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Abstract—A heuristic and adaptive model predictive control
algorithm is presented in this work which operates domestic
refrigerators connected to an electrical grid operating in a day-
ahead market (DAM) and temperature constraints also have to
be met by the refrigerator temperatures.

The problem has been solved using the model predictive
framework using a simple refrigerator model. This paper is
a continuation of a previous work that has been extended so
that the optimal scheduler algorithm adapts its steps to the
actual estimated interior heat capacity of the refrigerator (which
depends on the food quantity, food temperature, etc. in the
interior).

It is shown that the proposed adaptive MPC based scheduling
algorithm gives a better performance (with respect to price) as
opposed to the scheduling algorithm having no precise knowledge
of the actual load of the refrigerator. Moreover, due to the
adaptive behavior it was possible to decrease the running time of
the optimal scheduler algorithm compared to the non-adaptive
version.

I. INTRODUCTION

One of the most important elements in living on the Planet
in a sustainable way is to manage the energy consumed by
the domestic sector efficiently. In order to meet the chal-
lenges of sustainable energy consumption, a huge number
of developments are being made under the flag of smart
grid technologies. An important element of these solutions
is the so-called day-ahead electricity market (DAM), that
is continuously expanding, and the amount of energy being
traded through them is increasing. As a result of optimized
pricing, hourly changing electrical energy prices are available
for the day-ahead electricity market, see Fig. 1.

In spite of the continuous development of control methods
available for solving optimal control problems, they did not
infiltrate the domestic application area, where usually bang-
bang or PID type controllers have been used. Any usage of
computationally demanding algorithms in such applications
was prohibitive. However, in the past few years (or decade)
low power micro-controllers (MCU) with high computational
potential have revolutionized the field of embedded systems
thus opening the way to apply advanced control methods in
this area, too. In [2] a mixed integer linear programming
based approach is used for the optimal scheduling of domestic
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Fig. 1. Price signals for the days of a week in a day-ahead market. Source:

(1]

appliancess in a smart environment. On the other hand, coop-
erative particle swarm optimization and similar soft computing
methods (e.g. [3]) are also applicable fo energy consumption
optimization in smart home applications.

Model predictive control (MPC) [4] is widely celebrated
both in the industrial and in the academic areas because
of its massive theoretical background and the capability to
tackle multivariable control problems at the same time [5].
In a control application using MPC as its control scheme, a
reliable dynamical model of the controlled dynamical system
is needed. The authors of the work [6] propose a grey-box
modelling approach for household refrigerators as a basis of
a demand side management (DSM) application. An optimal
scheduling algorithm has been given in [7] where the optimal
scheduling of different household appliances has been formu-
lated as a nonlinear integer programming problem and solved



by genetic algorithm.

Model based control developments enable the engineers to
perform simulation experiments in the control design phase
since the dynamical model of the system to be controlled is
known. In the work [8], a simulation software tool is proposed
for the optimal scheduling of smart power appliances.

The online estimation of the model parameters (e.g. in a
varying temperature situation) enables the controller to adjust
the used model to the actual system, e.g. in the work [9] the
demand response potential of a refrigerator system being used
in a supermarket has been proposed together with an estimator
of the actual food temperature.

The starting point for the current work is the development
presented by [10] where MPT toolbox [11] available in Matlab
has been used for the cost optimal operation of household
refrigerators [12] in the constant parameter case. The opti-
mizer algorithm behind the model predictive scheduler has
been changed to an adaptive branch-and-bound binary search
algorithm capable of estimating the actual load (food) of the
refrigerator. The aim of our current work is to be able to
estimate the critical model parameter of the system on-line,
and thus making our method adaptive.

II. PIECE-WISE AFFINE MODEL OF THE REFRIGERATOR
A. System description

Household refrigerators consists of two containments, one
being their container and another one being their wall as it
is shown in Fig. 2. The walls towards the outer environment
can be assumed perfectly isolating, while the inner container
is usually cooled by a cooling liquid circuit driven by an
electrical motor through the back wall. The refrigerator can
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Fig. 2. The schematic picture of the refrigerator

work in two operating modes: the cooling and the reheating
modes. An “on/off” type switch S changes the operating
modes. The inner container’s temperature 7, has a minimum
T, min and a maximum T, ., temperature to be respected
by the controller.

B. Piecewise affine model

A simple dynamic model of the refrigerator was developed
in [12] using first engineering principles, i.e. energy conser-

vation for the refrigerator container (denoted by a subscript )
and for its wall (denoted by a subscript ,,). Thus the state vari-
ables of the model are the container and the wall temperatures
(T, and T3,), respectively, and the input variable is the status
of the switch S.

