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Abstract — Over the past three decades, evolutionary game theory in structured populations has
witnessed explosive progress. Counterintuitive cooperative phenomena discovered in simulations
have stimulated the development of rigorous mathematical theories to describe the underlying
dynamics. In this paper, we review these theoretical advancements, including pair approximation
and coalescent theory, which offer analytical solutions to evolutionary games on networks. We
summarize the key results obtained by these theories, while also discussing their limitations, such
as high computational complexity and constrained flexibility when applied to complex models. We
therefore suggest that mathematical approaches provide a complementary tool for understanding
cooperation in structured populations alongside simulations.
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Introduction. — Three decades ago, Nowak and
May [1] applied computer simulations to reveal unusual
outcomes of spatial evolutionary games. Traditionally, de-
fection dominates in the prisoner’s dilemma game because
rational individuals pursue personal gains at the expense
of the collective good [2]. However, in a structured popu-
lation where individuals interact only with their neighbors
and copy the strategies of more successful ones, coopera-
tion can surprisingly emerge and thrive.

Asynchronous updates via agent-based simulations [3]
have become the mainstream in subsequent research [4]
and moved forward to the investigation of numerous co-
evolutionary mechanisms [5]. These mechanisms are sim-
ple, but as a feature of complex systems, they generate
unexpected behaviors whose underlying principles remain
elusive. Consequently, while simulations are straightfor-
ward to implement, the profound interpretation of the
emergent outcomes remains an intellectual challenge.

Among many interpretive perspectives, mathematical
theories have been developed to provide analytical in-
sights into the puzzle of cooperation in structured pop-
ulations [6]. These theories can identify the parameter
spaces (game payoffs and network structures) under which
evolution favors cooperation, though exact expressions are
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attainable only under special conditions. This branch is
formally known as evolutionary graph theory [7].

Here, we review the milestones in evolutionary graph
theory over the past two decades and summarize the sem-
inal findings. In particular, we focus on two theoretical
frameworks that have attracted wide attention: the early
pair approximation [8] and the more recent coalescent the-
ory [9]. We aim to provide an overview of the achievements
realized by these techniques and help readers understand
the classes of problems they are equipped to solve.

Evolutionary games on networks. — In the typ-
ical setup, individuals ¢ = 1,2,..., N in a population
of size N are placed on a network structure. Each in-
dividual 7 obtains an instant payoff 7; through interac-
tions with neighbors and updates their strategy (cooper-
ation C or defection D) by selfish learning from neigh-
bors. The self-interested principles can be implemented
through various updating details, including pairwise com-
parison (PC), death-birth (DB), and imitation (IM) [10].
The PC rule compares the payoff with a random neigh-
bor, which is computationally efficient in simulations.
The mathematical challenge has no substantial difference
across these rules, but the DB rule, where all neighbors
compete for the focal position, can produce non-trivial
results.
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Fig. 1: Typical spatial patterns of evolutionary dynamics in structured populations under different selection strengths, where
the dynamics in the weak selection limit can be accurately predicted. Here, the update rule is the DB rule; the two-player game
uses the (R, S;T, P) payoff matrix, where R =1, S = 0, T = 1.7, and P = 0; the population structure is a 100 x 100 lattice
with periodic boundary conditions. (a) Initial configuration with cooperators and defectors randomly distributed. (b) Under
weak selection (8 = 1072), the evolution pattern resembles neutral drift and rapidly converges to fixation. (c) Under relatively
strong selection (8 = 10'), the evolution pattern displays a non-equilibrium stationary state observed in statistical physics.

All strategy updating rules incorporate a selection
strength parameter (), the inverse of which is referred to
as noise in statistical physics. Strategy updates are driven
by individual fitness F; = exp(fm;), which linearizes to
1+ Om; in the weak selection limit (8 — 0). Higher selec-
tion strength implies that individuals are more sensitive
to payoffs. The patterns of strategy evolution vary across
different selection strengths (fig. 1). For general selec-
tion strengths, the fraction of cooperative individuals, zc,
can fluctuate around a non-equilibrium stationary state.
Analytical approaches to this scenario are constrained by
exponential computational complexity [11], feasible only
on special structures such as star networks [12-14]. Con-
versely, the weak selection limit allows for perturbative
methods atop the established baseline of neutral drift
(6 = 0), which leads to accurate solutions.

