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Abstract. In this paper we consider the LA > A,
L f(2)=0=2) D" f(z) + A" f (2) linear operator, where 2" is the Siligean differential
operator and 1" is the Sildgean integral operator. We study several differential subordinations
generated by Z". We introduce a class of holomorphic functions L} (8), and obtain some
subordination results.
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1. PRELIMINARIES
Let U be the unit disk in the complex plane:
U={zeC:|z|<1}.
Let #(U) be the space of holomorphic functions in U and let
An={feHU): f@)=z+am12" T+ .z€U}
with A;] = A. Fora e Candm € N, Ng = NU{0},N = {1,2,...} let
Hlaml={feHU): f@)=a+amz™ +amq12" T+ 2 €U}.

Denote by
zf"(2)
1'(@)

the class of normalized convex functions in U.

K=3feA:N +1>0,ze€U

Definition 1 ([5], def. 3.5.1). Let f and g be analytic functions in U. We say that
the function f is subordinate to the function g, if there exists a function w, which is
analytic in U and w(0) = 0;|w(z)| < 1;z € U, such that f(z) = g(w(z)); Yz € U.
We denote by < the subordination relation. If g is univalent, then f < g if and only
if £(0)=g(0)and f(U) < g(U).
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Let ¢ : C3 x U — C be a function and let & be univalent in U. If p is analytic in
U and satisfies the (second-order) differential subordination

(i) ¥ (p(2).2p'(2).2%p"(2):2) <h(z), (z € V)

then p is called a solution of the differential subordination. The univalent function g
is called a dominant of the solution of the differential subordination, or more simply
a dominant, if p < ¢ for all p satisfying (i). A dominant g, which satisfies ¢ < ¢
for all dominants ¢ of (i) is said to be the best dominant of (i). The best dominant
is unique up to a rotation of U. In order to prove the original results we use the
following lemmas.

Lemma 1 (Hallenbeck and Ruscheweyh, [2]). Let h be a convex function with
h(0) = a, and let y € C* be a complex number with Ry > 0. If p € K [a,n] and

p(z) + %Z.p’(z) <h(z), zeU

then
p(z) <q(z) <h(z),z€U

where

Z
q(z) = / h() Y™ Vde, zeU.
0

nzv/n
Lemma 2 (Miller and Mocanu, [3]). Let g be a convex function in U and let
h(z) =q(z) +nazq'(z), zeU
where o > 0 and n is a positive integer. If
P(2) = q(0) + puz" + pp1Z" T+, 2 €U
is holomorphic in U and
p(2)+nazp'(z) <h(z), zeU
then

p(2) <q(2)

and this result is sharp.

Definition 2 ([8]). For f € #4,n € Ny, the Sédldgean differential operator 2" is
defined by 2" : A — A,

2°f(2) = f(2),

7" f(2)=2(2"f (2)) 2z €U
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o0
Remark 1. If f e Aand f(z) =z+ Zakzk, then
k=2

o0
2" f(z)=z+ Zk”akzk,z eU.
k=2

Definition 3 ([8]). For f € A,n € No = NU{0},N = {1,2,...}, the operator /"
is defined by

1°f(z) = f(2).

I"f(2)=1(I"""f(2)),z€U

[e.e]
Remark 2. If f € Aand f(z) =z + Zakzk, then
k=2

oo
ai
I"f@) =2+ o
k=2

zeU,(neNg)andz(I" f(2)) = I""" f(2).

