 for d = 2

1825 for d = 4

p(d) for d /∈ {0, 2, 4},

where

p(d) :=
1

18
d6 +

2

3
d5 +

20

9
d4 + 4d3 +

85

18
d2 +

10

3
d+ 1.

We have p(0) = 1, p(2) = 119, p(4) = 1825, so

dimC(O(C(O(4)))d) =

{
p(d) for d 6= 2

p(d)− 1 for d = 2.
(4)

We can rewrite p(d) as a linear combination of binomial coefficients as follows:

(5) p(d) =

(
d+ 1

1

)
− 14

(
d+ 2

2

)
+ 34

(
d+ 3

3

)
− 60

(
d+ 5

5

)
+ 40

(
d+ 6

6

)
.

It follows from (4) and (5) that

H(O(C(O(4))); t) = −t2 +
1

(1− t)2
− 14

(1− t)3
+

34

1− t)4
− 60

(1− t)6
+

40

(1− t)7
,

which gives the formula in our statement. 2
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3.3. The case of Sp(4).

Theorem 3.6. We have the equality

H(O(C(Sp(4))); t) =
1 + 5t+ 5t2 + t3

(1− t)11
.

P r o o f. We have Λ(Sp(4))d = {(d − k, k) | k = 0, 1, . . . , bd/2c}, and by
[19, Formula 3.29],

dimC(V(d−k,k)) =
1

6
(d+ 3)(d− k + 2)(k + 1)(d− 2k + 1).

It follows that

hSp(4)(d) =
1

15120
d9 +

1

560
d8 +

3

140
d7 +

3

20
d6 +

97

144
d5 +

481

240
d4

+
29683

7560
d3 +

4069

840
d2 +

473

140
d+ 1

(see (2) for the definition of hG(d)). By Corollary 3.1 we obtain

dimC(O(C(Sp(4)))d) =
1

302400
d10 +

1

7560
d9 +

47

20160
d8 +

1

42
d7 +

2243

14400
d6

+
49

72
d5 +

121279

60480
d4 +

2963

756
d3 +

121883

25200
d2 +

709

210
d+ 1

= −
(
d+ 7

7

)
+ 8

(
d+ 8

8

)
− 18

(
d+ 9

9

)
+ 12

(
d+ 10

10

)
.

It follows that

H(O(C(Sp(4))); t) =
−1

(1− t)8
+

8

(1− t)9
− 18

(1− t)10
+

12

(1− t)11
,

giving the formula in our statement. 2

4. The cone of the special orthogonal group. The special or-
thogonal group is the index two subgroup in O(n) defined as

SO(n) = {M ∈ O(n) | det(M) = 1}.

For n odd the scalar matrix −I belongs to O(n)\SO(n), hence the cone of SO(n)
coincides with the cone of O(n). For n = 2m even both scalar orthogonal matrices
I and −I have determinant 1, hence {cM | M ∈ SO(2m), c ∈ C×} is disjoint
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from {cM | M ∈ O(2m) \ SO(2m), c ∈ C×}. In particular, the cone of SO(2m)
is properly contained in the cone of O(2m). The irreducible representations of
SO(2m) are labelled by

Λ(SO(2m)) = {λ ∈ Zm | (λ1, . . . , λm−1, |λm|) ∈ Par(m)}.

For λ ∈ Λ(SO(2m)) write Wλ for the corresponding irreducible representation of

SO(2m). For λ ∈ Λ(O(2m)) write Vλ ↓
O(2m)
SO(2m) for the restriction of the O(2m)-

module Vλ to the subgroup SO(2m). For λ ∈ Par(m)

(6) Vλ ↓
O(2m)
SO(2m)

∼=

{
Wλ when λm = 0

Wλ ⊕Wλ◦ when λm > 0,

where λ◦ := (λ1, . . . , λm−1,−λm) and we have dimC(Wλ) = dimC(Wλ◦) for all
λ ∈ Par(m) (see e.g. [16, Page 422]).

Set Λ(SO(2m))d := {λ ∈ Λ(SO(2m)) | λ1 + · · · + λm−1 + |λm| = d}.
Proposition 2.1 implies by (6) the following:

Proposition 4.1. For λ ∈ Λ(SO(2m))d the SO(2m)-module Wλ occurs
as a summand in Td(C2m), and Wλ is not a summand of Tk(C2m) for k > d with
k − d odd, or for k < d.

