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Abstract. By using the fractional derivative operator of Owa and Srivastava, we define a new
linear multiplier fractional differential operator. Some generalized classes of analytic functions
containing this multiplier are introduced. Basic properties of these classes are studied, such as
inclusion relations and coefficient bounds. Some well known subclasses are pointed out as new
special cases of our results. Moreover, the Cesáro partial sums �m of functions f are considered,
and sharp lower bounds for the ratios of real part of f and �m (and also of f 0 and � 0m) are
determined in the unit open disk.
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1. INTRODUCTION

Let H be the class of analytic functions in U WD f´ 2C W j´j < 1g and H Œa;n� be
the subclass of H consisting of functions of the form f .´/D aCan´

nCanC1´
nC1C

::: : Let A be the class of functions of the form

f .´/D ´C

1X
nD2

an´
n; (1.1)

which are analytic in the unit disk U:
Given two functions f;g 2A; f .´/D ´C

P1
nD2an´

n and g.´/D ´C
P1
nD2 bn´

n

their convolution or Hadamard product f .´/�g.´/ is defined by

f .´/�g.´/D ´C

1X
nD2

anbn´
n; .´ 2 U/:
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For several functions f1.´/; :::;fm.´/ 2A,

f1.´/� :::�fm.´/D ´C

1X
nD2

.a1n:::amn/´
n; .´ 2 U/:

A function f 2A is called starlike of order � if it satisfies the following inequality

<f
´f 0.´/

f .´/
g> �; .´ 2 U/

for some 0 � � < 1: We denoted this by by class S.�/: A function f 2A is called
convex of order � if it satisfies the following inequality

<f
´f 00.´/

f 0.´/
C1g> �; .´ 2 U/

for some 0 � � < 1: We denoted this class C.�/: Note that f 2 C.�/ if and only if
´f 0 2 S.�/: The following definitions are required in our present investigation.

Definition 1. (see [8] ) (Subordination Principal). For two functions f and g
analytic in U; we say that the function f .´/ is subordinated to g.´/ in U and write
f .´/ � g.´/.´ 2 U/; if there exists a Schwarz function w.´/ analytic in U with
w.0/ D 0; and jw.´/j < 1; such that f .´/ D g.w.´//;´ 2 U: In particular, if the
function g.´/ is univalent in U; the above subordination is equivalent to f .0/D g.0/
and f .U /� g.U /:

Definition 2. (see [9]) (Differential subordination ) Let � W C2 ! C and let h
be univalent in U: If p is analytic in U and satisfies the differential subordination
�.p.´//;´p0.´// � h.´/ then p is called a solution of the differential subordina-
tion. The univalent function q is called a dominant of the solutions of the differential
subordination, p � q: If p and �.p.´//;´p0.´// are univalent in U and satisfy the
differential superordination h.´/ � �.p.´//;´p0.´//, then p is called a solution of
the differential superordination. An analytic function q is called subordinant of the
solution of the differential superordination if q � p:

Definition 3. (see [10]) The fractional derivative of order ˛ is defined, for a func-
tion f .´/, by

D˛´f .´/ WD
1

� .1�˛/

d

d´

Z ´

0

f .�/

.´� �/˛
d�I 0� ˛ < 1;

where the function f .´/ is analytic in simply-connected region of the complex z-
plane C containing the origin and the multiplicity of .´��/�˛ is removed by requir-
ing log.´� �/ to be real when.´� �/ > 0:

Definition 4. [15] A function f 2 S (the class of univalent functions in U ) is said
to be in the class SH.�/ if it satisfies

j
´f 0.´/

f .´/
�2�.

p
2�1/j<<f

p
2
´f 0.´/

f .´/
gC2�.

p
2�1/
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for some � > 0 and for all ´ 2 U:

Remark 1. Geometric interpretation: Let ˝.�/ WD f´f
0.´/

f .´/
; f 2HS.�/g then

˝.�/D f! D uC iv W v2 < 4�uCu2Iu > 0g:

Note that˝.�/ is the interior of a hyperbola in the right half-plane which is symmet-
ric with respect to the real axis and has vertex at the origin.