Definition 4. Let A > 0,n € N. Denote by .Z” the operator given by
LA A,

L ()= =-ND"f(2)+ A" f(2).z€U.

o0
Remark 3. If f e Aand f(z) =z + Z az", then
k=2
— 1
.Z”f(z):z+z|:k”(1—)t)+/\k—n}akzk,zeU. (1.1)
k=2
2. MAIN RESULTS
Theorem 1. Let g be a convex function, q(0) = 1 and let h be the function
h(z) =q(z)+24'(z),z € U.
If f €A A>0,n e N and satisfies the differential subordination
(2" @] <h@). zeU @1
then n
<
# =< q(z)’ zZ € U

and this result is sharp.
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Proof. Let
> 1
Z+ Z [k" (1-=2) +/\k—ni| apz*
" —
p(2)= ?(z) = =2 . =14 pp2" + pap12" T+
2.2)
z € U. From (2.2) we have p € #[1,1]. Let
L"f(z2)=zp().z€U. (2.3)
Differentiating (2.3), we obtain
[2" f (z)]' =p(z)+zp'(2).z € U. (2.4)
Then (2.1) becomes
p(2)+2zp'(2) <h(z).z €U. (2.5)
By using Lemma 2, we have
p(z) <q(2).z €U,
ie.
gn
# <q(z), zeU.
O

Remark 4. If A = 0 we get Theorem 4 from Oros [6] and for A = 1 we get Theorem
4 from Béldeti [1].

Example 1. For A =0,n =1, f € A we deduce that

1
) +zf" (@) < m zelU

implies
1
flz)<——, z€eU.
-z
Example 2. For A = 1,n =1, f € A we deduce that

f(@) . 1
Z (1-2)

implies
fo f ()t tde . 1

, zeU.
z 11—z
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Theorem 2. Let g be a convex function, q(0) = 1 and let h be the function
h(z) =q(z)+z4'(z).z € U.
If f € A A >0, n € N and satisfies the differential subordination

(%) <h(z), zeU (2.6)
then "
2" f(2)
W < (I(Z), zeU
and this result is sharp.
Proof. Let
¢ n+1 k
oy L@ T [k 4 A)Hk"“]“"z
T n - )
S Yy [k” (1=A)+A— ]akzk
k=2
o= @) (L @)
We have V4 (Z) = W - gnf (Z) and

, _ Zgn—i—lf (Z))
r@)+zp'(z) = (—jnf(z) :
Relation (2.6) becomes
p(2)+zp'(2) <h(z) =q()+2¢'(z), z€U.

By using Lemma 2 we have

n+1
p(z) <q(2) i.e. % <q(), zeU.

Theorem 3. Let g be a convex function, q(0) = 1 and let h be the function
h(z) =q(z)+z24'(z).z € U.
If f € A A >0, n € N and satisfies the differential subordination

(£ @) +A[ (1 f @) = (" @) | <h@) zeU @)

then
[.Z”f(z)]/ <q(z), zeU

and this result is sharp.
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Proof. By using the properties of operator .£", we obtain
L) =0-D2"T f @+ A" f(2).zeU. (2.8)
Then (2.7) becomes

(A= 2" @+ A" f @) +A[(1"7 f @) = (1" f @) | < h2). zeU.
2.9
After computation we get

(=M [2"T f @] +A[1"' f )] <h(2)
or equivalently
(-0[e(@" s @) +1[z("f @)] <hee.
The above relation is equivalent to
1=D[(7"f @) +2(2" 1 @)"|+2[(1" f @) +2 (1" f @) ] < ()
or

[2"f ()] +z[2" f ()] <h(z), z€U. (2.10)
Let

P =0-V[2"f Q] +A[I"f @] =[£"f ()], zeU (@11

00 / B o /
=(1-A1) |:z+Zk”akz,ki| +A z+2k—nakzkj| =
L k=2

k=2

0o B 00
_ 1 _
=(1-2) |:l+ E kK" lagz* 1:|+A 1+ E kn—_lakzk 1:|=
k=2 L k=2

1
kn—l

o0
=1+> [k”+1 (1—A)+A
k=2
In view of (2.11), we deduce that p € #[1, 1]. Using the notation in (2.11), the (2.10)
differential subordination becomes

p(2)+z2p'(2) <h(z) =q(z)+24'(z), ze€U.

By using Lemma 2 we have

p(2) <q(2) ie. [£L"f ()] <q(z), z€U.