Criterion for cooperation success. — From a theo-
retical perspective, evolutionary dynamics in finite popu-
lations is a Markov process with only two absorbing states:
zc = 1 and z¢ = 0. Under weak selection, the system can
quickly reach fixation in one of them. To mathematically
define cooperation success, the fixation probability of co-
operators, pg, is introduced, which represents the proba-
bility that the system eventually reaches zc = 1 (fig. 2(a)).
This probability is numerically equivalent to the average
stationary fraction of cooperation over multiple simulation
runs.

In the absence of selection (8 = 0), the system can
be understood as the Voter model [15], with relevant

theoretical foundations dating back before the dawn of
evolutionary game theory [16]. The general result for the
fixation probability pc = pg in this case was established
by Maciejewski [17]: a single cooperator randomly intro-
duced into an all-defector population leads the system to
all-cooperator with probability p& = 1/N. On hetero-
geneous networks, pg, depends on the cooperator’s initial
position, but p@ = 1/N still holds if the initial position is
uniformly randomized.

In this way, evolutionary game models can be under-
stood as an extended Voter model, wherein strategy evo-
lution is influenced by payoffs. A natural criterion is thus
introducing this payoff effect as a weak perturbation and
observe whether pc tends to increase or decrease. If pc
increases (pc > 1/N), evolution favors cooperation; if
pc < 1/N, it favors defection (fig. 2(b)). Evolutionary
graph theory seeks to solve for the condition pc > 1/N on
different networks.

Below, we review two mathematical tools for deriving
pc > 1/N: pair approximation and coalescent theory. The
former is an approximate theory based on ordinary differ-
ential equations, while the latter is an exact theory based
on discrete Markov processes. Their analytical solutions
for the classic donation game and public goods game on
regular graphs are summarized in fig. 2(c).

Pair approximation. — In short, the pair approxi-
mation can derive the replicator equation in structured
populations, which describes the evolution of z¢ (i.e.,
o = ---). The required assumptions include: 1) infinite
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Fig. 2: (a) Initialization with a randomly positioned single cooperator within an all-defector population of size N. The system
eventually reaches fixation in all-cooperator with probability pc and all-defector with probability 1 — pc. (b) In the absence

of selection, pc = 1/N [17]. When selection is introduced, if

pc tends to increase (pc > 1/N), the selection is said to favor

cooperation. (¢) Summary of theoretical conditions under which selection favors cooperation on regular graphs. We present the
results for the donation game (b/c > (b/c)*) and the public goods game (r > r*) across three update rules (PC, DB, and IM)
derived via pair approximation (in infinite populations) and coalescent theory (in finite populations). These results were first
published by Ohtsuki et al. [8], Li et al. [27], Zhang et al. [31], Allen et al. [61], and Su et al. [62]. “/” indicates no previous
publication to the best of our knowledge. See [66] for the values of clustering coefficient C on common regular networks.

population (N — o0); 2) regular network in which each
individual has the same number of neighbors k; 3) no tri-
angle structure (clustering coefficient C = 0).

In addition to x¢ for the traditional replicator equation,
pair approximation further considers qc|c, the probability
that a cooperator adjacent to another cooperator. This
establishes a minimal description for structured popula-
tions. The key insight here is that, in the weak selection
limit, performing a Taylor expansion of Z¢ and ¢¢|c leads
to &c = 0x 74+ -x 81+ O(6%), dejc = -~ x B0+ O(BY),
where - -+ is non-zero. This indicates that gojc > ic,
meaning that gc|c evolves much faster than z¢. We can
thus solve for qcjc = (K — 2)zc/(k —1) +1/(k — 1), such
that the system state can still be represented by a single
variable xc.

Pair approximation reveals the celebrated “b/c > k”
rule [8], which states that in an infinite population on
regular network, when applying the DB update rule in
a donation game, the stability condition for the equilib-
rium point ¢ = 1 is that benefit-to-cost ratio b/c exceeds
the number of neighbors k. This general framework for a
two-strategy two-player game on regular graphs has appli-
cations [18-20]. Second, Ohtsuki and Nowak [10] also ex-
tended the general framework to multi-strategy two-player
games on regular graphs and studied its evolutionary sta-
bility [21]. Applications include the multi-strategy trust
game [22-24] and others [25].

Third, Li et al. [26] proposed a general framework for
two-strategy multiplayer games on regular graphs. The
applications include linear and threshold public goods
games [27,28], the N-person snowdrift game [29,30],
among others [31-40]. Last, Wang et al. [41] proposed the
general framework for multi-strategy multiplayer games
on regular graphs and finalized this research line. Then,
provided coevolutionary factors as additional strategies,
any multiplayer game system can be analyzed within this
framework. The applications include [42,43].

