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Abstract. A hyperbolic plane H of positive curvature can be realized on the exterior domain
with respect to an oval curve in a projective plane. The plane H is the Cayley — Klein model of a
two-dimensional de Sitter space. It is proved that there is no regular mosaic on the plane H.
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1. INTRODUCTION
1.1. The hyperbolic plane H of positive curvature

Let H? be an extended hyperbolic plane with absolute oval curve y [41, §5.1.1].
Every line on the plane H? belongs to one of three types depending on its position
with respect to the absolute. Lines intersecting the absolute in two real (imaginary
conjugate) points are called hyperbolic (elliptic). Any isotropic line on H? tangent
to the absolute is called parabolic.

In the Cayley — Klein model the interior domain with respect to the oval curve y
is a complete Lobachevskii plane A2 which is also called a Bolyai — Lobachevskian
plane. This plane is the hyperbolic plane of negative curvature. On the set of all
exterior points of the plane H? with respect to the absolute curve y one can con-
struct different geometries. If we consider hyperbolic, elliptic, and parabolic lines as
lines in our geometry, we obtain a hyperbolic plane H of positive curvature [31,32],
[40, §4.1.1]. Geometry of the plane H of curvature 1/p? can be realized on the
sphere of real radius p in the pseudo-Euclidean space IR% with antipodal points iden-
tified. Therefore the plane H is the projective model of a two-dimensional de Sitter
space [10, 14]. The number p is called the curvature radius of H. The plane H is
homeomorphic to the Mobius band without boundary. The group G of projective
automorphisms of the absolute oval curve y is the fundamental group of transforma-
tions for H , H2, and the Lobachevskii plane A2

(© 2018 Miskolc University Press
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1.2. Problem statement

Let K be the Euclidean plane R?, the elliptic plane E? or the Lobachevskii plane
A2,

A regular mosaic on the plane K consists of g congruent regular p-gons which fit
together round a common vertex without gaps and overlappings. The Schléfli symbol
{p,q} denotes the type of the regular mosaic. Each regular mosaic of the type {p,q}
determines the full group [p,¢] of its symmetries and generates the regular normal
partition of the plane K [11], [12, §5.1].

Denote the measure of the interior angle at a vertex of a regular p-gon by ¢. On
the Euclidean plane we have ¢ = (1 —2/ p). For the measure ¢ on the plane E? (or
A?) the inequality ¢ > w(1—2/p) (or ¢ < w(1—2/ p) respectively) holds. Therefore
the positive integers p and ¢ from the Schléfli symbol of a regular mosaic in the plane
K satisfy one of the following conditions:

(i) (p—2)(g—2) < 4if K is the elliptic plane [E?;
(ii) (p—2)(q—2) = 4 if K is the Euclidean plane R?;
(iii) (p—2)(g —2) > 4 if K is the Lobachevskii plane AZ.

The conditions (i) — (iii) allow us to find all regular mosaics of the planes [E2, R?, and
A?. According to the inequality (i) all “spherical mosaics” are devided into seven
types: {2,q}, {g9,2}, {3,3}, {3,4}, {4,3}, {3,5}, {5,3}, where both of the Schlifli
symbols {2,g} and {g,2} determine infinite series of regular mosaics. Owing to the
inequality (ii) there exist only three types of regular mosaics, {3, 6}, {4,4}, {6,3}, on
the Euclidean plane R?. The inequality (iii) does not impose restrictions for a types
number of the “hyperbolic mosaics”. This number is infinite.

Regular mosaics (in other terminology, regular honeycombs) first were mentioned
in the works by Klein (1879) and Stringham (1880). Schlegel (1883) and Schlifli
(1855) investigated these objects in classical spaces of constant curvature, that is,
Euclidean, elliptic and Lobachevskii spaces (see review in [1 1, 12]). The fundamental
work of Poincare [28] has given base for the research of Fuchsian groups, that is,
discrete transformations groups of the Lobachevskii plane A2, and has generated
thereby a particular interest to the "hyperbolic mosaics”. This subject still attracts a

lot of attention (see, for instance, [3,4, 16,26,27]). There are also other geometrical
objects closely connected with Fuchsian groups, in particular, Coxeter groups of the
plane A2 (see, for instance, [8, 18,20]).