]akzk_l =14 piz+ p2z2+--

0

Remark 5. If A = 0 we get Theorem 2 from Oros [0] and for A = 1 we get Theorem
2 from Baldeti [1].
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Example 3. For A =0,n =1, f € A we deduce that
f@)+32f"@)+22f"(2) <142z, zeU
implies
fl@+zf"(2)<1+z, zel.
Theorem 4. Let h € # (U) such that h(0) = 1 and

Zh//(Z) 1
) ] >——, zeU.

2
If f € A satisfies the differential subordination

(£ @) 421 @) - (" f @) ] <h@). zeU @12

then

n| 1+

[2"f ()] <q@), zeU

1 1z
where q is given by q(z) = — / h(t)dt. The function q is convex and is the best
ZJo

dominant.

Proof. If we use the differential subordination technique we can see that the func-
tion g is convex.[3], p. 66 By using (2.11) we obtain

(£ @) +2[ (1" f @) = (1" f @) | = p@) +2p'@), zeU

Then (2.12) becomes
p(@)+zp'(2) <h(z), z€U.
Since p € J[1,1], we deduce that p(z) < ¢(z), i.e.

1 Z
[27f @] <a@) =~ / ht)di, z €U
0
and g is the best dominant. 0

Remark 6. If L = 0 we get Theorem 3 from Oros [6].
14z
Example 4. For A =0,n =0, h(z) = 1% we deduce that
—Z
I+z
) +zf" (@) < :, zeU,

implies

f/(Z)<1—§ln(1—z), zeU.
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Theorem 5. Let h € # (U) such that h(0) = 1 and

zh"(2) 1
N1 —— .
%|: + W) ]> X zeU
If f € A satisfies the differential subordination
[2"f ()] <h(@z), zeU (2.13)
then o
# <q(z), zeU

1 Z
where q is given by q(z) = — / h(t)dt. The function q is convex and is the best
<Jo

dominant.

Proof. If we use the differential subordination technique we can see that the func-
tion g is convex. [3], p. 66. Differentiating both sides in (2.2) we obtain

[.Z”f(z)]/ =p(2)+zp'(z), z€U
Then (2.13) becomes
p(@)+zp'(2) <h(z). z€U.
Since p € J[1,1], we deduce that p(z) < ¢(z), i.e.

w<q(z)=lfzh(t)dt, zeU
Z zJo

and g is the best dominant. ([l

Remark 7. If A = 0 we get Theorem 5 from Oros [6] and for A = 1 we get Theorem
5 from Baldeti [1].

1
Example 5. For A =0,n=1, h(z) = 5> we deduce that
(14+2)
1
f'z)<——=, zel,
(1+2)?
implies
_f(z) <——, z€U.
z l1+z

We get the same result as [4].

Definition 5 ([7], [9], [!], [6]). If 0 < B <1 and n € N, we let L (B) stand for
the class of functions f € #,,, which satisfy the inequality

R[L"f ()] >B, (zeU).
Remark 8. For n = 0 we obtain R f/(z) > .
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Theorem 6. The set L (B) is convex.

Proof. Let the function

o0
fi(@) =Z+Zakizk, i=1,2zeU
k=2

be in the class L (B). It is sufficient to show that the function

h(z) = p1 f1(2) + p2 f2(2)
with (1,42 > 0and wy + o = lisin L, (B). Since

o
h(z)=z+ Z (r1ak, + pHoag,) ¥ zeU
k=2

then

o 1
Lh(z) =27+ Z [k” (1-=21) +Ak—n] (H1ag, + poar,) 25, zeU. (214
k=2

Differentiating (2.14), we get

o
(2@ =14 30 [ A=)+ iy |, + ) 27
k=2
Hence
> 1
N[L"h@)] =1+R 1 Y [k"“ (1—A)+)Lkn—_l}aklzk_l +
k=2
s 1
+ 9 MZ [k"“(l—/\)—l—kkn—_l]akzzk_l} . (2.15)
k=2
Since f1, f2 € L (B), we obtain
> 1
R Mikz[k”“(1—)L)+/\kn_l}akizk_l§ >ui(B=1), i=12. (2.16)
=2

Using (2.16) we get from (2.15)
R[L"h ()] > 1+ (B—1)+u2(B-1),
and since w1 + up = 1, we deduce
R[L"h(z)] > B, (zeU)

ie. L (B) is convex. d
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Theorem 7. If0 < B < 1 and m,n € N then we have
Ly (B) C Lyyq(8),
x—1

1+1¢

dt. The result

where § (B,m) =28 —1 +2(1—/3)%0 (nla) and o (x) = /Z
0

is sharp.