Define the function '˛.a;cI´/ by

'.a;cI´/ WD

1X
nD0

.a/n

.c/n
´n; .´ 2 U I a 2 R; c 2 Rnf0;�1;�2; :::g/;

where .a/n is the Pochhammer symbol defined by

.a/n WD
� .aCn/

� .a/
D

�
1; .nD 0/I

a.aC1/.aC2/:::.aCn�1/; .n 2N/:

Corresponding to the function '˛.a;cI´/; Carlson and Shaffer [5] introduced a linear
operator L.a;c/ by

L.a;c/f .´/ WD '.a;cI´/�f .´/; f 2A:

Note that L.a;a/ is the identity operator.
In [11], Owa and Srivastava introduced the operator ˚˛ WA!A; that is known

as an extension of fractional derivative and fractional integral, as follows
˚˛f .´/ WD� .2�˛/´˛D˛´f .´/

D ´C

1X
nD2

� .nC1/� .2�˛/

� .nC1�˛/
an´

n

D '.2;2�˛I´/�f .´/

D L.2;2�˛I´/f .´/:

(1.2)

Note that ˚0f .´/D f .´/: We define the linear multiplier fractional differential op-
erator Dk;˛

ˇ;�
as follows

D0f .´/D f .´/

D ´C

1X
nD2

an´
n;

D
1;˛
ˇ;�
f .´/D .ˇ��/˚˛f .´/C�´.˚˛f .´//0C .1�ˇ/´

D ´C

1X
nD2

Œ
� .nC1/� .2�˛/

� .nC1�˛/
�Œ�.n�1/Cˇ�an´

n

DD˛ˇ;�.f .´//;
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D
2;˛
ˇ;�
f .´/DD˛ˇ;�.D

1;˛
ˇ;�
f .´//

D ´C

1X
nD2

fŒ
� .nC1/� .2�˛/

� .nC1�˛/
�Œ�.n�1/Cˇ�g2an´

n;

:::

D
k;˛
ˇ;�
f .´/DD˛ˇ;�

�
D
k�1;˛
ˇ;�

f .´/
�

D ´C

1X
nD2

fŒ
� .nC1/� .2�˛/

� .nC1�˛/
�Œ�.n�1/Cˇ�gkan´

n

WD ´C

1X
nD2

	n;k.˛;ˇ;�/an´
n;

(1.3)

for 0� ˛ < 1;ˇ � 1;�� 0 and k 2N0 DN[f0g with Dk;˛
ˇ;�
f .0/D 0:

Remark 2. (1) When ˛D 0;ˇD 1; we have Al-Oboudi’s differential operator
(see [3]).

(2) When ˛ D 0;ˇ D 1 and �D 1; we get Sǎlǎgean’s differential operator (see
[16]).

(3) When k D 1;ˇ D 1 and �D 0; we obtain the Owa-Srivastava fractional dif-
ferential operator (see [11]).

(4) When ˇD 1;we get the linear multiplier fractional differential operatorDk;˛
�

that introduced in [4].

Using the operator Dk;˛
ˇ;�
; we define the following classes.

Definition 5. Let SHk;˛;ˇ;�.�/; k 2 N be the class of all functions f 2 A and
univalent in U satisfyingˇ̌̌DkC1;˛

ˇ;�
f .´/

D
k;˛
ˇ;�
f .´/

�2�.
p
2�1/

ˇ̌̌
<<

np
2
D
kC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

o
C2�.

p
2�1/

for some �; .� > 0/ and for all ´ 2 U:

Remark 3. Geometric interpretation: If we denote with p� the analytic and uni-
valent functions with the properties p�.0/D 1;p0�.0/ > 0 and p�.U /D˝.�/ (see
Remark 1), then f 2 SHk;˛;ˇ;�.�/ if and only if

D
kC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

� p�.´/; ´ 2 U;
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such that p�.´/ D .1C 2�/
q
1Cb´
1�´
� 2�; where b D 1C4��4�2

.1C2�/2
and the branch of

the square root
p
w is chosen so that Im

p
w � 0:

We can observe that
SHk;0;1;1.�/� SHk.�/

where the class SHk.�/ was introduced in [1]. Also we have

SH0;0;1;1.�/� SH.�/;

where the class SH.�/ was proposed in [15].

Definition 6. Let 0 � ˛ < 1;ˇ � 0;� � 0; and f 2A; � 2 Œ0;1/: We define the
class .�;k/˛;ˇ;��S by requiring that f 2 S and

<

�Dk;˛
ˇ;�
f .´/

f .´/

�
> �

ˇ̌̌Dk;˛
ˇ;�
f .´/

f .´/
�1
ˇ̌̌
; .´ 2 U/:

Note that
.�;k/0;1;1�S � .�;k/�S ;

where the class .�;k/�S is defined and studied in [2].