In both operating modes (cooling and reheating) the state
space model ¥ is in the following form

t=Ax+Bu (1)
y=Cua )

but the value of the coefficient matrices A, B, C differ. The
input- and state variables are

c=[T, T,]", wu=[S T,".

Cooling dynamics (X,,): The first case is when the
switch is closed (S = 1), i.e. the refrigerator is cooling. Then
the parameter matrices are

— Kw"l'Ko Kw
Ca Ca
Aon = Ky C(Ku Kooy Ky @)
Cyw Cw Cuw Cu
0 ke 10
B,, = T. K. IC(Z , C= |:0 1| - 4)
Cu Cuw

The physical meaning and the estimated values of the param-
eters as reported in our previous paper [12] can be found
in Table I. It is important to note that the heat capacity
of the containment C, varies with the varying load of the
refrigerator, while all the other parameters can be assumed to
be constant.

Reheating dynamics (X,5¢): The second case is when
the switch is open (S = 0), i.e. the refrigerator is reheated to
the environmental temperature. Then the parameter matrices
are as follows:

_Kyt+K, Ky
C C
A = “ “ (&)
o [ B (B4 )
0 X 10
BOff = lo %i] ’ C: |:O 1:| . (6)

III. ADAPTIVE MODEL PREDICTIVE CONTROL
A. Control aim

The controller to be designed has to meet the following

control specifications.

o The control input is the state of the switch that controls
the operation mode, i.e. it is a binary value (off: S = 0,
on: S =1).

o The outer (environmental) temperature input of the sys-
tem is supposed to be constant (7, = constant).

o The price of the consumed electrical energy is the oper-
ating cost.

o The value of the electrical energy price p(t) changes
hourly during the day and is known for next 24 hours
in advance.

o The operating temperature constraints of the refrigerator
are the following:



— T4,min and T} 4, are the minimal and maximal
inner air temperatures (77),

— Tw,min and Ty ;nq, are the minimal and maximal
back wall temperatures (7%,).

o The inner heat capacity changes between the heat capac-
ity of the empty refrigerator (C,, . ) and a maximal value
(20 Cq,,;.)-

« The rate of change of the interior heat capacity is limited
(|AC,| <5 Ca,,,.)

o If the termperature difference between the model and the
real system exceeds a predefined error limit (A7), then
the interior heat capacity C, has to be re-estimated by
the controller.

o The controller has to be optimal with respect to the
operating cost, defined by the formula (7):

min

24h
[ i) sy )

=0
B. Model Predictive Scheduling

The heuristic model predictive control algorithm proposed
in [12] meets almost all the above control aims except for
the adaptivity with respect to the changes in the interior heat
capacity caused by the quantity of food occassionally put
in and removed from the refrigerator. It also works if C,
is unknown (i.e. the refrigerator is supposed to be empty),
however the scheduled operation is not optimal with respect
to (7).

The model predictive scheduler described in [12] serves
as a starting point of the present work and its operation
is summarized in what follows. The optimization algorithm
behind the MPC problem to be solved in each iteration is a
heuristic branch and bound binary search algorithm based on
the following three rules:

Rule 1: Any scheduling sequence that yields a state variable
x breaking the temperature bounds is not allowed.

Rule 2: Any scheduling sequence that yields a higher « at
a higher cost is not optimal.

Rule 3: Any scheduling sequence containing a cooling step
that could have been performed later for a lower
energy price is not optimal.

In order to assure that the model predictive scheduler works
properly the actual value of C, should be determined online
and the parameter matrices of both dynamics must be modified
accordingly.

C. Adaptive Model Predictive Scheduling

The adaptivity of the model predictive scheduler is imple-
mented by a parameter estimation step in which the actual
value of the refrigerator interior heat capacity is being de-
termined based on the available measurements. As a result,
a possibly different value of the parameter C, = C,(n) is
obtained in each iteration n of the model predictive scheduler.
The pseudocode of the adaptive extension of the proposed
algorithm is listed in Algorithm 1, where ¥, and X,y
denotes the discretized version of the two dynamics (3)-(4) and

Algorithm 1 Adaptive heuristic scheduling algorithm

procedure HEURISTIC B&B MPC
Input:

Y Xon(Ca), Xoss(Ca)

x actual state

a, x bound

& bound (Rule 3)

p electricity prices

N < horizon size
Initialization:

cost empty column vector

U, X empty matrices

fori=0:1:N do

branch: _ -
1
U
| ][] e
U :
0

for k = 1: rows(U) do
Xkit1 = 2(Xk,i, Ukys)
update costy
bound (Rule 1):
if Xk;’i-'»l ¢ [&, E] then
delete row X , Uy, and costy
end if
bound (Rule 3):
if Xk7i+1 < &) and Uk,i+1 =1 then
delete row X , Uy, and costy
end if
end for
bound (Rule 2):
for k,l =1:rows(U), k # [ do
if Xy i11 > Xi 41 and costi > cost; then
delete row X, ., Uy, ., costy
else
if Xl’¢+1 > Xk,ijq and cost; > costy then
delete row X; , U;, ., cost;
end if
end if
end for
end for
optimal solution:
minimal value of cost = costy,
Minimizing sequence Uk,,,,.
end procedure
procedure ADAPTIVE SCHEDULING METHOD
Input:
h sampling time
P = [Te,Kw,Ko,Kec,Ca,Cw, Kz, Camin] system param-
eters
Scheduling method:
for (in each h time step) do
measure the temperatures of the refrigerator X,
if Xoes-Xoim > AT then
RUN C, estimation
end if
RUN Heuristic B&B MPC Procedure with C,
end for
end procedure

opt




(5)-(6), respectively. The novel element is the online parameter
estimation performed in the begining of the control loop. The
online estimation of the interior heat capacity is based on the
previous temperature measurements.

The online estimation of C,: is performed at the begin-
ning of a control cycle if the difference between the model
output temperature and the measured temperature is greater
than the predefined AT value. The estimation is basically a
bisection method used for finding the root of the difference
AT, (C,) (8) with respect to the heat capacity parameter C,.

AT, (C,) = Ta(n) — Tu(Cq,n) (8)

where Ta(n) is the measured interior air temperature at the
discrete time instant n, and T,(C,,n) is the interior air
temperature computed from the discretized version of model
(3)-(4) or (5)-(6), depending on the state of the switching input
U(n). During the search, the parameter C,, is tuned iteratively
in the parametric (i.e. C,, dependent) discrete-time state space
model parameter matrices (9-10) of the corresponding oper-
ation mode. The discrete-time parametric state space model
matrices are

B(C,) = At =

—514a929 eslh + So—a22 652h

S2—3S81 S2—81
= (S;af;l) eslh + (Szailsl) €S2h
—a s1h a sah
(5273136'416 Tt (527;3)0416 ’
suisgent + e O
F(Ca) = A(Ca)_l(q)(ca) - I)B(Ca)a (10)
where
51,2 :a11+0aa22i\/(a11+0a322@)2*4Ca(a11a22*a12a21)1
and
aii aiz
A(C,) = |C © (11)
a1 (22
b1 bia
B(C,)=|% ¢ (12)
b21 b22

The search interval for the value of C,(n) is an interval
of length 10C, . with one of the end points being the
previous guess for the interior heat capacity, i.e. Cy(n — 1).
The number of necessary iterations of the above bisection
algorithm depends on the desired tolerance ¢ in the following

form
10C,, . 10
N — 1 Amin — 1 - .
e ( =Cin ) ° ( E )

IV. SIMULATION EXPERIMENTS

13)

The simulation experiments have been performed using the
parameter values listed in Table I.

TABLE I
PARAMETER VALUES OF THE CASE STUDY

parameter symbol value unit
sampling time h 300 S

outer air temperature To 20 °C
cooling liquid temperature Te -36.71 °C
minimal inner air temperature To,min 0.1 °C
maximal inner air temperature Ta,maz 5.5 °C
minimal back wall temperature Tw,min -19 °C
maximal back wall temperature Tw,maz 5.8 °C
air-wall heat transfer coeff. Ky 3.78 - 103 lf)—w
air-env. heat transfer coeff. K, 2.04-10% | KW
wall-env. heat transfer coeff. K. 0.52 - 103 1;—
wall-cool. lig. heat transfer coeff. K. 5.01-10% | KW
heat capacity of empty containment | Ca,,.,, 1.21-107 | X
heat capacity of wall Cw 3.41-106 ok—c

A. The execution time of the interior heat capacity estimation

The model parameter estimation step involving the bisection
search for the parameter C, has been implemented both by re-
discretizing the continuous time dynamics and by evaluating
the matrices (9-10). The former approach is supposed to be
computationally more demanding since the matrix exponential
function has to be computed in each iterations.

Table II summarizes the difference. Note, that the calcu-
lations are being performed in Matlab, using a middle class
computer. As expected, the parametric discrete time model

TABLE II
EXECUTION TIME OF THE Cj, ESTIMATION USING BISECTION PROCEDURE

| re-discretizing | parametric model
running time [ms] | 37-40 0.35-0.4

performs far better than the other approach which makes it a
perfect candidate to be used in a future MCU implementation
of the scheduling algorithm. Note, that using 1% tolerance,
the typical value of N¢, (13) was 6-7 bisection steps in the
simulation using system parameters listed in Table I.