The development of geometry on the ideal domain of the Lobachevskii plane A?
has set new goals. In academic discussion new issues have been raised. One of them
can be formulated from general point of view: whether the geometry of the plane H
can make a contribution to the theory of Fuchsian groups? The research of this issue
has led to the partitions construction on the plane H. At first the series of so-called
simple partitions have been constructed [29,32]. A simple partition of the plane H
or a figure on H is monohedral, that is, all its cells are congruent. A cell of a simple
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partition is simple 4-contour with the border consisting of four parabolic segments. In
[29] the star of a regular odd-dimensional n-contour is studied. The star consists of n
congruent simple 4-contours adjoining on whole edges. The component 4-contours
of the star locate out along an elliptic line. Three vertices of each component 4-
contour lie in a hypercycle. Such packing is a bit similar to packing of cells in a
regular mosaic. But unlike a mosaic it is impossible to use the star as an independent
cell of partition as the star is a topological equivalent of the M&bius band.

In Fig. 1 the star of a regular 9-contour is shown. The component 4-contours Q1,
..., Qg of the star locate out along the elliptic line /. The hypercycle w contains three
vertices from each component 4-contour of the star.
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FIGURE 1. The absolute curve y and the star of a regular 9-contour.
The component 4-contours Q1, ..., Qg of the star.

We have also constructed an infinite tiling which may be considered as an remote
analogue of a mosaic in the following sense: there exist both a simple partition of
the tiling and a partition of the plane H by the tiling. Since a simple partition on
the plane H is not normal [32, Theorem 5.1.1], the tiling significantly differs from a
mosaic. In [34] the first normal fan partitions of the plane H are constructed. A fan
partition is formed by special packing of congruent fans. Cells of a fan partition are
also simple 4-contours, but not all cells are congruent. By Theorem 5.1.1 from [32]
there is no regular mosaic consisting of simple 4-contours. Here we put more general
question on the existence of regular mosaics. In Theorem 2 we prove that there is no
regular mosaic on the plane H. The simple proof of this fundamental fact is based on
the theorem about the polygon area in the plane H, see Theorem 3.1 in [38]. Since
various stages of the proof of Theorem 3.1 have been published in three papers, we
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provide its short sketch in adjuvant Section 2. Besides, in Section 2 we give strict
definitions of the notions used in this paper.

2. PRELIMINARIES
2.1. Angles of the plane H

There are three types of the pencils of lines on the plane H. A pencil of lines on
His hyperbolic (elliptic) if its centre is an exterior (interior) point with respect to the
absolute. The centre of a parabolic pencil lies on the absolute. Lines of a hyperbolic
(elliptic) pencil are said to be intersecting (hyperparallel) on H. Lines of a parabolic
pencil are said to be parallel. Different variants of location of a pair of lines with
respect to the absolute define fifteen types of angles of the plane H 301, [31, §4.3].

All types of angles of the plane H are presented in Table 1. We denote the types
of pencils of lines by following symbols: H — hyperbolic, E — elliptic, P —
parabolic. For the types of lines in the plane H we use the following designations:
h — hyperbolic, e — elliptic, p — parabolic.

TABLE 1. The types and the measures of angles on the plane H

Type of an angle Measure v (U) of | Type of | Types
(short designation) an angle a pencil | of lines
al| b

Valiana — H plp

Semicovaliana —

Hyperbolic flag — H

Hyperbolic pseudoflag — plh

Parabolic flag — P

Elliptic flag — H pl e

Elliptic pseudoflag —

Half-plane v e [0;m] E

Hyperbolic angle veRsorv, e Re H

Hyperbolic pseudoangle | U =inw +v, ve Ry h | h

Strip — P

Pseudostrip —

Quasiangle V=c¢v+in/2, H h| e
veRy,e=1;-1;0

Elliptic angle velRst H e | e

Elliptic pseudoangle v=im—v,veRy

Angles of six types between non-parallel and non-parabolic lines in the plane H
are measurable by means of the absolute. Measurable angles of five types possess
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vertices from the proper domain of the plane H. Elliptic and hyperbolic angles, el-
liptic and hyperbolic pseudoangles, and quasiangles belong to such types. An elliptic
angle has real positive measure while hyperbolic one has both positive measure and
negative agreed measure. The measure of an elliptic pseudoangle is a number i 7 — v,
and the measure of a hyperbolic pseudoangle is a number i 7 4+ v, where v € R.