Repeating verbatim the proof of Theorem 2.3 and referring to Proposi-
tion 4.1 (instead of Proposition 2.1 we get the following:

Theorem 4.2. For d = 0, 1, 2, . . . we have the following isomorphisms of
SO(2m)× SO(2m)-modules:

O(C(SO(2m)))d ∼=
bd/2c⊕
k=0

⊕
λ∈Λ(SO(2m))d−2k

Wλ ⊗Wλ.

In particular, for d ≥ 2 we have

O(C(SO(2m)))d ∼= O(C(SO(2m)))d−2 ⊕
⊕

λ∈Λ(SO(2m))d

Wλ ⊗Wλ.

As a consequence of Theorem 4.2 we get the following:

Corollary 4.3. We have the equality

H(O(C(SO(2m))); t) :=
∞∑
d=0

bd/2c∑
k=0

hSO(2m)(d− 2k)td,
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where

hSO(2m)(d) :=
∑

λ∈Λ(SO(2m))d

dimC(Wλ)2.

4.1. The Hilbert series of O(C(SO(4)).

Theorem 4.4. We have the equality

H(O(C(SO(4)); t) =
1 + 9t+ 9t2 + t3

(1− t)7
.

P r o o f. We have Λ(SO(4))d = {(d−k, k), (d−k,−k) | k = 0, 1, . . . , bd/2c}
and

dimC(W(d−k,k)) = dimC(W(d−k,−k)) = (d+ 1)(d− 2k + 1).

Consequently,

hSO(4)(d) = (d+ 1)4 + 2

bd/2c∑
k=1

(d+ 1)2(d− 2k + 1)2

=
1

3
d5 +

5

3
d4 + 4d3 +

16

3
d2 +

11

3
d+ 1.

By Corollary 4.3 we get

dimC(O(C(SO(4))d) =
1

36
d6 +

1

3
d5 +

29

18
d4 + 4d3 +

193

36
d2 +

11

3
d+ 1

= −
(
d+ 3

3

)
+ 12

(
d+ 4

4

)
− 30

(
d+ 5

5

)
+ 20

(
d+ 6

6

)
.

It follows that

H(O(C(SO(4))); t) =
−1

(1− t)4
+

12

(1− t)5
− 30

(1− t)6
+

20

(1− t)7
,

giving the formula in our statement. 2

5. U×U -invariants. For G ∈ {O(3), O(4), Sp(4), SO(4)}, denote by
U the unipotent radical of a Borel subgroup of G. Recall that dim(O(C(G))U×Ud )
equals the number of irreducible G◦×G◦-module direct summands of O(C(G))d,
where G◦ denotes the identity component of G. Recall that the identity compo-
nent of O(n) is SO(n), whereas Sp(n) is connected.
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5.1. U×U-invariants in O(C(O(3))). By the remark above, by Theo-
rem 2.3 and the description of Λd(O(3)) in the first paragraph of Section 3.1 (recall
that each irreducible O(3)-module restricts to an irreducible SO(3)-module) we
have

dim(O(C(O(3)))U×Ud ) =

{
d+ 1 for d ≥ 2 or d = 0

1 for d = 1
.

It follows that

H(O(C(O(3)))U×U ; t) =
d

dt

(
1

1− t

)
− t =

1− t+ 2t2 − t3

(1− t)2
=

1 + t2 + t3 − t4

(1− t)(1− t2)
.

By a linear change of coordinates we may switch to the orthogonal group
preserving the non-degenerate quadratic form associated to the symmetric matrix

β :=

 0 0 1
0 1 0
1 0 0

 , so consider

O(3, β) = {M ∈ C3×3 : MTβM = β}, SO(3, β) = {M ∈ O(3, β) | det(M) = 1}.