B. The effect of the adaptivity on the heuristic MPC

Heat capacity is among the most important parameters of
thermal systems and it has a serious effect on the dynamics
(e.g. time constant) of a thermal system. It is expected that the
more precise knowledge of C, enables the adaptive heuristic
scheduler to approach the optimal solution. Fig. 3 gives an
overview on the effect of adaptivity on the scheduling.

The behavior of the non-adaptive model predictive scheduler
[12] is shown on the top plot of the figure. It can be seen
that the simulated (dotted line) and measured (solid line)
temperatures are almost identical in the first and in the last
hours since the actual interior heat capacity coincides with
the value used by the model predictive scheduler in these
intervals. Between 2 and 20 hours, however, the actual heat
capacity changes, and the scheduler uses the C, value corre-
sponding to the heat capacity of an empty refrigerator resulting
in a suboptimal operation that still obeys the temperature
constraints. The oscillations of the simulations as opposed



to the measurements can be explained by the different time
constants of the modelled (faster) and the actual (slower)
thermal dynamics. The actual heat capacity of the system is
plotted by solid line in the bottom plot of Fig. 3.

The second plot of Fig. 3 shows the interior temperature
(T,) for both the actual (solid line) and modelled dynamics
(dotted line). It is apparent, that due to the smaller difference
between the model output and the real measurements, it was
possible for the scheduler to keep the actual 7}, on a higher
level, but still within the constraints. This results in a lower
energy consumption and price, due to the information about
the actual heat capacity of the system. The threshold AT of the
adaptive parameter estimation was 0.1 °C, i.e. if the difference
between measured and modelled temperature is bigger than
0.1°C, then the algorithm estimates the actual heat capacity
and the MPC can calculates the next control input with the
updated parameter. The estimated C, (dotted line) together
with its actual value solid line can be seen on the bottom plot.

The third plot shows the same signals as the second one
with the only difference being that the threshold temperature
difference of the online parameter estimation algorithm is
0.01°C.

Based on the experiments it can be stated that the 0.1°C
(second plot) gives the adaptive heuristic model based sched-
uler enough information about the change of the interior heat
capacity. The operating cost of using non-adaptive model
predictive scheduler is 25% less than that of the traditional re-
frigerator control [10]. The performed simulation experiments
also show that the operating cost of the refrigerator scheduled
using the adaptive heuristic MPC algorithm is 3% below the
operating cost of the non-adaptive one. In an average house-
hold, 15 - 20% of the total electrical consumption corresponds
to the operating of the refrigerator. With the proposed adaptive
model predictive solution the total electrical consumption of
the household decreases with 3 - 5%. Moreover, according to
Table III, it can be stated that the adaptive extension of the
heuristic model predictive scheduler can be calculated faster
than the non-adaptive scheduler [12]. The explanation of this
phenomena is the value of the interior heat capacity can only
be higher than the value of an empty refrigerator (C,,,,, )
used by the non-adaptive algorithm. The adaptively identified
dynamics of the scheduler gets slower due to the increased
C, value which can be calculated using less input calculation
(Algorithm 1).

TABLE 1II

THE CALCULATION TIMES OF NON-ADAPTIVE AND ADAPTIVE MPC FOR A
WHOLE DAY

| non-adaptive MPC | adaptive MPC
running time [s] | 175-180 ‘ 45-55

V. CONCLUSION

The price optimal scheduling of domestic refrigerators con-
nected to an electrical grid operating in a day-ahead market
(DAM) has been investigated in this paper. The optimal
scheduling problem has been solved using the model predictive
framework using a simple piecewise affine refrigerator model.

A previously developed preliminary solution of the problem
has been extended so that the optimal heuristic scheduler
algorithms adapts its steps to the actual estimated interior
heat capacity of the refrigerator (which depends on the food
quantity, food temperature, etc. in the interior).

It is shown that the proposed adaptive MPC based schedul-
ing algorithm gives a better performance (with respect to price)
as opposed to the scheduling algorithm having no precise
knowledge of the actual load of the refrigerator. Moreover,
due to the adaptive behavior it was possible to decrease the
running time of the optimal scheduler algorithm compared to
the non-adaptive version of the algorithm which is crucial from
the MCU implementation point of view.

The further work includes the verification of the proposed
optimal adaptive scheduling algorithm using a measurement
dataset obtained from an industrial refrigerator compartment.
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