The replicator equation on graphs can also incorporate
complex mechanisms, such as game transitions [44], con-
tinuous strategies [45], asymmetric interactions [46], novel
update rules [47,48], external constraints [49], heteroge-
neous networks [50], and other interdisciplinary scenar-
ios [51,52].

Moreover, there is another pair approximation frame-
work under strong selection [53].  Applications in-
clude [54-59]. However, it lacks concise analytical ex-
pressions and is not exact within the applied selection
strengths.

As the name suggests, pair approximation is only an ap-
proximation based on “pairs” [60]. Higher-order informa-
tion, such as the second-order neighbors, is ignored. This
explains why it does not apply to networks with triangle
structures. An illustration is the public goods game on
regular graphs, where, compared to the exact coalescent
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theory, the results of pair approximation fail to present
the clustering coefficient parameter C (fig. 2(c)).

Coalescent theory. — Another class of mathematical
tools, which we label as “coalescent theory” here, has ad-
vanced rapidly in recent years. Given a specific game,
network structure, and initial condition, it specifies the
solution for pc > 1/N. Such solution typically consists
of game parameters on the left-hand side and network
structure parameters on the right-hand side, thereby es-
tablishing the relationship between strategy evolution and
network topology.

Early developments were limited to transitive regular
graphs [61-64], such as lattices. Far from being a lim-
itation, we believe that these results, which apply only
to regular graphs, will have lasting impacts. This is be-
cause future work focusing on new mechanisms will prefer
adopting regular networks as a baseline topology to iso-
late irrelevant factors. Examples include the attempts to
unify different update rules [65] through personal [66-69]
and incomplete social information [70].

A major breakthrough in recent years has been the
generalization to any population structure [9], under not
only a single mutant [71] but also arbitrary initial con-
ditions [72,73]. Methodologically, the application of this
mathematical tool can be summarized into the following
three steps.

Step 1): Based on the given update rule and initial
condition, derive the condition for cooperation success
(--+ > 0) under neutral drift; this condition usually in-
cludes a set of coalescent times; for example, under the
PC update rule and a random single initial cooperator,
the cooperation condition is derived as

> kipBancl(@i — 25)(fi(x) = f3(x))] > 0.

i,jEN

(1)

Here, N is the population, k; is the degree of node 4,
and p;; is the random walk probability from node i to
j. m; is the strategy of node i, and f;(x) is the payoff of
individual ¢ under the population strategy configuration
x = (z1,2%2,...,2n). Expmcl] can be expressed in terms
of coalescent times.

Step 2): Substitute the payoff function f;(x) into the
cooperation condition in Step 1) to determine which coa-
lescent times are required. Formulate the system of equa-
tions that governs the coalescent times (7;; = Ef e [ziz;]
or more complicated types, depending on the integration
of payoff function).

Step 3): Given the network structure, solve the system
of equations in Step 2) to obtain all required coalescent
times. Substitute them into the cooperation success con-
dition and obtain the final result.

Looking forward, how can we make new innovations by
this mathematical tool [74]? According to technical com-
plexity, we categorize potential research avenues into three
tiers, from the simplest to the most difficult:

Tier 1: Network application of existing cooperation con-
ditions. Given the update rule and game payoff, if the
cooperation condition has been established in the litera-
ture, then Tier 1 is to further apply this condition to more
network structures. Technically, this is the execution of
Step 3). It calculates the coalescent times for the given
network and plugs them into the condition. For example,
Fotouhi et al. [75] discovered that conjoining uncooper-
ative networks can promote cooperation. Similar exten-
sions have also been explored on isothermal graphs [76]
and large modular networks [77].

Tier 2: Exploration of new payoff functions. Given the
update rule, derive new cooperation condition under a new
payoff function f;(x). Technically, this is the execution of
Step 2). Since eq. (1) is obtained under neutral drift, it
is independent of games. One only needs to substitute a
new payoff function f;(x) into eq. (1). The payoff function
fi(x) can be arbitrary. It can be two-player or multiplayer
games, played on pairwise or higher-order networks. How-
ever, it should be noted that the complexity of f;(x) af-
fects the required coalescent times. For example, in public
goods games [78], f;(x) is linear in x;, so multiplying by
(x; — x;) yields at most quadratic terms, demanding two-
point coalescent times 7;; only, which is lucky. If the game
becomes more complex, extra coalescent time types, such
as Ti;1, may be required.