The Lie algebra of a Borel subgroup B in SO(3, β) is spanned by E11−E33,
E12−E23, where Eij stands for the matrix unit having entry 1 in the (i, j) position
and zero in all other positions. The element E11 − E33 spans the Lie algebra of
the maximal torus

T = {

 z 0 0
0 1 0

0 0 z−1

 | z ∈ C×}

in SO(3, β), and the Lie algebra of the unipotent radical U is spanned over C by
E12−E23. Write xij for the standard coordinate functions on C3×3 (and also for
their restriction to the cone of O(3, β)), and set

X =

 x11 x12 x13

x21 x22 x23

x31 x32 x33

 .

For a square matrix M with entries in a commutative ring, we write det(M)
and Tr(M) for the determinant of M and for the trace (the sum of the diagonal
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entries) of M . Explicit computation yields the following bases in O(C(G))U×Ud

for d = 1, 2, 3:

O(C(O(3, β)))U×U1 = SpanC{x31}
O(C(O(3, β)))U×U2 = SpanC{x2

31, x31x22 − x21x32, Tr(XTβXβ)}
O(C(O(3, β)))U×U3 = SpanC{x3

31, x31(x31x22 − x21x32), x31Tr(XTβXβ), det(X)}

So up to degree 3, the algebraO(C(O(3)))U×U is generated by x31, x31x22−x21x32,
Tr(XTβXβ), det(X). The above U×U -invariants are in fact invariant as elements
in O(Cn×n). They are T-eigenvectors, so they are highest weight vectors in the
SO(3, β)× SO(3, β)-module O(Cn×n).

5.2. U × U-invariants in O(C(O(4))).

Proposition 5.1. We have

H(O(C(O(4))U×U ; t) =
1 + 3t2 + t3 + t4 − 2t5 − t6 + t7

(1− t)(1− t2)2
.

P r o o f. For λ ∈ Λ(O(4)) denote by ε(λ) ∈ {1, 2} the number of irre-
ducible SO(4)-module direct summands in the irreducible O(4)-module Vλ, hence
ε(λ)2 is the number of irreducible SO(4)×SO(4)-module direct summands in the

irreducible O(4) × O(4)-module Vλ ⊗ Vλ. Set NO(4)(d) :=
∑

λ∈Λ(O(4))d

ε(λ)2. By

Theorem 2.3 we have

dimC(O(C(O(4)))U×Ud ) =

bdc∑
k=0

NO(4)(d− 2k).

Now

NO(4)(d) =


2 + 4bd/2c if d ≥ 5 or d = 3

1 if d = 0, 1

5 if d = 2

11 if d = 4.

We conclude that for d = 2f or d = 2f + 1 with d ≥ 5 we have

dimC(O(C(G))U×Ud ) = 2f2 + 4f + 1 = −
(
f

0

)
− 2

(
f + 1

1

)
+ 4

(
f + 2

2

)
,



On the cones of classical groups 381

and one can check that in fact the same holds except for d = 2, for which
2f2 + 4f + 1|f=1 − dimC(O(C(G))U×Ud ) = 7− 6 = 1. It follows that

H(O(C(O(4))U×U ; t) = −t2 +

(
−1

1− t2
− 2

(1− t2)2
+

4

(1− t2)3

)
(1 + t),

from which our statement easily follows. 2

5.3. U × U-invariants in O(C(SO(4))).

Proposition 5.2. We have

H(O(C(SO(4))U×U ; t) =
1 + t2

(1− t)(1− t2)2
.

P r o o f. By Theorem 4.2 we have

dimC(O(C(SO(4)))U×Ud ) =

bd/2c∑
k=0

|Λ(SO(4))d−2k|.

Moreover, |Λ(SO(4))d| = 1 + 2bd/2c. It follows that for d = 2f or 2f + 1 we have

dimC(O(C(SO(4)))U×Ud ) = f2 + 2f + 1 = −
(
f + 1

1

)
+ 2

(
f + 2

2

)
,

implying in turn that

H(O(C(SO(4))U×U ; t) =

(
−1

(1− t2)2
+

2

(1− t2)3

)
(1 + t). 2

5.4. U × U-invariants in O(C(Sp(4))).

Proposition 5.3. We have

H(O(C(Sp(4))U×U ; t) =
1

(1− t)(1− t2)2
.