Proof. Assume that f € L)' (B). Let " f (z) = zp(z),z € U. Differentiating,
we obtain

[2"f @)] = p(2)+zp'(2).z €U
Since f € L (B), from Definition 5 we have
R(p@)+2p'(@)>B.zeU
which is equivalent to

1+2-1)z

=h(z),zeU
14z (2).2

p(2)+zp'(2) <
By using Lemma 1, we have:

p(2) <q(z) <h(z),z €U,

where

1 [21+QB—1

e R
mzm JO 141

_ ! /z 28— 1+2(1—B)—— |em=1ar =

- ! 0 1+1¢ N

mzm

1 2(1—B) [Ztm!
1

mzm 0 1+t

dt =

/Z QB —1)tmldr +
0

1
mzm
1 1) 1
=2—-1+2(1-B)—0|—|—.2€U.
m m zm
The function ¢ is convex and is the best dominant. From p(z) < ¢(z) follows that

1 1
Wp(2) > R(1) =6(B.m) =26 —1+2(1- )0 (_)

m
from which we deduce that L7 (8) C L}, ; (3). O

Remark 9. If A = 0 we get Theorem 1 from Oros [6] and for A = 1 we get Theorem
1 from Baéldeti [1].
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Theorem 8. Let g be a convex function in U with q(0) = 1 and let

1
h(z) = + —2zq U
(z) =q(2) c ZZCI (2),z€U,

where ¢ is a complex number, with Rc > —2.
If f e L (B)and F = 1. (f), where

2 Z
P =10 @) = S5 [ fwr, e >,

then

[2"f )] <h(z), z€U,
implies

[2"F ()] <q(). zeU,
and this result is sharp.

Proof. From (2.17), we have
Z
Z“TYF(@) = (c +2)/ t¢ f(t)dt, Re> -2, ze€U.
0

Differentiating, with respect to z, we obtain
c+DF@)+zF'(2)=(c+2)f(z), z€U
and )
(c+D)ZL"F@2)+z[L"F(2)] =(c+2)ZL" f(z). z€U.
Differentiating (2.20), we obtain
Z
L"F)| +——
[ (Z)] + c+2
Using (2.21), the differential subordination (2.18) becomes
[$ o (z)]

Let

/
+c+2Z c+2

p(2)=[ZL"F ()] =

=1+piz+p2z®+---, zeU, peH[l,1].
Replacing (2.23) in (2.22) we obtain

p(z)+ ;zp’(Z) < h(z) =q(z) + qu/(z), z€eU,

c+2 c+2
Using Lemma 1, we obtain p(z) < ¢g(z) i.e.
[Z"F (2)] <q(2). z€U.

and q is the best dominant.

[2"F@)] =[2"f@)]. zeU.

[£"F(2)]" <h(z) = q(z) + qu'(z), zeU.

o0 1 /
Z"'Z[k"(l—)‘)"‘)‘k—n]akzk _
k=2

1105

2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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Remark 10. If A = 0 we get Theorem 2.2 from Taut et alii [9].

1
Example 6. 1f we take ¢ = 1 +2i and ¢(z) = # then
—Z
(1-2%)(3+2i)+2z

h(z) =
(3+2i)(1-2)2
From Theorem 8 we deduce

(1-22)(3+2i)+2z
(B+2i)(1-2)?

(2" f ()] < , zeU,

implies
1
[£"F (2)] < # zeUl,
—Z
where F is given by (2.17).
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