Monatshefte fiir Mathomatik 77, 354—356 (1973)
© by Springer-Verlag 1973

Rings with Radical Maximal Submodules
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Let R be a general radical property, in the sense of 5. A. AMITSUR
and A. G. KurosH, of rings (see N. Divinsky’s book [1] and yet
author’s monography [9]). Furthermore, let 4 be an associative
ring, M be a right 4-module, N, N1 and N: be submodules of M,
respectively. As usual, let us define

N1t No= [:13; .'t!E_A., Noa .Nl]

Then this N;:Ns is obviously a twosided ideal of A. Following
author’s paper [6], the general radical R (), contained in the ring
A, of the submodule & of the right A-module M means the maximal
among these ideals ./ of 4 such that

R(4)(N: M) =J|(N: M)
holds. Thus we may put R(N)=J - (N : M) and also
R(A/(N:M))=R(N)/(N:M)

If R(N)=A, then we say, that N is a radical submodule of 1.
TFurthermore, a submodule N of M is called homoperfect, if

MA+N=M

holds (see A. Kerrifisz [4]). Every modular right ideal of every
ring A, as a right A-module, evidently is also homoperfect, but
the converse assertion generally fails, by Example on page 35 of
part 11I of author’s paper [5], to be valid even for maximal right
ideals.

In what follows, we consider only the case R=J, where J
denotes the Jacobson radical (see N.Jacossox [3] and yet [1]
and [9], respectively). We point out, that Tox D. Iox [2] before
has discussed, for some other purposes, the particular case R=D,
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where B is the Baer McCoy lower nil radical. Finally, let us remark
that some ringtheoretical properties of another radical for modules
were studied in the mentioned part III of author’s paper [5].

The aim of this note is to characterize the class of rings with
radical maximal submodules in every module, and it will be here
verified, that this class coineides with that of Jacobson radical
rings. (It may be remarked, that by using some Green equivalence
relations, a characterization of J can be found in author’s paper [7].
For another module-theoretical characterization of Jacobson’s
radical rings see author’s note [8].) Thus we have:

Theorem. For an arbitrary associative ring A the following three
conditions are equivalent:

(1) A is a Jacobson radical ring, that is A=J(A) holds;
(2) For every right A-module M every maximal submodule N
of M is J-radical, that is J(N)=A4;

(3) For every right A-module M every homoperfect maximal
submodule N of M is J-radical.

Proof is cyeclic. (1) implies (2), as follows. Since from 4 =J(4)
it follows also J(4/(N:M))=A[(N: M), J trivially being homo-
morphically closed, we have (2), indeed.

(2) trivially implies (3).

But also (3) implies (1), as follows. Let us assume (3), and let 3/
be, in particular, 4 itself, as a right 4-module. Now, the assumption
A#J(A) will yield a contradiction, which will prove 4 =J(4).
Namely, if 473 (4) then A has a nonzero primitive homomorphic
image B=A|P, where P is a primitive ideal of 4. Consequently
there exists a modular maximal right ideal R of 4 such that

P=R:A=[z;vecd, Ax = R]

holds. But the modularity of right ideals implies also their homo-

perfeetness, hence, by condition (3), R is a J-radical submodule
of 4. Therefore

J(A)(R: A))=J (4]P) = A|P.

On the other side, the primitive B=A/P is also J-semisimple,
which implies J (4/P) = P|P, contradicting to P+ A. Hence (3) = (1)
is proved.

This completes the proof,
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Rremark. However the Jacobson radical is supernilpotent in the
sense of V. A. ANDRUNARIEVICH (see e.g. N. DIviNsky [1]), the
lower radicals, generated by the classes of Neumann regular rings
or of strongly regular rings, respectively, and the lower radicals,
gencrated by the primitive classes J, of the Jacobson-Herstein-
Andrunakievich-Stewart rings (that are rings for which exists a
fixed n such that ¥ = x holds for every element of the ring) almost
trivially are subidempotent in the sense of V. A. ANDRUNAKIEVICH.
(For these latter classes of rings see yot author’s paper [10] and its
footnote on page 169.) The Neumann regular rings, the strongly
regular rings and the J,-rings obviously are Jacobson semisimple.
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