P r o o f. By Theorem 2.3 we have

dimC(O(C(Sp(4)))U×Ud ) =

bd/2c∑
k=0

|Λ(Sp(4))d−2k|.
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Moreover, |Λ(Sp(4))d| = 1 + bd/2c. It follows that for d = 2f or 2f + 1 we have

dimC(O(C(SO(4)))U×Ud ) =
1

2
f2 +

3

2
f + 1 =

(
f + 2

2

)
,

implying in turn that

H(O(C(SO(4))U×U ; t) =
1 + t

(1− t2)3
. 2

6. The vanishing ideal of the cone of the orthogonal group.
Recall that for 1 ≤ i, j ≤ n we denote by xij ∈ O(Cn×n) the coordinate function
mapping a matrix M ∈ Cn×n to its (i, j)-entry, so O(Cn×n) is the polynomial
algebra C[xij | 1 ≤ i, j ≤ n]. Denote by X the n × n generic matrix whose
(i, j)-entry is xij . Write XT for the transpose of X, and for an n× n matrix M
over O(Cn×n) write Mij for the (i, j)-entry of M . The following statement is due
to H. Weyl:

Theorem 6.1. [20, Chapter V.A.4] The ideal I(C(O(n))) is generated by
the following n2 + n− 2 quadratic polynomials:

(XTX)ij , (XXT )ij for 1 ≤ i < j ≤ n,
(XTX)11 − (XTX)kk, (XXT )11 − (XXT )kk for k = 2, . . . , n

Remark 6.2. (i) Clearly, a minimal homogeneous generating set of the
ideal I(C(O(n)) spans an O(n)×O(n)-invariant subspace inO(Cn×n). The O(n)×
O(n)-module structure of the degree 2 homogeneous component of I(C(O(n)) is
given (using the notation of Section 2) as follows:

I(C(O(n))2
∼= V(2,0,...,0) ⊗ V(0,...,0) ⊕ V(0,...,0) ⊗ V(2,0,...,0)

(recall that V(0,...,0) is the 1-dimensional trivial O(n)-module, and V(2,0,...,0) can
be identified with the space of n-variable spherical harmonics of degree 2). This
shows that the generating set of I(C(O(n)) provided by Theorem 6.1 is minimal.

(ii) A statement similar to Theorem 6.1 holds for the vanishing ideal of
the cone of the symplectic group, see [20, Chapter X.5].
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Example 6.3. Denoting by i the imaginary complex unit with i2 = −1,

the matrix A :=

 1 i 0
−i 1 0
0 0 0

 satisfies AAT = 0 = ATA, hence all the genera-

tors of I(C(O(3))) given in Theorem 6.1 vanish on A. It follows that A belongs
to the cone C(O(3)). However, A is not a scalar multiple of an element of O(3).

For sake of completeness we provide a proof of Theorem 6.1 in modern
language. Write V = Cn, and let e1, . . . , en denote the standard basis vectors.
Identify Cn×n with EndC(V ) in the standard way, then G = O(n) is identified
with the subgroup of the general linear group GL(V ) consisting of the linear
transformations that preserve the non-degenerate symmetric bilinear form 〈− | −〉
on V given by

〈ei | ej〉 =

{
1 if i = j

0 if i 6= j.

For a finite dimensional C-vector space W we write W ∗ for the dual space of
W , and for a positive integer d we write Td(W ) = W ⊗ · · · ⊗W for the d-fold
tensor power of W . We shall make use of the standard identifications W ⊗W ∗ ∼=
EndC(W ) and Td(W ∗) ∼= Td(W )∗. These induce an identification

Td(EndC(V )) ∼= EndC(Td(V ))

via

Td(V ⊗ V ∗) ∼= V ⊗ V ∗ ⊗ · · ·V ⊗ V ∗ ∼= Td(V )⊗ Td(V ∗) ∼= Td(V )⊗ Td(V )∗.

Write Ud for the C-subspace

Ud = SpanC{M ⊗ · · · ⊗M ∈ EndC(Td(V )) |M ∈ EndC(V )}.

Clearly Ud is a subalgebra of the noncommutative C-algebra EndC(Td(V )), called
a Schur algebra. It contains the subalgebra

U(G)d = SpanC{g ⊗ · · · ⊗ g ∈ EndC(Td(V )) | g ∈ O(n)}.

Recall that the polynomial ringO(Cn×n) is graded in the usual way, andO(Cn×n)d
stands for the degree d homogeneous component.