Only non-parabolic lines of different types can be orthogonal on the plane H. A
line a is orthogonal to a line b if it contains a pole of the line b with respect to the
absolute. Two orthogonal lines form two adjacent right quasiangles. The measure of
right quasiangle equals i 7.

Assume that a hyperbolic line a and an elliptic line b form adjacent quasiangles
with a common vertex K. Leta’ be an orthogonal line to the line a and let K € a’. The
quasiangle between the lines a and b is called hyperbolic (or elliptic) if it contains
(or, respectively, does not contain) the line a’. The measure of a hyperbolic (elliptic)
quasiangle is a number i 5 4+ ev, where v € Ry ande = 1 (¢ = —1) [31, §4.5].

2.2. Polygons of the plane H

Let @ be a figure of the plane H2. If & N H=¢ (@nH = @), then the figure
@ is called a finite (infinite) figure on H.

In this paper we assume that the absolute curve y is added to the extended hyper-
bolic plane H?2. Such gluing the components H and A2 of the plane H? by means of

the curve y allow us to simplify the introduction of basic objects. Let H = yUH?2.
On the plane Fz there are two types of simple closed curves. A simple closed
curve is called one-sided if its removal from H~ does not break connectivity of the

plane H. A simple closed curve is called two-sided if it divides the plane H into
two connected components.

Let F be a simple closed two-sided broken line on the plane H andlet FNH %

&. Then F divides the plane H” into two connected components. One of these
components is topological equivalent to an open disk. Denote it by o. The second
component is topological equivalent to the Mobius band without boundary. Denote
it by u. The figure F,, = F Uo (F, = F U ) is called a generalized polygon (gen-
eralized Mobius polygon) of the plane H. The generalized polygon Fj is also called
a generalized polyhedral or a n-hedral depending on the number n of its vertices.

Vertices and segments of the broken line F are called respectively vertices and
edges of the polygon with boundary F. A polygon vertex is called proper or ideal if
it belongs to the plane H or to the plane A? respectively. A polygon vertex is called
absolute if it lies on the absolute curve y. A polygon vertex is called true in case the
polygon edges containing this vertex do not lie on the same line.

Let F be a generalized polygon or a generalized Mdbius polygon of the plane H
and let all vertices of the polygon F be proper and true. Assume that lines b and d
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contain edges of the polygon F with a common vertex A. The lines b, d and a polar

line a of the point A with respect to the absolute y divide the plane H’ into four
generalized trihedrals. We call them the basic quarters of the vertex A and denote by
nj,Jj =12,34.

Assume that an angle 7, of the plane H between the lines » and d contains the
basic quarter 7; of the vertex A. We define a type of the basic quarter n; as the type
of the angle 7. If the angle 1 is measurable, we call its measure a measure of the basic
quarter 7;. Let the figures of four sets

(1o (120 5m3) (035--m5) s (nas--md) 2.1)

where m, n, r, and s are positive integers, be connected components of the figures
FNny, FNna, FNns, and F Nng4 respectively. The set of figures (2.1) contains one
or three figures possessing the point A and a nonempty interior. Denote the quantity
(sum) of these figures by Q4 (Fy).

Let us consider all possibilities.

(1) Assume that Q4 = 1. Then one of the basic quarters of the vertex A contains
the figure F4. We call this quarter the interior angle of the polygon F at the
vertex A.