Remark 4. (Geometric interpretation): A function f 2 .�;k/˛;ˇ;��S if and only
if

D
k;˛
ˇ;�
f .´/

f .´/
� p�.´/; .� 2 Œ0;1/; ´ 2 U/

where p� denoted the function which maps the unit disk conformally onto the region
˝� ; such that 1 2˝� and

@˝� D fuC iv W u
2
D �2.u�1/2C�2v2g:

The domain ˝� is elliptic for � > 1; is hyperbolic when 0 < � < 1; parabolic for
� D 1; and is the right half-plane when � D 0:

Definition 7. Let 0 � ˛ < 1;ˇ � 0;� � 0; and f 2A; � 2 Œ0;1/: We define the
class .�;k/˛;ˇ;��CC with respect to the function g 2 .�;k/˛;ˇ;��S

<

�Dk;˛
ˇ;�
f .´/

g.´/

�
> �

ˇ̌̌Dk;˛
ˇ;�
f .´/

g.´/
�1
ˇ̌̌
; .´ 2 U/:

Note that
.�;k/0;1;1�CC � .�;k/�CC ;

where the class .�;k/�CC is defined and studied in [1].
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Remark 5. (Geometric interpretation): A function f 2 .�;k/˛;ˇ;��CC with re-
spect to g 2 .�;k/˛;ˇ;��S if and only if

D
k;˛
ˇ;�
f .´/

g.´/
� p�.´/; .� 2 Œ0;1/; ´ 2 U/

where p� is defined in Remark 4. Or
D
k;˛
ˇ;�
f .´/

g.´/
take all values in the domain ˝� :

We need the following preliminaries in the sequel. The Libera-Pascu integral op-
erator La WA!A is defined by

f .´/ WD LaF.´/D
1Ca

´a

Z ´

0

F.t/ta�1dt; a 2C; <.a/� 0:

For a D 1 we obtain the Libera integral operator, for a D 0 we obtain the Alexan-
der integral operator and in the cases a D 1;2;3; ::: we obtain the Bernardi integral
operator.

Lemma 1. ( see [7]) Let � be convex in U with <f��.´/C �g > 0 for �;� 2 C;
also let p.´/ 2H .U / with p.0/D �.0/ and assume that the Briot-Bouquet differen-
tial subordination

p.´/C
´p0.´/

�p.´/C�
� �.´/; ´ 2 U

is satisfied. These imply that

p.´/� �.´/; ´ 2 U:

Lemma 2. ( see [7]) Let q be convex in U and � W U ! C with <f�.´/g > 0: If
p.´/ 2H .U / and assume that the subordination

p.´/C�.´/:´p0.´/� q.´/; ´ 2 U

is satisfied, then
p.´/� q.´/; ´ 2 U:

2. THE CLASS SHk;˛;ˇ;�.�/

In this section we study the inclusion property of functions in the class SHk;˛;ˇ;�.�/:
Further we show that if F 2 SHk;˛;ˇ;�.�/ implies that for the Libera integral oper-
ator LaF.´/ 2 SHk;˛;ˇ;�.�/:

Theorem 1. Let � > 0; 0� ˛ < 1;ˇ � 1;� > 0: We have

SHkC1;˛;ˇ;�.�/� SHk;˛;ˇ;�.�/:

Proof. Let f 2 SHkC1;˛;ˇ;�.�/: Denote

p.´/ WD
D
kC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

; p.0/D 1; .´ 2 U/:
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Then we have

D
kC2;˛
ˇ;�

f .´/

D
kC1;˛
ˇ;�

f .´/
D

D
kC2;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

:
D
k;˛
ˇ;�
f .´/

D
kC1;˛
ˇ;�

f .´/
D

1

p.´/

D
kC2;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

: (2.1)

Now, by using the definition of the operator (1.3), we verify

p2.´/C�´p0.´/D
hDkC1;˛

ˇ;�
f .´/

D
k;˛
ˇ;�
f .´/

i2

C�
hDk;˛

ˇ;�
f .´/:´.D

kC1;˛
ˇ;�

f .´//0�D
kC1;˛
ˇ;�

f .´/:´.D
k;˛
ˇ;�
f .´//0

.D
k;˛
ˇ;�
f .´//2

i

D

hDkC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

i2

C

hDk;˛
ˇ;�
f .´/:.D

kC2;˛
ˇ;�

f .´/� .ˇ��/D
kC1;˛
ˇ;�

f .´//� .1�ˇ/´

.D
k;˛
ˇ;�
f .´//2

i

�

hDkC1;˛
ˇ;�

f .´/:.D
kC1;˛
ˇ;�

f .´/� .ˇ��/D
k;˛
ˇ;�
f .´//� .1�ˇ/´

.D
k;˛
ˇ;�
f .´//2

i

D

.D
kC1;˛
ˇ;�

f .´//2

.D
k;˛
ˇ;�
f .´//2

C

D
k;˛
ˇ;�
f .´/D

kC2;˛
ˇ;�

f .´/�
�
D
kC1;˛
ˇ;�

f .´/
�2�

D
k;˛
ˇ;�
f .´/

�2
D

D
kC2;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

:

(2.2)

Putting (2.2) in (2.1), we obtain

D
kC2;˛
ˇ;�

f .´/

D
kC1;˛
ˇ;�

f .´/
D p.´/C�

´p0.´/

p.´/
; .´ 2 U/: (2.3)

Since f 2 SHkC1;˛;ˇ;�.�/, then in view of Remark 3, we have

D
kC2;˛
ˇ;�

f .´/

D
kC1;˛
ˇ;�

f .´/
D p.´/C�

´p0.´/

p.´/
� p�.´/;

with p.0/Dp�.0/D 1;�> 0; and<.p�.´// > 0:Hence, from Lemma 1, we obtain

p.´/� p�.´/; .´ 2 U/;
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or
D
kC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

� p�.´/; .´ 2 U/:

Now Remark 3 gives f .´/ 2 SHk;˛;ˇ;�.�/: �

The next results can be found in [1, 2] respectively.

Corollary 1. Let � > 0: We have

SH.�/� S :

Proof. By letting k D 0 in Theorem 1. �

Corollary 2. Let � > 0: We have

SHnC1;�.�/� SHn;�.�/:

Proof. By assuming ˛ D 0 and ˇ D 1 in Theorem 1. �

Theorem 2. Let � > 0; 0� ˛ < 1;ˇ � 1;� > 0: If F 2 SHk;˛;ˇ;�.�/ with �.1C
a/ > ˇ; then the Libera-Pascu integral operator f .´/ WDLaF.´/ is in SHk;˛;ˇ;�.�/:

Proof. Let F 2 SHk;˛;ˇ;�.�/: Denote

p.´/ WD
D
kC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

; p.0/D 1; .´ 2 U/ (2.4)

and assume that 0 < <fp.´/g � 1: From the definition of the Libera-Pascu integral
operator we have

.1Ca/F.´/D af .´/C´f 0.´/;

by using the linear operator DkC1;˛
ˇ;�

; we have

.1Ca/D
kC1;˛
ˇ;�

F.´/D aD
kC1;˛
ˇ;�

f .´/CD
kC1;˛
ˇ;�

.´f 0.´//

D aD
kC1;˛
ˇ;�

f .´/C´.D
kC1;˛
ˇ;�

f .´//0

D aD
kC1;˛
ˇ;�

f .´/C
D
kC2;˛
ˇ;�

f .´/� .ˇ��/D
kC1;˛
ˇ;�

f .´/� .1�ˇ/´

�
;

or equivalently,

�.1Ca/D
kC1;˛
ˇ;�

F.´/D Œ�.1Ca/�ˇ�D
kC1;˛
ˇ;�

f .´/CD
kC2;˛
ˇ;�

f .´/� .1�ˇ/´:

Similarly, we obtain

�.1Ca/D
k;˛
ˇ;�
F.´/D Œ�.1Ca/�ˇ�D

k;˛
ˇ;�
f .´/CD

kC1;˛
ˇ;�

f .´/� .1�ˇ/´:
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Then by using (2.4) and (2.3) we have

D
kC1;˛
ˇ;�

F.´/

D
k;˛
ˇ;�
F.´/

D

Œ�.1Ca/�ˇ�
D
kC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

C
D
kC2;˛
ˇ;�

f .´/

D
kC1;˛
ˇ;�

f .´/
:
D
kC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

�
.1�ˇ/´

D
k;˛
ˇ;�
f .´/

Œ�.1Ca/�ˇ�C
D
kC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�

�
.1�ˇ/´

D
k;˛
ˇ;�
f .´/

WD

Œ�.1Ca/�ˇ�p.´/C
D
kC2;˛
ˇ;�

f .´/

D
kC1;˛
ˇ;�

f .´/
:p.´/C'.´/

Œ�.1Ca/�ˇ�Cp.´/C'.´/

D
Œ�.1Ca/�ˇ�p.´/Cp2.´/C�´p0.´/C'.´/

Œ�.1Ca/�ˇ�Cp.´/C'.´/

D
p.´/fŒ�.1Ca/�ˇ�Cp.´/C'.´/gC�´p0.´/C'.´/.1�p.´//

Œ�.1Ca/�ˇ�Cp.´/C'.´/

D p.´/C´p0.´/:
� �C '.´/.1�p.´//

´p0.´/

Œ�.1Ca/�ˇ�Cp.´/C'.´/

�
WD p.´/C´p0.´/:�.´/;

where <.�.´// > 0 as ´! 1C: From F 2HSk;˛;ˇ;�.�/; we have

p.´/C´p0.´/:�.´/� p�.´/;

thus in view of Lemma 2, we obtain

p.´/� p�.´/; .´ 2 U/

or
D
kC1;˛
ˇ;�

f .´/

D
k;˛
ˇ;�
f .´/

� p�.´/; p.0/D 1; .´ 2 U/:

Implies f 2HSk;˛;ˇ;�.�/: This completes the proof. �

The next results can be found in [2].