Lemma 6.4. There exists a unique C-vector space isomorphism

O(Cn×n)d → U∗d , f 7→ f̃
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such that for any f ∈ O(Cn×n)d and M ∈ Cn×n we have

f̃(M ⊗ · · · ⊗M) = d!f(M).

P r o o f. Consider the isomorphisms

O(Cn×n)d ∼= (Td(EndC(V ))∗)Sd ∼= (Td(EndC(V ))Sd)∗.

The first of the above isomorphisms is given by the standard multilinearization
process: it assigns to the homogeneous form f ∈ O(Cn×n)d the linear func-
tional f̂ ∈ Td(EndC(V ))∗, characterized by the property that for M1, . . . ,Md ∈
EndC(V ), f̂(M1 ⊗ · · · ⊗ Md) is the value at (M1, . . . ,Md) of the multilinear
component of the function EndC(V ) × · · · × EndC(V ) → C, (M1, . . . ,Md) 7→
f(M1 + · · ·+Md). The symmetric group Sd acts on Td(EndC(V )) by permuting
the tensor components. Clearly f̂(M1⊗ · · · ⊗Md) = f̂(Ms(1)⊗ · · · ⊗Ms(d)) holds

for any permutation s ∈ Sd, so f̂ belongs to the subspace (Td(EndC(V ))∗)Sd .
Moreover, f 7→ f̂ is an isomorphism, because for any h ∈ (Td(EndC(V ))∗)Sd we

have that h = f̂ where f(M) =
1

d!
h(M ⊗ · · · ⊗M). The second isomorphism

is given by restriction of an Sd-invariant linear functional on Td(EndC(V )) to
the subspace Td(EndC(V ))Sd of symmetric tensors. This sends f̂ 7→ f̃ . Observe
finally Td(EndC(V ))Sd is spanned by M⊗· · ·⊗M as M ranges over EndC(V ), see
for example [16, Lemma 9.1.1]. So we have Td(EndC(V ))Sd = Ud by definition of
the latter. 2

For a subset S ⊂ EndC(Td(V )) denote by Z(S) the centralizer of S in
the algebra EndC(Td(V )); clearly Z(S) is a subalgebra in EndC(Td(V )). The
endomorphism algebra EndG(Td(V )) = Z(U(G)d) is generated by the algebra
EndGL(V )(T

d(V )) = Z(Ud) and a single linear transformation B ∈ EndC(Td(V ))
given by

B(v1 ⊗ · · · ⊗ vd) = 〈v1 | v2〉
n∑
i=1

ei ⊗ ei ⊗ v3 ⊗ · · · vd,

see for example [16, Section 11.3.2], where this is deduced from the first fundamen-
tal theorem for vector invariants of the orthogonal group (the algebra Z(U(G)d)
is called Brauer centralizer algebra). Since Ud and U(G)d are semisimple subalge-
bras of EndC(Td(V )), by the double centralizing theorem for semisimple algebras
(see for example [16, Theorem 6.2.5]), one recovers them as the centralizer of
their centralizer. Thus we have

U(G)d = Z(Z(U(G)d)) = Z({B} ∪ Z(Ud))
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= Z({B}) ∩ Z(Z(Ud)) = Ud ∩ Z({B}).

This can be reformulated as follows:

Proposition 6.5. The kernel of the natural surjection U∗d � U(G)∗d
(given by restriction of linear functionals on Ud to the subspace U(G)d) is spanned
by the restrictions to Ud of the coordinate functions of the map

EndC(Td(V ))→ EndC(Td(V )), Y 7→ BY − Y B.