(2) Assume that Q4 = 3. Then only one of the basic quarters of the vertex A
does not contain components of the figure F4. Denote it by n4. We call
the sum of the quarters 1y, 172, 13 the interior angle of the polygon F at
the vertex A. If the basic quarters 711, 12, 73 are measurable, we define the
measure of the interior angle of the polygon F' at the vertex A as the sum of
the measures of these quarters.

In Fig. 2, a (b) the interior angle 11 (1 U nz U n3) of the polygon F at the vertex
A is shown.

Under the condition Q4 = 1 (or Q4 = 3) the interior angle of the polygon F at
the vertex A is convex (or, respectively, non-convex).

Remark 1. The sum of the measures of adjacent angles with a vertex at a proper
point of the plane H is equal to i w. Therefore the sum of the measures of all basic
quarters of a polygon vertex is equal to 2i . This means that the measure of a full
angle round proper point in the plane H equals 27 .

In classical geometries of the planes of constant curvature E2, A2, and R? the
notion “full angle round a point” is closely connected with the notion “rotation round
a point”. In the geometry of the plane H these notions significantly differ. Each
line on the plane E2, A2, or R? under the rotation round an arbitrary proper point
can cover the full plane and return to its initial location. Each non-parabolic line on
the plane H under the rotation round an arbitrary proper point infinitely moves away
from its initial location. Staying of the same type, the line under such rotation go to
the parabolic line containing the centre of rotation. In this regard, the notion “full
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FIGURE 2. The absolute curve y and the interior angle 17 (n; Una U
n3) of the polygon F at the vertex A (a) ((b)).

angle round a point” in the geometry of the plane H possess conditional character.
We apply this notion in the sense of the packing of figures round a point, that is,
ignoring the rotation.

2.3. Theorem on the area of a generalized polygon of the plane H

The foundation of the volumes theory, in particular, of the areas theory, in the
hyperbolic space was given in classical works of the founders of non-Euclidean geo-

metry, Lobachevsky and Bolyai (see, for instance, [6,25]). Later this theory was
developed in works of many authors (see, for instance, [5,7,9,19,21,42,43]). Pro-
found survey on this topic is presented in papers [2,21,44]

It is known that on the plane A? of curvature (—1/p?) the area of a triangle can

be expressed through the measures A, B, and C of interior angles at vertices by the
formula

S:pz(n—ff—é—é). (2.2)

This formula for the first time was obtained by Lambert as a corollary of the hy-
pothesis of the acute angle [24]. It is natural that considering projective model of
the hyperbolic plane, some authors wondered about the truth of formula (2.2) on the
extended hyperbolic plane H? for the generalized triangles with vertices both on
interior, and on exterior domain of the plane with respect to the absolute (see, for in-
stance, [5,7,43]). Unfortunately, the mistakes made by authors resulted in incorrect
conclusions. Analyzing the known works, we emphasize two main problems.
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First, we note incorrect definitions of angles between lines in the plane H? (and
H). This problem is multilayered. Let us dwell on two important points in brief. Des-
pite careful elaboration of this topic by leaders of geometry (see, for instance, [1,17]),
some authors do not notice conceptual distinctions between the notions “angle” and
”measure of an angle”. Besides, some authors overlook the following fact. The plane
H is homeomorphic to the M&bius band without boundary. Therefore adjacent angles
between lines on H can be topologically distinct (see [31, §4.3]). In this regard, the
introduction of the basic notions in the plane H geometry demands extreme accuracy.

The second main problem consists in incorrect adaptation of Laguerre formulae
[23] to the calculation of the measures of angles with vertices in the exterior domain
with respect to the absolute of the plane H?2. Choosing a multiplier in the Laguerre
formulae, authors recede from the general logic stated by Klein in [22]. We discuss
this problem in [37].

Trying to improve the situation, we come back to basis of non-Euclidean geometry
in its projective understanding. Basing on classical works [1, 15, 17,22], we carefully
define all basic notions of the plane H geometry (see [30—32]). Only after this we go
to the calculation of the figures areas'.