Corollary 3. Let � > 0: If F 2 SHn;�.�/: Then the f 2 SHn;�.�/ where f is
the Libera-Pascu integral operator.

Proof. Assume ˛ D 0 and ˇ D 1: Hence �.´/D �
Œ�.1Ca/�1�Cp.´/

in Theorem 2.
�

3. THE CLASS .�;k/˛;ˇ;��CC

In this section, we show that for any function F 2A in the classes .�;k/˛;ˇ;��S

and .�;k/˛;ˇ;��CC ; the Libera-Pascu integral operator acting on F is also belongs
to these classes. Moreover, some well known subclasses are obtained as special cases
of our results.
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Theorem 3. If F 2 .�;k/˛;ˇ;��S ; � 2 Œ0;1/ and 0 � ˛ < 1;ˇ > 0;� > 0; then
Libera-Pascu integral operator f .´/D LaF.´/ 2 .�;k/˛;ˇ;��S :

Proof. Let F 2 .�;k/˛;ˇ;��S : Consider

p.´/ WD
D
k;˛
ˇ;�
f .´/

f .´/
; p.0/D 1; .´ 2 U/: (3.1)

From the definition of the Libera-Pascu integral operator we obtain

.1Ca/F.´/D af .´/C´f 0.´/: (3.2)

By using the linear operator Dk;˛
ˇ;�
; we have

.1Ca/D
k;˛
ˇ;�
F.´/D aD

k;˛
ˇ;�
f .´/CD

k;˛
ˇ;�
.´f 0.´//

D aD
k;˛
ˇ;�
f .´/C´.D

k;˛
ˇ;�
f .´//0

D aD
k;˛
ˇ;�
f .´/C

D
kC1;˛
ˇ;�

f .´/� .ˇ��/D
k;˛
ˇ;�
f .´/� .1�ˇ/´

�

D ŒaC
��ˇ

�
�D

k;˛
ˇ;�
f .´/C

1

�
D
kC1;˛
ˇ;�

f .´/C
.ˇ�1/´

�

WD AD
k;˛
ˇ;�
f .´/CBD

kC1;˛
ˇ;�

f .´/C'.´/:

(3.3)

From (3.2) and (3.3) we obtain

D
k;˛
ˇ;�
F.´/

F.´/
D

AD
k;˛
ˇ;�
f .´/CBD

kC1;˛
ˇ;�

f .´/C'.´/

af .´/C´f 0.´/

D

f .´/
h
A
D
k;˛
ˇ;�
f .´/

f .´/
CB

D
kC1;˛
ˇ;�

f .´/

f .´/
C
'.´/
f .´/

i
f .´/ŒaC ´f 0.´/

f .´/
�

D

A
D
k;˛
ˇ;�
f .´/

f .´/
CB

D
kC1;˛
ˇ;�

f .´/

f .´/
C
'.´/
f .´/

aC ´f 0.´/
f .´/

:

(3.4)

From (3.1) we have
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´p0.´/D ´
f .´/ŒD

k;˛
ˇ;�
f .´/�0�D

k;˛
ˇ;�
f .´/:f 0.´/

f 2.´/

D

´ŒD
k;˛
ˇ;�
f .´/�0

f .´/
�

D
k;˛
ˇ;�

f .´/
:
´f 0.´/

f .´/

D

D
kC1;˛
ˇ;�

f .´/�.ˇ��/D
k;˛
ˇ;�
f .´/�.1�ˇ/´

�

f .´/
�

D
k;˛
ˇ;�
f .´/

f .´/
:
´f 0.´/

f .´/

WD

BD
kC1;˛
ˇ;�

f .´/

f .´/
�

CDı
˛;ˇ;�

f .´/

f .´/
C
'.´/

f .´/
�p.´/:

´f 0.´/

f .´/

D

BD
kC1;˛
ˇ;�

f .´/

f .´/
�Cp.´/C

'.´/

f .´/
�p.´/:

´f 0.´/

f .´/
;

(3.5)

where C WD .ˇ��/
�

: Hence

BD
kC1;˛
ˇ;�

f .´/

f .´/
D ´p0.´/Cp.´/ŒC C

´f 0.´/

f .´/
��

'.´/

f .´/
: (3.6)