P r o o f o f T h e o r e m 6.1. Denote by Q the ideal in O(Cn×n) generated
by the n2 + n − 2 quadratic polynomials in the statement. By definition of G
they vanish on G, and since they are homogeneous, they vanish on C(G) as well.
So Q ⊆ I(C(G)). The ideal Q is generated by homogeneous elements. Being
the vanishing ideal of a cone, I(C(G)) is also a homogeneous ideal. Denote
by Qd, I(C(G))d their degree d homogeneous components. It remains to prove
that Qd = I(C(G))d for all positive integers d. By Lemma 6.4 the isomorphism
µ : O(Cn×n)d → U∗d , f → f̃ maps I(C(G))d to the kernel of the natural surjection
U∗d � U(G)∗d. Therefore by Proposition 6.5 it is sufficient to show that the
restriction to Ud of the coordinate functions of the map κ : EndC(Td(V )) →
EndC(Td(V )), Y 7→ BY −Y B are contained in the space µ(Qd). Now we compute
the restrictions to Ud of the coordinate functions of κ with respect to the basis
Ei1j1 ⊗ · · · ⊗ Eidjd of EndC(Td(V )) ∼= Td(EndC(V )), where

Eij(ek) =

{
ei for k = j

0 for k 6= j.

In order to do so we need to point out that under the identification EndC(Td(V )) ∼=
Td(EndC(V )) the element B corresponds to

B =
n∑

i,j=1

Eij ⊗ Eij ⊗ idV ⊗ · · · ⊗ idV .

For M =

n∑
i,j=1

MijEij ∈ EndC(V ) we have

M ⊗M
n∑

k,l=1

Ekl ⊗ Ekl =
∑

i,j,s,t,k,l

MijMstEijEkl ⊗ EstEkl
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=
∑
i,k,s,l

MikMskEil ⊗ Esl =
∑
i,s,l

(
n∑
k=1

MikMsk

)
Eil ⊗ Esl

and  n∑
k,l=1

Elk ⊗ Elk

M ⊗M =
∑

i,j,s,t,k,l

MjiMtsElkEji ⊗ ElkEts

=
∑
i,k,s,l

MkiMksEli ⊗ Els =
∑
i,s,l

(
n∑
k=1

MkiMks

)
Eli ⊗ Els

This shows that the restriction to Ud of the coordinate function of the map κ
corresponding to Eil ⊗ Esl ⊗ Ei3j3 ⊗ · · · ⊗ Eidjd is the image under µ of

1

d!
·


xi3j3 · · ·xidjd

n∑
k=1

xikxsk when i 6= s

xi3j3 · · ·xidjd
n∑
k=1

(x2
ik − x2

kl) when i = s

,

the restriction to Ud of the coordinate function of the map κ corresponding to
Eli ⊗ Els ⊗ Ei3j3 ⊗ · · · ⊗ Eidjd for i 6= s is the image under µ of

1

d!
xi3j3 · · ·xidjd

n∑
k=1

xkixks,

and the remaining coordinate functions of κ restrict to the zero map on Ud. Since
n∑
k=1

xikxsk,

n∑
k=1

xkixks for i 6= s and

n∑
k=1

(x2
ik−x2

kl) belong to Q, this shows that the

restriction to Ud of each of the coordinate functions of κ is contained in µ(Qd),
and we are done. 2

7. Gröbner basis for the vanishing ideal of C(G).
7.1. Gröbner basis for I(C(O(3))). A Gröbner basis of the vanishing

ideal of the cone of O(3, β) with respect to the degree reverse lexicographic or-
dering of the monomials, induced by the ordering x11 > x12 > x13 > x21 > x22 >
x23 > x31 > x32 > x33 of the variables is the following:

x12x21x31 − 2x11x22x31 + x11x21x32,

x12x21x32 − 2x11x22x32 − 2x11x21x33,
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x11x23x32 − x12x21x33,

x12x23x32 − 2x12x22x33 − 2x11x23x33,

x13x23x32 − 2x13x22x33 + x12x23x33,

x2
12 + 2x11x13,

x13x21 + x12x22 + x11x23,

x2
21 + 2x11x31,

x21x22 + x12x31 + x11x32,

x2
22 − x13x31 + x12x32 − x11x33,

x21x23 − x12x32,

x22x23 + x13x32 + x12x33,

x2
23 + 2x13x33,

x23x31 + x22x32 + x21x33,

x2
32 + 2x31x33

The leading monomials of the elements in the above Gröbner basis are

x2
32, x23x31, x

2
23, x22x23, x21x23, x

2
22, x21x22, x

2
21, x13x21, x

2
12,

x13x23x32, x12x23x32, x11x23x32, x12x21x32, x12x21x31.