The foundation of the areas theory of the plane H is set in works [33, 36, 38, 39].
The notion of the area is introduced such that the finite figures of the plane H possess
the real positive areas. Moreover, for each figure F of the plane H? the following
equality holds

Spa2(F)=iSgz(F), 2.3)
where S 42(F) or S (F) is the area of the figure F' calculated in geometry of the

plane A2 or H respectively (see [33,36]).

In this paper due to the theorem on the area of a generalized polygon without para-
bolic edges (see [38, Theorem 3.1]) we obtain the simple proof of the fundamental
fact of the plane H geometry. Let us formulate this theorem.

Theorem 1. Let F be a generalized polygon without parabolic edges on the plane
H of curvature radius p, p € R4y. Denote the measures of interior angles of the
polygon F at vertices Ay,Aa,...,Ap by /fl,ffz, e, fin respectively. Then the area
S i (F) of the polygon F can be expressed by the formula

Sp(Fy=p*| > _tdj—in(n-2)|. (2.4)
=1

1 To create the theory of volumes on the ideal domain H3ofa hyperbolic space H3 it is necessary
to pass a similar way. We begin this way in works [35,37]. Notice that Gauss emphasized complexity
of the volumes calculation in the hyperbolic space by the term “die Dschungel” (jungle). The volumes
calculation in the space H?3 is a much more complicated problem, because this space contains lines and
planes of different topological types.
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where 1: — § 1 if A; is a proper or absolute vertex of the polygon F,
/ i if Aj is an ideal vertex of the polygon F.

Note that known formula (2.2) is a special case of formula (2.4). Indeed, by for-
mula (2 4) for an arbltrary triangle ABC in the plane A? with the measures A1 = A
A = B, and A3 = C of interior angles at vertices A, B, and C respectively, we have
71 =17 =13 =1 and

S (ABC) = p? (i/f+il§ +ié—in).

From here via equality (2.3) we find the area of the triangle ABC in the plane A?
geometry:

Sp2(ABC) = iSy(ABC) = p> (n—/i—é—é).

Thus for an arbitrary triangle in the plane A? formula (2.2) holds.

We prove Theorem 1 in three stages. At first, in paper [33], we choose an ortho-
gonal hypercyclic coordinate system on the plane H and prove the following formula
for the calculation of the area of a rectangular trihedral with an elliptic (hyperbolic)
cathetus of length a (b)

sinh 2 + cosh 25in4
S = p?In L

" (2.5)
sin 5 + cos F sin °
After that, in [36], via formula (2.5) we prove the following formula for a finite

trihedral of the plane H with the measures A1, A, and A3 of interior angles
S = p? (41+AZ+A3—in). (2.6)
In article [38], we generalize formula (2.6). For this end we show that on the plane

H there are 48 types of generalized trihedrals with non-parabolic edges. Hereafter
for the generalized trihedral A1 A; A3 of each type we prove the formula

S = p2 (rlfil+rz,42+r3fi3—in), 2.7)

where 7; = 1 (r; = i) in case the point A; is the proper or absolute (ideal) vertex of
the generalized trihedral A1 A, As.

Finally, for a generalized polygon without parabolic edges after its triangulation
and applying formula (2.7) to every cell of partition we obtain formula (2.4).

3. MAIN THEOREM

In this section we prove a theorem which reveals significant differences between
the plane H geometry and the classical geometries of planes with constant curvature.

Theorem 2. There is no regular mosaic on the plane H.
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Proof. 1. At the first stage we prove the following assertion.

A: If there is a regular mosaic of the plane H, then interior angles of its cells are
right quasiangles.