Examples of Tier 2 include social goods dilemmas [79],
public goods games [78,80], stochastic games [81], nonlin-
ear social interactions [82], strategy evolution on higher-
order network [83,84] and independent interaction net-
works [85].

Tier 3: FEzploration of new strategy dynamics. De-
rive everything from scratch under the new strategy up-
date dynamics (i.e., start from Step 1)). It should be
noted that any new factor that changes the mathemati-
cal formalization of strategy updates under neutral drift
should be categorized into this tier. Examples include
strategy evolution on multilayer networks [86-89] and
dynamic/temporal networks [90-94], higher-order strat-
egy updates [95], heterogeneous update rates [96], self-
confidence [97], social learning rules [98], and aspiration-
based learning rules [99].

These three tiers form a hierarchical cascade, where
a breakthrough at a higher level (e.g., Tier 3) unlocks
vast space at lower levels (e.g., Tiers 2 and 1). For ex-
ample, once a new strategy dynamics is established at
Tier 3, one can substitute various payoff functions to op-
erate Tier 2 innovations, obtaining the results for various
games. Then, each game under each strategy dynamics
can be calculated across a lot of networks to produce nu-
merous Tier 1 papers. This research field represents a blue
ocean with immense potential.

Discussion. — In summary, the past two decades
have seen remarkable progress in theoretical develop-
ments of evolutionary games in structured populations.
Following early detours [7,100], the structure coefficient
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Fig. 3: Exact analytical solutions on heterogeneous networks can be obtained using coalescent theory, but the computational
complexity increases explosively. Here, we present results for only three simple networks under the DB update rule: a star
graph with 1 hub and n leaves (N = n + 1), a fan network with 1 hub and n two-node leaves (N = 2n + 1), and a joint star
graph with 2 hubs, each with n leaves (N = 2n + 2). The exact cooperation conditions on these networks were first published
by Allen et al. [9] in the donation game and by Wang et al. [78] in the public goods game.

theorems [101-105], and many other techniques [106-113],
the coalescent theory finally laid the foundation for ex-
act analysis. Spatial reciprocity, once understood through
physical intuition, can now be analyzed mathematically
under specific assumptions. These assumptions include
weak selection, fixation, and the simplicity of models.

This perspective summarizes the closed-form solutions
for classic evolutionary game models that may interest
our readers (fig. 2). Although the derivations of these
results are purely mathematical, we look forward to in-
terpreting the intuitive physical insights of each step in
the future. At the same time, theoretical researchers
are attempting to extend analytical solutions to strong
selection [114-116], strategy frequencies [103], and co-
evolutionary mechanisms [117,118].

One vision for theoretical developments is to bypass
agent-based simulations, because the latter demand high
computational resources. In the weak selection limit, the
computational complexity of analytical solutions (related
to an N2 x N? matrix in solving coalescent times) scales
polynomially with population size N. Furthermore, since
the adjacency matrices of most networks are sparse, ap-
proximate algorithm can be employed [119]. Even so, the
computation remains substantial (exemplified in fig. 3).
To the best of our knowledge, when solving for popu-
lations of N ~ 103, the memory capacity of a personal
laptop is insufficient, and high-performance servers are re-
quired. The maximum population size reported in the
literature remains on N ~ 5 x 10 [9]. In contrast, per-
sonal laptops can easily support agent-based simulations
of large populations, such as a 400 x 400 = 1.6 x 10°
lattice.

In the age of advancing computer technology, simula-
tions will become even increasingly efficient in the future.
Here, the merit of analytical theory lies in its ability to
inform researchers about which classes of models can al-
ready be theoretically predicted, and which mechanisms,
even those that appear very simple, can only be resolved
through simulations.

One of the most fascinating features of spatial evolution-
ary games is the intuitiveness and counterintuitiveness in
physical imagery on large scales. The interpretation of
various evolutionary outcomes is, in many ways, an art.
Current developments in mathematical theory focus on
statistics of local configurations but overlook the large-
scale temporal and spatial effects [120-122]. We believe
that an interesting future direction is to weave mathemat-
ical theories into the art of physical interpretation.

Every complex system has its uniqueness. Countless ef-
forts have been made to explain the rise of cooperation
through reductionist approaches [123-126], yet no univer-
sal theory can close the book on this exploration. All theo-
ries are tools with certain limitations that complement our
understanding of cooperation. We therefore hope this per-
spective encourages fellow travelers to continue the math-
ematical journey of spatial reciprocity.
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