Substitute (3.6) in (3.4), then we obtain

D
k;˛
ˇ;�
F.´/

F.´/
D

Ap.´/CB
D
kC1;˛
ˇ;�

f .´/

f .´/
C
'.´/
f .´/

aC ´f 0.´/
f .´/

D

´p0.´/Cp.´/ŒACC C ´f 0.´/
f .´/

�

aC ´f 0.´/
f .´/

D

´p0.´/Cp.´/ŒaC ´f 0.´/
f .´/

�

aC ´f 0.´/
f .´/

D p.´/C
1

aC ´f 0.´/
f .´/

´p0.´/:

(3.7)

From the hypothesis, we have

D
k;˛
ˇ;�
F.´/

F.´/
� p�.´/; .� 2 Œ0;1/;´ 2 U/:

Consequently, we have

p.´/C
1

aC ´f 0.´/
f .´/

´p0.´/� p�.´/; .� 2 Œ0;1/;´ 2 U/:
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Now in view of Lemma 2, we get

p.´/� p�.´/; .� 2 Œ0;1/;´ 2 U/:

Equivalently

D
k;˛
ˇ;�
f .´/

f .´/
� p�.´/; .� 2 Œ0;1/;´ 2 U/;

which implies f .´/D LaF.´/ 2 .�;k/˛;ˇ;��S : �

The next result can be found in [2].

Corollary 4. If F 2 .�;n/�S ; � 2 Œ0;1/; then Libera-Pascu integral operator
f .´/D LaF.´/ 2 .�;n/�S :

Proof. Let ˛ D 0;ˇ D �D 1 in Theorem 3. �

Corollary 5. If F 2 .�;k/��S ; � 2 Œ0;1/; then Libera-Pascu integral operator
f .´/D LaF.´/ 2 .�;k/��S :

Proof. Put ˛D 0;ˇD 1 in Theorem 3. Note that in this case we have Al-Oboudi’s
differential operator. �

Theorem 4. If F 2 .�;k/˛;ˇ;� �CC ; � 2 Œ0;1/ and 0 � ˛ < 1;ˇ > 0;� > 0;
with respect to the function G.´/ 2 .�;k/˛;ˇ;��S , then the Libera-Pascu integral
operator f .´/ D LaF.´/ 2 .�;k/˛;ˇ;� �CC with respect to the function g.´/ D
LaG.´/ 2 .�;k/˛;ˇ;��S :

Proof. Let F 2 .�;k/˛;ˇ;��CC and

p.´/ WD
D
k;˛
ˇ;�
f .´/

g.´/
; p.0/D 1; .´ 2 U/: (3.8)

Differentiating the Libera-Pascu integral operator f .´/D LaF.´/ and operating by
D
k;˛
ˇ;�
; we have

.1Ca/D
k;˛
ˇ;�
F.´/D AD

k;˛
ˇ;�
f .´/CBD

kC1;˛
ˇ;�

f .´/C'.´/; (3.9)

where A;B and '.´/ are defined in Theorem 3. We also observe that

.1Ca/G.´/D ag.´/C´g0.´/: (3.10)
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By using (3.9) and (3.10) we get

D
k;˛
ˇ;�
F.´/

G.´/
D

AD
k;˛
ˇ;�
f .´/CBD

kC1;˛
ˇ;�

f .´/C'.´/

ag.´/C´g0.´/

D

g.´/
h
A
D
k;˛
ˇ;�
f .´/

g.´/
CB

D
kC1;˛
ˇ;�

f .´/

g.´/
C
'.´/
g.´/

i
g.´/ŒaC ´g 0.´/

g.´/
�

D

A
D
k;˛
ˇ;�
f .´/

g.´/
CB

D
kC1;˛
ˇ;�

f .´/

g.´/
C
'.´/
g.´/

aC ´g 0.´/
g.´/

:

(3.11)

From (3.8) we have

´p0.´/D ´
g.´/ŒD

k;˛
ˇ;�
f .´/�0�D

k;˛
ˇ;�
f .´/:g0.´/

g2.´/

D

´ŒD
k;˛
ˇ;�
f .´/�0

g.´/
�

D
k;˛
ˇ;�
f .´/

g.´/
:
´g0.´/

g.´/

D

D
kC1;˛
ˇ;�

f .´/� .ˇ��/D
k;˛
ˇ;�
f .´/� .1�ˇ/´

�g.´/
�

D
k;˛
ˇ;�
f .´/

g.´/
:
´g0.´/

g.´/

WD

BD
kC1;˛
ˇ;�

f .´/

g.´/
�

CD
k;˛
ˇ;�
f .´/

g.´/
C
'.´/

g.´/
�p.´/:

´g0.´/

g.´/

D

BD
kC1;˛
ˇ;�

f .´/

g.´/
�Cp.´/�p.´/:

´g0.´/

g.´/
C
'.´/

g.´/
;