Assume that there is a regular mosaic 997 of the type {p, ¢} on the plane H.Leta
proper point A of the plane H be a common vertex of q congruent regular p-hedrals
F, ..., Fy from the mosaic 9. Denote the interior angle of the p-hedral F; at the
vertex A by o, where j =1,...,q. Let k; and k> be the parabolic lines passing
through the point A. The lines k1, k, contain four rays k11, k12, k21, koo with a
common origin A. The type of each angle «; is unambiguously determined by its
location with respect to these rays. Since the angles «q, ..., oy are congruent, they
are equally located with respect to the rays from the set k11, k12, k21, k22. In the
sense of the task each angle «; is convex and is not straight angle. Hence each angle
o contains no more than two rays from the set k11, k12, k21, k2. Moreover, if
the angle «; contains two rays from this set, then the sides of the angle «; contain
two these rays. It is clear that the ray k1 lies on the side or on the interior domain
of some angle from the set o, ..., @g. Denote this angle by ;. Then the side or,
respectively, the interior domain of each of the angles a», ..., @4 contains a ray from
the set k12, k21, k22. Consequently, the quantity of angles in the set g, ..., g is
equal to the quantity of rays in the set k11, k12, k21, k22. Therefore ¢ = 4 and a
priori only two following cases are possible.

(1) Each of the rays ki1, k12, k21, k22 lies on a common side of two adjacent
angles from the set o1, o2, a3, 4 (Fig. 3, a).

(2) Each of the rays k11, k12, k21, k22 divides one of the angles a1, a2, @3, a4
(Fig. 3, b).

In the first case the angles o1, o2, a3, o4 are not congruent. Indeed, by the condi-
tion (1) the sides of the angles a1, a2, a3, o4 lie on the parabolic lines k1 = k11 Ukq2
and ky = ko1 Ukoy. Hence two angles from the set oy, oz, o3, ag belong to the
valiana of the point A (see the angles o and a3 in Fig. 3, a). Two other angles be-
long to the covaliana of this point. Thus under the condition (1) the mosaic 97 is not
regular. This contradicts our assumption.

The second case does not lead to contradictions. Let us continue our reasonings,
accepting the condition (2).

The sides of each angle «; divide the pair of the parabolic lines k1, k2. Hence
they are non-parabolic lines of different types. This means that each angle «; is
a quasiangle. Since the quasiangles o, ap, @3, a4 are congruent, they are right
quasiangles. The assertion A is proved.

II. Now we check the existence of a polygon which forms a regular mosaic on the
plane H. Considering the assertion A, we choose the incomplete list of properties of
such polygon, and we prove that this list contains incompatible requirements.

Assume that there is a polygon F satisfying the following conditions.

(1) All interior angles of the polygon F are right quasiangles.
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a b

FIGURE 3. The angles o1, o2, a3, aq at the vertex A of the regular
mosaic 9. The rays k11, k12, k21, k22 lie on the sides of the angles
a1, a2, a3, 04 (a). The rays k11, k12, k21, koo divide the angles o,
o3, 0p, 04, respectively (b).

(2) The polygon F is topological equivalent to a disk.
(3) The polygon F is finite figure of the plane H.

Denote the vertices of the polygon F by A1, ..., Ap. Under the condition (1)
the measures A, ..., /fp of the interior angles of the polygon F at the vertices
respectively Ay, ..., Ap equal im/2.

Due to the requirement (2) the polygon F satisfies the Theorem 1 conditions. By
the condition (3) in the formulation of Theorem 1 for each vertex of the polygon
F we have t; = 1. Moreover, the area Sy (F) of the polygon F is a real positive
number. Formula (2.4) yields

2
Sa(F)=p* (iZp=in(p=2)) = (4= p). G.1)

The expression (3.1) implies S (F) € C and Re (SFI(F)) = (. These facts con-

tradict the notion of the area of a finite figure in the plane H . Hence the conditions
(1) —(3) are incompatible. So there is no polygon forming the regular mosaic on the
plane H. This yields the assertion of the theorem. The theorem is proved. g

4. COMPARATIVE ANALYSIS OF METHODS AND RESULTS

In Theorem 2 we proved that there is no regular mosaic on the plane H. In the
scientific discussion of this result the following question was raised: how the asser-
tion about regular mosaics depends on the choice of the definition of angles on the
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plane H . In Subsection 2.2 we have discussed the main problems of the definition of
objects in hyperbolic geometry in this regard. Taking into account the prevalence of
these problems, we show here, with specific examples, how they impede the solution
of the questions about polygons and, in general, are slowing down the development
of the plane H geometry.