For a set {a, b, . . . } of variables denote by 〈a, b, . . . 〉 the set of monomials
involving only the variables a, b, . . . . The standard monomials are the following:

〈x11, x13, x31, x33〉 t x12〈x11, x13, x31, x33〉 t x22〈x11, x13, x31, x33〉
tx32〈x11, x13, x31, x33〉x12x32〈x11, x13, x31, x33〉

tx12x22〈x11, x13, x31, x33〉 t x22x32〈x11, x13, x31, x33〉
tx12x22x32〈x11, x13, x31, x33〉 t x21〈x11, x31, x33〉 t x23〈x11, x13, x33〉

tx12x23〈x11, x13, x33〉 t x21x32〈x13, x31, x33〉 t x12x21〈x11, x33〉 t x23x32〈x33〉

A form of the Hilbert series H(O(C(G)); t) reflecting the above list is

H(O(C(G)); t) =
1 + 3t+ 3t2 + t3

(1− t)4
+

2t+ 2t2

(1− t)3
+

t2

(1− t)2
+

t2

1− t
.

The quadratic elements in this Gröbner basis form a minimal generating
set of the ideal I(C(O(3)), since (up to our coordinate change) they form a C-
vector space basis in the linear span of the generators of I(C(O(3)) given in
Theorem 6.1.
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Proposition 7.1. Regardless of the chosen term order in O(Cn×n), the
ideal I(C(O(3))) has no quadratic Gröbner basis.

P r o o f. Suppose to the contrary that there is a term order such that
I(C(O(3))) has a quadratic Gröbner basis. Then the graded algebra O(C(O(3)))
is Koszul, see [8], [1]. This contradicts Proposition 3.3. 2

7.2. Gröbner basis for I(C(Sp(4))). We do not know if O(C(G)) for
G = O(4) or G = Sp(4) is Koszul or not. In contrast with O(C(O(3))), for these
groups G the first 50 coefficients of 1/H(O(C(G));−t) are non-negative. On the
other hand, the quadratic generators for I(C(G)) do not constitute a Gröbner
basis with respect to the degree reverse lexicographic monomial ordering induced
by the ordering x11 > x12 > x13 > x14 > x21 > x22 > x23 > x24 > x31 > x32 >
x33 > x34 > x41 > x42 > x43 > x44 of the variables. For example, the Gröbner
basis for I(C(Sp(4)) has two cubic elements, in addition to 10 quadratic elements:

x11x32x41 − x14x33x41 + x13x34x41 − x11x31x42 + x14x31x43 − x13x31x44,

x21x32x41 − x24x33x41 + x23x34x41 − x21x31x42 + x24x31x43 − x23x31x44,

x12x21 − x11x22 − x34x43 + x33x44, x13x21 − x11x23 + x33x41 − x31x43,

x14x21 − x11x24 + x34x41 − x31x44, x13x22 − x12x23 + x33x42 − x32x43,

x14x22 − x12x24 + x34x42 − x32x44, x14x23 − x13x24 − x32x41 + x31x42,

x12x31 − x11x32 + x14x33 − x13x34, x22x31 − x21x32 + x24x33 − x23x34,

x12x41 − x11x42 + x14x43 − x13x44, x22x41 − x21x42 + x24x43 − x23x44
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[15] B. Parshall, J. P. Wang. Quantum linear groups. Mem. Amer. Math.
Soc. 89, 439 (1991), vi+157 pp.

[16] C. Procesi. Lie Groups (An approach through invariants and representa-
tions). Universitext. New York, Springer, 2007.

[17] N. Yu. Reshetikhin, L. A. Takhtadzhyan, L. D. Faddeev. Quantiza-
tion of Lie groups and Lie algebras. Algebra i Analiz 1, 1 (1989), 178–206
(inRussian); English translation in: Leningrad Math. J. 1, 1 (1990), 193–225.



390 M. Domokos

[18] Sagemath, Inc., CoCalc – Collaborative Calculation and Data Science, 2020,
https://cocalc.com.

[19] N. El Samra, R. C. King. Dimensions of irreducible representations of
the classical Lie groups. J. Phys. A 12, 12 (1979), 2317–2328.

[20] H. Weyl. The Classical Groups, Second edition with supplement. Prince-
ton, Princeton University Press, 1953.
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