(3.12)

where C defined in Theorem 3. Hence

BD
kC1;˛
ˇ;�

f .´/

g.´/
D ´p0.´/Cp.´/ŒC C

´g0.´/

g.´/
��
'.´/

g.´/
: (3.13)

Substitute (3.13) in (3.11) we obtain

D
k;˛
ˇ;�
F.´/

G.´/
D p.´/C

1

aC ´g 0.´/
g.´/

´p0.´/

WD p.´/C�.´/´p0.´/;

(3.14)

where <f�g> 0; ´ 2 U: Thus in view of Lemma 2, we obtain

p.´/� p�.´/; .� 2 Œ0;1/;´ 2 U/



180 RABHA W. IBRAHIM AND M. DARUS

or equivalently
D
k;˛
ˇ;�
f .´/

g.´/
� p�.´/; .� 2 Œ0;1/;´ 2 U/:

Hence f .´/DLaF.´/2 .�;k/˛;ˇ;��CC with respect to the function g.´/DLaG.´/2
.�;k/˛;ˇ;��S : �

The next result can be found in [2].

Corollary 6. If F 2 .�;k/�CC ; � 2 Œ0;1/ with respect to the function G.´/ 2
.�;k/�S then Libera-Pascu integral operator f .´/ D LaF.´/ 2 .�;n/�CC with
respect to the function g.´/D LaG.´/ 2 .�;k/�S :

Proof. Let ˛ D 0;ˇ D �D 1 in Theorem 4. �

Corollary 7. If F 2 .�;k/� � CC ; � 2 Œ0;1/ and � > 0; with respect to the
function G.´/ 2 .�;k/��S , then Libera-Pascu integral operator f .´/D LaF.´/ 2
.�;k/��CC with respect to the function g.´/D LaG.´/ 2 .�;k/��S :

Proof. Put ˛D 0;ˇD 1 in Theorem 4. Note that in this case we have Al-Oboudi’s
differential operator. �

4. THE CLASS .�;k/˛;ˇ;��S

In this section, we determine coefficient bounds for functions of the form (1.1),
with positive and negative coefficients, in the class .�;k/˛;ˇ;� � S : This study is
required in the next section.

Theorem 5. A sufficient condition for a function f .´/ of the form (1.1) to be in
class .�;k/˛;ˇ;��S is

1X
nD2

janjŒ.	n;k.˛;ˇ;�/�1/.1C�/C1� < 1; (4.1)

where � 2 Œ0;1/ and 0� ˛ < 1;ˇ > 0;� > 0:

Proof. It suffices to show that

�
ˇ̌̌Dk;˛

ˇ;�
f .´/

f .´/
�1
ˇ̌̌
�<

�Dk;˛
ˇ;�
f .´/

f .´/
�1
�
� 1:

We obtain

�
ˇ̌̌Dk;˛

ˇ;�
f .´/

f .´/
�1
ˇ̌̌
�<

�Dk;˛
ˇ;�
f .´/

f .´/
�1
�
� .1C�/

ˇ̌̌Dk;˛
ˇ;�
f .´/

f .´/
�1
ˇ̌̌

�
.1C�/

P1
nD2 janj.	n;k.˛;ˇ;�/�1/j´j

n�1

1�
P1
nD2 janjj´j

n�1
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�
.1C�/

P1
nD2 janj.	n;k.˛;ˇ;�/�1/

1�
P1
nD2 janj

:

This last expression is bounded above by 1 if
1X
nD2

janjŒ.	n;k.˛;ˇ;�/�1/.1C�/C1� < 1;

and the proof is complete. �

Now we prove that the condition (4.1) is also necessary for f with negative coef-
ficients. Let T be the class of all analytic functions of the form

f .´/D ´�

1X
nD2

an´
n; .an � 0; ´ 2 U/:

Then we have the following result.

Theorem 6. A sufficient and necessary condition for f 2 T to be in the class
.�;k/˛;ˇ;��T S D .�;k/˛;ˇ;��S\T (here � 2 Œ0;1/ and 0� ˛ < 1;ˇ > 0;�> 0),
is that

1X
nD2

anŒ.	n;k.˛;ˇ;�/�1/.1C�/C1� < 1:

Proof. In view of Theorem 1, we need to prove only the necessity. If f 2 .�;k/˛;ˇ;��
T S and ´ is real, then

1 > �
ˇ̌̌Dk;˛

ˇ;�
f .´/

f .´/
�1
ˇ̌̌
�<

�Dk;˛
ˇ;�
f .´/

f .´/
�1
�

� �.1C�/<
�Dk;˛

ˇ;�
f .´/

f .´/
�1
�

D�.1C�/<
�
�
P1
nD2an.	n;k.˛;ˇ;�/�1/´

n�1

1�
P1
nD2an´

n�1

�
:

Letting ´! 1 along the real axis, we obtain the desired inequality
1X
nD2

anŒ.	n;k.˛;ˇ;�/�1/.1C�/C1� < 1:

�

Corollary 8. The extreme points of .�;k/˛;ˇ;��T S are the functions given by

f1.´/D 1; and fn.´/D ´�
1

Œ.	n;k.˛;ˇ;�/�1/.1C�/C1�
´n;

where nD 2;3; :::;� 2 Œ0;1/ and 0� ˛ < 1;ˇ > 0;� > 0:
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5. CESÁRO SUM

Recently, Silverman [14] determined sharp lower bounds on the real part of the
quotients between the normalized starlike or convex functions and their sequences of
partial sums:

<

n f .´/
fN .´/

o
;<
nfN .´/
f .´/

o
;<
n f 0.´/
f 0N .´/

o
; and <

nf 0N .´/
f 0.´/

o
:

In this section, we consider the Cesáro sum �m of functions in the class .�;k/˛;ˇ;��
S and obtain sharp lower bounds for the ratios of real part of f .´/ and �m, and also
of f 0.´/ and � 0m: Let us first construct the Cesáro sum �m.´/ of functions f 2A by

�m.´/D
1

mC1

mX
nD0

sn.´/

D
1

mC1

�
s0.´/C s1.´/C ::C sm.´/

�
D

1

mC1

�
a0C .a0Ca1´/C ::C .a0C :::Cam´

m/
�

D
1

mC1

�
.mC1/a0Cma1´C ::Cam´

m
�

D

mX
nD0

�m�nC1
mC1

�
am´

n

D f .´/�

mX
nD0

�m�nC1
mC1

�
´n

WD f .´/�gm.´/

(5.1)

where s0.´/D 0; s1.´/D ´: Note that the classical Cesáro means play an important
role in geometric function theory (see [6, 12, 13]). In the sequel, we will make use of
the result that <

n
.1Cw.´//
.1�w.´//

o
> 0; .´ 2 U/ if and only if w.´/D

P1
nD1 cn´

n satisfies
the inequality jw.´/j< j´j.

Theorem 7. Let the function f .´/ of the form (1.1) satisfies condition (4.1), then

<f
f .´/

�m.´/
g �

.	mC1;k.˛;ˇ;�/�1/.1C�/

.	mC1;k.˛;ˇ;�/�1/.1C�/C1
; .´ 2 U/;

where �m.´/ defined in (5.1).

Proof. Assume that f 2A and satisfies (4.1). By setting

dm WD Œ.	m;k.˛;ˇ;�/�1/.1C�/C1�; C.n;m/ WD
m�nC1

mC1
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and

w.´/D dmC1

n f .´/
�m.´/

�

�
1�

1

dmC1

�o
D 1C

dmC1Œ
P1
nD2an´

n�1�
Pm
nD2C.n;m/an´

n�1�

1C
Pm
nD2C.n;m/an´

n�1

when C.n;m/! 1; we find thatˇ̌̌w.´/�1
w.´/C1

ˇ̌̌
�

dmC1
P1
nDmC1 janj

2�2
Pm
nD2 janj�dmC1

P1
nDmC1 janj

� 1; .´ 2 U/

if and only if

2dmC1

1X
nDmC1

janj � 2�2

mX
nD2

janj

which is equivalent to
mX
nD2

janjCdmC1

1X
nDmC1

janj � 1: (5.2)

In order to see that

f .´/D ´C
´mC1

dmC1
; .´ 2 U/

gives sharp result, we observe that for ´D re
�i
m

f .´/

�m.´/
D 1C

´m

dmC1
! 1�

1

dmC1
as ´! 1�:

Hence the proof is complete. �

In the same manner of Theorem 7, we can verify the following result

Theorem 8. Let the function f .´/ of the form (1.1) satisfies condition (4.1), then

<f
f 0.´/

� 0m.´/
g �

.	mC1;k.˛;ˇ;�/�1/.1C�/�m

.	mC1;k.˛;ˇ;�/�1/.1C�/C1
; .´ 2 U/;

where �m.´/ defined in (5.1).

Proof. Assume that f 2A and satisfies (4.1). By letting

w.´/D dmC1

n f 0.´/
� 0m.´/

�

�
1�

mC1

dmC1

�o
D 1C

mC1
dmC1

Œ
P1
nD2nan´

n�1�
Pm
nD2C.n;m/nan´

n�1�

1C
Pm
nD2C.n;m/nan´

n�1
;

where dm is defined in Theorem 7. �
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