While sharing the views expressed by Klein, we accept the following statement:
Geometry is the totality of figures properties wich are invariant in transformations
of some group. According to this statement we define geometrical figures with an
accuracy to their congruence, understanding the congruence of geometrical figures as
the possibility of their coincidence under some transformation of the space containing
these figures. The congruence of geometrical figures differs from equality of the
measures of these figures if they are measurable. Indeed, let us consider two segments
of the length a in the plane H, wherea € (0, p). Assume that one of them is elliptic,
and the second is hyperbolic. Having equal lengths, these segments are not congruent
because any transformation of the group G retains the line type. Now let us consider
an elliptic angle and half-plane of the plane H. Such geometrical figures can have
equal measures from interval (0, ) (see Table 1 and [31, §4.5]), but these figures are
not congruent. The examples given show us that the information about the measure
of a geometrical figure can’t unambiguously characterize this figure. Therefore such
information can’t serve as the definition of a geometrical object.

Let us address, for example, Definition 2.1 of generalized angles on the hyperbolic
plane from paper [13]. To reduce reasonings, we shall consider only objects of the
plane H . In our terms, in the case 1 (b) of Definition 2.1 two hyperbolic lines with
the common point on exterior domain with respect to the absolute are presented.
Such lines determine three objects on the plane H. These objects are as follows:
two congruent hyperbolic angles and hyperbolic pseudoangle (see angles o, a2,
and, respectively, a3 in Fig. 4, a). A hyperbolic angle and a hyperbolic pseudoangle
are topologically distinct. In article [13] these objects are not distinguishable and
geometrically are not defined. It is worth noticing that the phrase their angle is the
length” from Definition 2.1 is incorrect because an angle is a geometrical figure, and
the length is a number.

In the case 2 of Definition 2.1 two elliptic lines are presented. Such lines determine
elliptic angle and elliptic pseudoangle on the plane H (see angles o and o5 in Fig. 4,
b). These topologically different objects are not distinguishable and geometrically
are not defined in paper [13] too. This means that at the using of Definition 2.1 the
questions about polygons angles in the plane H will remain unresolved.

Formally Formula (6) from [13] yields the correct result only for the hyperbolic
cosine of the measures of hyperbolic or elliptic angles and hyperbolic or elliptic
pseudoangles. But Formula (6) does not give the actual values of the measures of
these objects. Moreover, Remark 2.2 conclusively confuses the reader. The hyper-
bolic measures of adjacent or, in terms of paper [13], complementary angles except
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FIGURE 4. The hyperbolic angles «;, o, and the hyperbolic
pseudoangle o3 with the hyperbolic sides a, b and the vertex A (a).
The elliptic angle o and the elliptic pseudoangle o, with the elliptic
sides a, b and the vertex A4 (b).

quasiangles are differ in their nature. The measure of a hyperbolic or elliptic angle is
real, the measure of its adjacent pseudoangle is complex (see Table 1). The sum of
the measures of adjacent angles is equal to i 7 (see [3 1, §4.5]). Therefore the using of
real instead of complex measures is inadmissible. We notice also that the both signs
=+ in Formula (6) is required because of the homogeneity of the coordinates used in
this definition.

Thus Definition 2.1 from [13] is incomplete. On its basis it is impossible to invest-
igate the polygons of the plane H,in particular, it is impossible to prove Theorem 1
and to solve the question on the existence of regular mosaics.

The following full scheme of the introduction of geometrical objects was formed in
classic geometrical works. We believe that this scheme will be useful to researchers
in the field of non-Euclidean geometries.

(1) The geometrical definition of the class of congruent objects.
Definitions can be, for example, genetic, constructive, ’through a sort and
specific differences”, by means of the classification.

(2) The indications and analytical conditions of the belonging of an arbitrary
object to the entered class.

(3) The proof of the existence of an object from the entered class.

(4) The solution of the question about the possibility of the measurement for the
entered objects.

(5) The geometrical definition of the measure of the entered objects.

(6) The determination of the admissible values of the entered measure.



1130 L. ROMAKINA

(7) The analytical expression of the entered measure in the choosen coordinate
system.
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